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PREFACE 


Tins HOOK is ilesigiicd primarily for the use of the 
(Pass aiul Iloiis.) students of the Punjab University : 
but t will also be found useful for the B. A. students of 
uthel Indian Universities. In preparing the book, several 
'vorlA have been fn*ely consulted, to the authors of which 
our obligations are gratefully acknowledged. We are also 
imlebte<l to Prof. A. N. <Tanguli for suggesting the problem 
of the bisectors of acute arul obtuse angles between two 
lines. 

No fresh notations have been introduced except that 
n\ r. to stands for ’with respect to’ or 'with regard to’: 
end *st. line’ stands for 'straight line’. ( ^ 1 ) anti 

(*, y. «) are sometimes imliHerently used for Triliuear co- 
ordinates. 

Chap, I deals with 'one-dimensional extent', and ‘sn*aight 
line' is treated of in Chaps. II and HI. A alight modifica- 
tion of the normal form of the equation of a st. line has 
enabUnl us to discuss the topics of *angle between two 
lines’, ’bisector of the angle’ etc. in greater detail than is 
customary. ‘Circle’ forms the topic of Chaps. IV and V, 
and is discussed a.s a paiticular case of the general *2nd 
degree equation in x. y. The usual definition of a conic 
(Chap. VII) by the focus-directrix property has been dis- 
carded. To avoid repetition, some general properties of 
conics have been established in this Chapter. Conormality 
of four points on a conic has been discussed at some length. 
An attempt has been made to make the Trilinears inde- 
pendent of the Cartesians. The last Chapter on systems 
of conics deals with both the systems of co-ordinates. 

There are plenty of examples at theend of each chapter. 
Some have been selected from the works mentioned 
ill the bibliography, while others have been taken from 
the Tripos and Scholarship Examinations of the University 
of Cambridge. To all these writers whose works we have 
consulted, we tender our thanks. Our thanks are also due 
to the Syndics of the Cambridge University Press for per- 
mission to include questions from the Tripos and Scholar- 
ship Examination-papers, as well as from Radford’s Pro- 
blem Papers. 

It is hoped that the book will be found useful an<l 
adapted to the purpose for which it in intended. Correc- 
tions and suggestions for improvement will be welcomed. 


Ukore, 1-9-1938. 
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CHAPTER I 

INTRODUCTION. ONE DIMENSIONAL EXTENT 

1 . PI an e G e oni ei ry st ud i es t h e prope i*t i<‘s and ui nt ua 1 
relations of points atid lines in a plane. It is sometimes 
called two dimensional Geometry. fCo-oi*dinato (leomotry 
relates together Geometry which started as the science of 
space, and Algebra which has its origin in the science of 
n uin be I's. y Our first object will, therefore, be to explaiji 
how tho position of a point on a straight lino can be 
represented by algcbi'aic symbols. 

1.1. Wherever our notion of a si. line may be deriv(*d 
from, wo assume tliat the system of jval luimbers can be 
unlcjuely and reversibly represented by the points of a real 
st. line. This statement enables us to assign to eacii point 
of the line a particular number of the real aggregate. 
Take a 11 he L produced indefinitely in both directions. 
Tlien in onlor to obtain points on L correspomli ng to real 
numbers, we fix a point 0 on L (caUe<l the origin j ; arul 
to facilitate the measurements, we choose a <lcfinite scale 
^presenting a certain real iuiml)or. unity for instajice. Lot 
OA denote a unit of lengtli. 

To the point 0 we assign the number 0 and to A the 
number 1. Tlie position of any other point on L will be 
cletennined by its tllstanee from O an<l tliis <ilstance will 
be expressed in terms of the chosen scale ; the length being 
reganlorl positive in one direction ^vhen nicusunMl to tlic 
right of Oi and negative in the other twhen measm'ed to 
tho left of 0). 


0 I x 


0 A ■ p » Q 

A real number x to which corresponds a point P on L 
iH called the x co-ordinate of P. and is denoted by Fx). 

11 co-onlinate fixes a point on L. a st. line is 

called One Dimensional Extent. 

•* point Q is situated so far away from 0, that 

lU co-ordinate cannot be represented by any real number, 
however large, we say tliat the point Q is at infinity and 
wo denote its position by the symbol + oo or - «<> according 
as is to the nght hr left of 0. It will be shown later on 
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that in Kuclidoan ln*oiTioh*y tiu* points +eoaml — cc are 
not <jistiin*t- Tims o\vry st. line* Inis a unique point at 
inrtmty. Smeo thinv is no iiuinlM*r infinity in the 
iiuinlior system, tlie position of ii on the st. line does, there- 
fore. appear to he vague and indefinite. 

It slnmld he borne in mind that the symbol e® does 
not denote any nuinUT. Unlike P<2) which means that 
P IS at u ilistance of two units from 6 to the riglit of 0, 
simply denotes that there is no point on L which 
will not ultimately be passed by Q. 

2. Principle of Continuity. Imaginary Points. Hodero 
i^eoiuetry is characterised by generality both of its methods and 
its results. This is, to a large extent, due to the assumptioo of 
the principle of continuity. It asserts that **if we once demonst- 
rate A property for any figure in any one of its general states, 
and if we then suppose the figure to change its form, subject, of 
course, to the conditions in accordance with which it was first 
traced, the property we have proved, though it may become 
UQ meaning, can never become untrue, even if every point and 
every line by means of which it was originally proved should 
disappear.'' For instance, a st. line can be drawn to cut a circle 
in two points, hence we say that every st. line cuts a circle in 
two points, real, coincident or imaginary. Similarly, from an 
external point two tangents can be drawn to a circle. In 
virtue of this principle, the statement remains true if the 
point be on or inside the circle, these tangents being now 
coincident or imaginary. Algebraical Ueometry comes to our 
help to prove the general statements. 

Thus ''the Principle of continuity asserts that if from the 
nature of a particular problem we should expect a certain 
number of solutions and if in any particular case we find this 
number of solutions, then there will be the same number of 
solutions in all cases. In fact it asserts that theorems concern- 
ing real points or lines may be extended to imaginary points or 
lines." 

The existence of imaginary points, is, therefore, a natural 
consequence of the principle of continuity. With every imaginary 
point we associate a complex number x which we call its co- 
ordinate, and conversely. In this sense, a point is nothing more 
than a concise expression for a value of x. We may, therefore, 
state as follows : — 

WitJ^ every point P on a line is associaied a number x called 
iti cO'OrdiruUet and conversely. 

This has been established for real points in Art. 1.1 and postu- 
lated in the present Art. for imaginary points. 



IKTRODITTIOX 


3 


Ifc may be poiated oat» that the chapge from a real to aa 
imagioary state takes place ooly when some eleraeots of the 
figure have coincided. For instance, the intersections of a st. 
line and a circle become imaginary after the st. line has become 
a tangent, i.e., after both the points of intersection fall together. 
Imagine a st. line cutting the circle in two points and let it move 
parallel to itself. During its motion, it will be seen that the two 
points of intersection approach nearer and nearer until they tend 
to coincide, f.s., until the line touches the circle. Alter this 
position of the st. line, the line will cut the circle in two imagi* 
nary points. 

3. To find (hn di^^taiue Mtct^en ttco poinU 


The distancD P,Pj I 

-OPs-OPi P, 0 

-Xt^X\ .. .,fl) 


Tills proposltiDTi, like many otlmw rlwt follow, is pintly 
a theorem ami partly a po^^tulate. Tliis is a theorem as far 
as rbal points arc eonconie<l and tins has been proved 
above. But it is a definition for imaginary points. 

4. Section Formula. To find the vo-oidinafe of the 
point P (hat dividen fht> negmenf PjP| in a given vatio. 

Let PAi), be the extremities of the segment, aii<l 

A the given ratio. If the eo-onliuate of P bo x\ 


or 


X^Xi 

ara-x 



i+x 



The ratio A is po.sitive or negative according as P 
dividoH the segment internally or externally. 

5. Definitions. A number of collincar points are 
said to form a mnge. 


If A, B, C, D be a range of points, the ratio 


AB.CD . 
AD.CB 


callod a crofs^-ratio of the four points and is represented by' 
(ABCD), in which the order of the lettera is the same as 
their order in the numerator of the cross-ratio. According 
to tho cyclic arrangement the letters are taken clockwise 
for the numerator and counter-clockwise for the denomi- 
nator. 
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TIic cross-rafio also represen te<i by (AC, BD), 

liPt AC be a segment and B. D two other points which 
divulc AC internally and externally in the lutios of X. I*'. 
Then 

BC ’ DC 

The nuio is said to be the cross-ratio of the range 
ABCD. 

Evidently tAC. BU)=-^= -(ABCD). * 

Four coll inear points A. B, C. D are said to form a 
hflruwnk range if (ABCDJ* —1, i.e., if X* — M*. 

The points B, D are called the harmonic conjifgaicM to 
the points A, C. Also A, C are harmonic conjugates to 
B, D. Four CO Hi near points A. B. C, D are said to form 
an cqui»attharmonic rro^mtio if (ABCD^«— tc. or -n*, 
n\ u’* Doing the cube roots of unity. 

5.1. There are '24 arrangements of A, B. C, D. being 
the number of permutations of 4 given lettei's, viz. 

Tho following equalities among tlio cross-ratios are 
easily proved : 

(ABCD)-(BADC)-(CnAB)-^DCBA) 

(ADCB)»(BCDA)«rCBAD)-(DABC) 

^ACBD)»(BDAC)=tCADB^-(DBCA) 

fADBC)-^BCADj-(CBDA)=<DACB) 

(ABDC)-(BACD>-<CDBAi»tDCAB) 

^ACDB)»(BDCA>«(CABD)-»(DBAC) 

6 . If Pj, Pj. Pj. P 41 he four points forming a harmonic 
range, i.e., (Pi P* Pj P*)* - 1, requh'ed the tefation behteen 

Xiy Xty AT*. 

Since (Pj Ps Pa PJ* ■“ 1 
PiP^.PsP* --1 
PiP*.P,P: 

.% (xj— *i)(*4*^s)* 

or (*1 + ar»)(*j + w) = ^xixi + XixJ (3) 

If the origin 0 be taken at Pj, 

(3) becomes 2 x 9 X 4 ^ X 3 X 2 +X 3 X 4 

- ^ 1 -L 1 

OP, OPi OP, ' 


..( 4 ) 
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6. 1 . //’ the I'oote of the equations aof + 2hx +6*0 and 
a'x^’T2h'x-¥b*^0y form harmonic pairs of points, shoa' that 

a6'+tf'6— *2/r/i*. 

Let df|. *3 be the roots of ti*^ + 2irar+6=0 and x^.x^ those 
of aV+ 26 '* + 6 '* 0 . 

Then ari+;rj* - — x\xs^-^ ^ 

a a 

^ -2V b' 

Xi'rXi- — , X2X^--7 , 

a ** 

From (3; we get the required result 

tj 6 ' +a' 6 = 2 /jA' ^4) 

6.2. The cross-ratio (Pi Pj Pi P 4 ) of four collinear 
points Fi(xi) is 

6.3. ]f(?i?iVi?,)^-landOthe mid^point of P,p3. 

0 P^ 0 P*- 0 Pi^- 0 P»»; 

and converse! y. 

Take tho origin at 0. 

Then from (3t, since *j + *j*0. we haveir,xj + * 2 *‘ 4®0 

r.e., 0 Pi. 0 P 4 * 0 P,** 0 P;,* (5/ * 

Convereely OPi* - OP5 

OP1.OPJ+OP2.OP4-O. 

Let O' be the ori^n and xj, xj. xzy X 4 \ the co-ordinates 
of P„ Pj. P 3 , P 4 and 0 respectively. 

jl-M-x,)ftl-xz){i-X4)^0 
25* - 5 ^Xi + A )> - \{xz + Xj + XiX$ + XiXi ~ 0 . 

But ?- 4-14 >t5 

**• (X| + ZjXxj + X4) "SfxiXs + X2X4) 

. (xi-xg Xyj-Xi) _ , . PiP2.P»P 4 

' PlPvPsP, *■ 

.*. (P,P,P 5 P.) 1 . 

7. Point at Infinity. Let PQ. be any segment of a st. 
line, and li, S be harmonic conjugates tr. r. to P, Q* If 
0 be the mid-point of PQ, 

OR.OS-OP*OQ* 


0 R 0 


S 


G 
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If R iipproachejf O, S rece<les fix>m 0. Thus tlio fourth 
harmonic i'onjii^te of the mid-point of an arbitrary seg- 
ment of a st. line ic. r. to its extrcmiticK is said to be a point 
at infinity on the line. 

Now S tends to or — «<» according as Rappmaches 
0 from right or from left of 0. Bnt for a given R. S is 
unique. Tims t lie point at (+<»» and the point at (-©o) 
0 !i u st. line ai*o not distinct. 

It follows that the mid-points of all segments of a st. 
line have t lie same harmonic conjugate tc. r. t-o their res- 
pective extremities. 

s; ^ R 6. R, P Q. 6 R Q i 5 

If the statement be false, there will be an infinity of 
points at infinity on a st. line. But since every segment 
gives rise to opposite infinities on a st. line, which coincide, 
all those points at infinity must, therefore, also coincide. 
(Take arbitrary equal segments, PQ. PiQ/. S, S' coincide 
and Si. S/ coincide and hence all the four coincide). 

Hence there is one and only one point at infinity on a 
st. line. 

A st. line may be reganletl as a closed curve. 

« ' 8. Def. Involution. Two co-basal ranges [Pu)), 

referred to the same origin, are said to belong to an 
involution, if there exists a point C. sxich that 

CPi.CPi'-CP*.CPi' «**iconstant) (6) 

The point C is called the centra of invofufion. 

The point pairs ^P,. P/) etc., are called corresponding 
points or conjugate pairs. 

From result (6) it follows tliat if we take two points 
F and Fi on the line L on the two sides of C at a distance k 
from it. we may write the result (6) as 

CP.Cr-CF^“CF/. 

whei*e P and P' are two arbitraiy corresponding points. 
This result in conjunction with 6.3 shows that 

(PF„PF)--1 (7) 

The points P and F| are called the double points j foci, 
or aelf-corresponding points of the involution. 
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8.1. An imfilution is comphUit/ tUfenniimi hf/ iivo 
pairs of corresponding points. 


Let P/:ri) and P/US). P 2 W and Pfixz'i two iiairs 
of corresponding points referred to tUo same origin and 
05 /^ the centre of involution, then 


( 8 ) 

~ Xz) — XiXi - XiXz ( 9 ) 


This determines only one finite valae of S. and consc- 
ijuently only one finite position of the centre, provulod 

Xi'^Xi-‘Xz-Xi' f 0 . 


If he., the scgmeiits PjP/. PjPj^ have 

the same mid -point. C is at infinity and *oonv<*rsc'ly. 
Now. one of the two double points is also at infinity and 
therefore, the other double point poimides with tlic 
common mid-point of the segments. Thus the cj'trentiiics 
of all negmenU tcith n common mid-poiitf hrfong to an inrotu- 
tion, the common mid-point Mug one of the double points^ 
the other Mng at infinity. 

.J 8.2. If P(x), P'(*') l^elung to an involution, relation 
iH) shows that U- 5)U' • I)*** which is of tlie form 

#xx'+flU+x^)+r»0 (9A) 


Since the double points are self •corresponding points 
they arc given by the equation 

(yB) 

9. Homogeneous Co-ordinates. The position of a 
point at infinity which is represented vaguely and indefi- 
nitely in the one co-ordinate system can be represented by 
definite algebraic numbers by a simple device adopted below. 
The new system then has the advantage that we can deal with 
the |>oint at infinity with as much ease as with points in the finite 
part of the line. 

For this purpose, we locate the poaition of a point on a line 
by two numbers, whose ratio should be known, the precise 
values of the numbers being of no consequence. We will represent 
these two numbers by x and f. and define the ratio by the 
equation 



where X ia the one co-ordinate of the point, so that the point 
P(X) is written as P(t, t|. In ibis system the point FU, t) is the 
same as the point (itx, kOi A ^ 0. 
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As P recedes indefinitely from 0, t-^0. Hence we make tbe 
convention that the point at infinity on the line b 1$ represented 
by (x, 0), X ^0, 

There is no point on the line for which x^O, ^*0, as the 
ratio of these values is indeterminate, and thus the point is 
indeterrainate. 

9.1. Section Formula. Let /,), (xi, fz) be the 
homogeneous co-ordinates of tbe points P, Q» whose non* 
homogeneous co-ordinates are Xi, Xt. so that 



If X be the co*ordinate of tbe point R whose homogeneous 
co-ordinates are (x, /) and p : q the ratio in which tbe segment 
PQ is divided at R, 


t 




u 


P-^Q 


Xi-^Xx i 

/i+Xr, 


where 


q 



We can, therefore, set 

jr«Xj + Xxs, /“fj + Xfj (lO) 

which are the co-ordinates of R. 

Note that ' /j' * 


Exereisos 1 


1. If A. B, C» D, be four coUinear points, show that 
AB.CD + BC.AT>+CA.BD=0. 


2. If 0. A. B. C be points on a st. line and if P. Q. R be the 
mid-points of BC. CA, AB respectively, prove that 

OP.BC +OQ.CA +OR.AB =0. 

3. If A. B. C, D be colUnear. prove that 

BC.AD*+CA.B1>* + AB.CD*» - BC.CA AB. 


4. If [AA^BB'] be a range of points and P and Q respective- 
ly the mid -points of AA', BB^ show that 

2PQ.AA'* AB.AB' - A'B.A'B'. 

1 . 1 _ 2 


6. If (AB, CD)“ - 1, prove that 


AC 


AI> AB 



INTRODVCTION 


0 



6 . If (AB» CD) — ~ 1 and P be any point on the line AB, 
2 


PB _ PC . PD 


AB 


AC ^ AD 




7. I. (P.P,. P.P.) -i, .b.. .b., ^ - p,* , . 

S. If (Pi Pj, P 3 Pj—X, ahow that 

(P.Pj.P4Pj)= J .(P,P,.P«P.)=1-X 

[llinL The first can be easily verified. To prove the 
second, we use Euler’s Theorem (Ex. 1) 

P,Pj.P,P*+P3Pj.PlP, + PjlP,.p3P,*0 

^ 9* Show that the equation 

+ 2^5 + 6 + XfrtV + + h' ) * 0. 

for different values of X, definea point pairs of an involution. 

10. Jind the double points of the involution defined by the 
point* pairs a4r^-2bx + 6 y* 0 . 5.**- 32* +56-0 

0U4>^ 11. Show that the point pairs 

fli4:* + 2A»* + di-0 (» *1, 2, 3) 
belong to an involution range if 

<>1 hi bi 

Xj 3^ —0 
«) Aj 63 

^ . ??* ( A B, CD)- —1 what is the position of D when C 

coincides with (*) A, (if) the mid-point of AB. (m) B, Uv) the 
point at infinity ? 
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CO-ORDINATES 

10. Angle between two directed lines 



Def. A directed line 
is a St. line upon which 
»n origin, a unit of length 
and positive direction have 
been cliosen. 

The angle 0 that the 
directed line Y'OY makes 
with the directed line 
X*OX is defined to be tlio 
angle that tlie positive 
<lirection of Y^OY makes 
with X'OX measured in the 
eou n t er -cl oek w iso d i j*e ot io r i 


from the positive direction of X*OX. 

1 1. Co-ordinate System. Let X'X nnil Y'Y be two 
directed lines with the common point O as tlie zero 
point. 



The line X'X is called the axis of x. the line Y'Y the 
axis of y and the point 0 the origin. The two lines X'X, Y'Y 
together we call the co-ordinate axes or axes of reference. 
The positive direction on the x-axia is from X' toicai'^s X 
and on the yaxis* it is from Y' toicards Y. 

An arbitrary point P in the plane of the axes fixes two 
numbers A and the measures of its distances OM*NP 
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aa<l ON*MP from tlie y-axis and tlie ar-axis n'spoctivoly 
measured along or parallel to the x-axis and y-uxi:^ I'especti- 
vely. These numbers are called the co-ordi nates of P and 
written in a definite order as (A. ConveiNoly, a given 
ordered pair of numbers [h, k) defines a unique jjoint. 
For cut otl‘ OM^h. ON*i along the x-axis atnl y-axis 
respectively and draw parallels to the axes througli M and 
N. These lines intersect in a unique point P. 

The point P wIjosc co«onlinates ai*e (^i. fc) is hriofiy 
written as P(/». 4). 

lliuff (hfir w a and >‘erer*thh forrpupondenri' 

hetiveen the real poiiitx of a p/ane and oidered paii'M of reaf 
niiinhern. 

The co-ordinates of an arbitrary point P are <leriotod 
by (x. y). 

The ab*fvi>tHa [x\ of a point is its distance from tin* 
yaxis measured parallel to the x-axis (in the same 
direction 

The ordimfe y of a point is its distance fmm the 
«-axis measured parallel to the direction of the yaxis 
(in the same direction). 

“We now introduce the conception of imaginary points 
by saying that every imaginary' point is defined by a pair 
of numbers (x. y), one or both of wliich may be complex. 
With this assumption, we establish a unique and n*versibh' 
correspondence between all points (real or imagijiary) of 
a plane ami onlered pairs of numbers. In this sense. « 
‘point’ is nothing but a concise expression for a pair of 
numbers (x, y). 

If the angle XOY= the frame of refei*ence is called 

racUn^lar otherwise oblique. If tlie axes are oblique, 
iXOY is usually denoted by ic. 

Tho system of eo-ordinates described above is called 
vmiefiian syetem. after Descartes witli whom origijiate<l this 
branch of mathematics cu., ‘Co-onlinate Geometry.” 

11.1. Polar Co-ordinates. 

In this system of co-oitJi nates, 
the position of a point is 
fixed by (i) its distance OP 
(called the radiuJt rector) from 
a fixed 0 callc<l the pole or 

origin, the positive direction of the radius vector being 
from 0 to P; and («) the angle 9 which the positive 
direction of the raduis vector makes witli the positive direc- 
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tion of a line OX (cRlIoil the initial line) through 0 measu- 
red in tlio counter clockwise direction. The angle $ is 
calloil tlic vectorial angle. 

Usually an angle is positive if it is measured in the 
counterclockwise direction, but occasionally the clockwise 
mtatioii is taken as positive. 

Tin* I'adius vector is usually denoted by r and the 
vectorial angle by Tlie po.sition of the point P whose 
radius vector is r and vectorial angle 0 is denoted bv the 
symbol P(r, B). 

Conversely, the given r and B determine a unioue 
point P. 

Abte 1. It will be seen that the points (r, w + d) and ( r,B) 
are identical. * 

2. We assume tbat imaginary points can be represented in 
this system of cO'Ordinates for imaginary values of r or B or 
both. 

11.2. Relation connecting the polar and cartesian 
co-ordinates. Let the .r-axi.s OX of tlje caitesiou system 
coincide with the initial lino of the polar sy.'itein. tljo 
origin in both cases being the same. Suppose (r, B). (;r. y) 
the polar and cartesian co-ordinates of a point P refenxHl to 
the two avstems. Tlien 

y-MP where MP || OY. IXOF^B. OP^r. 

(^) Rectangular Axes. 

Obviously from (he figure 
x«r cos B ] 

y«»f sin B I 

Convei'sely. if x and y are 
given, we have 

tan ©- ^ (2) 

These eg nations do not 
determine r_aml B uniquely, 
for r=±\/x**y* and B has 
infinite number of values. If 
we agree to put 

then the two equations cos . sin B~~^ determine 

6=2rt»+a 

wh'ere is any one value of the angle. The value of B is 
taken to be that value that lies between 0 and 2v. 



a 



CO-ORDINATES 


(b) Oblique axes. Let 
the axes be inclined at 
an angle u». From the 
triangle OMP 

OM _ MP 
sin sin 6 



sm V 

, — sin (v~^) 

•• ... .(3) 

sin^ r 
^ sin w 

From relations <A) 

X sin d— y sin (vB) 

=y(sui wcos d-cos w sill d) 

*• \ 

Also from the figure r*»ar*+y*^*i*y cos w. ' 

Projecting the sides of the triangle OMP on tlio A-axis 

anti yaxis respectively, we also get the relations 

X + y 008 w ■ r COS B 

X cos ti» + y»f cos (w -0) 

12. Distance between two points. Cartesian system. 

p Let P|(ai, yih 

Y /j ‘ bo two points referred to OX. 

I / j GY a.s axes inclined at an 

/ / / angle w. Draw LPi, MPj 

/ /A parallel to OY and PjQ pava- 

/ p / Q llel to OX, meeting MP^ in 

/ ' / / Then 

/ / / P,Q»LM=A2-r, 

/ / / QP,=MPj-MCi*MP,-LP, 

I 

/ / / and therefore 

k- / / PiPs* 


P,Q*+QPj^+2PjQ.QP5iCos w 


••♦2Ui-*i)(yi-3M) C08 w. 

If the axes are rectangular , 


( 6 ) 
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= + (7) 

12.1. Polar System. 

• For fiffure sep noxt Ait. > 

Let P|(n- Pj'rj. 9 ^* he tho eo-nixliuates of tlie points 
referred to O a?: origin and OX as the initial line, then 

PjP*^=OP,2+oPo* - 20P,.0P2 cos PjOP, 

« r,* + rj* - '2r,r2 COs 0,) (H) 

13. Area of a triangle. * 

lo find the a reft of the triangle formed bit joinina the 
origin to the points Pj. Pj. 


Y 



The area of the triangle 

OPjP 2 -iOP,.OP, sin PiOP, 

•Irirg sin (Fig. «> 

^\r{ri sin (2»-^^2-^,) (Fig. b) 

Hence the area of the triangle is 

± \ i\rt sin (9) 

An area is considered as positive when it lies to the 
left of the tracing point, whereas it would be regarded as 
negative if it is to the right. 

13.1. Area of a triangle (cartesian system). 

(a) l^ectangular Co-oi'dinates. Let the cartesian co- 
ordinates of the points Pj and Pg be (xi. yi). Us* Jjh 
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The area of the triangle 
= ±i r,i*2 sin (^2-^1) 

— ±i(r2 sin dj.ri cos ^p-ra cos Bi-ry. sin 

{h) Oblique Axe^, If the axes be inclined at un aiiglc. 
w, and the co-onlinates of Pj. P- be yi 'x,. the 
area of the triangle 

« ±irjrj sin 

* ±i(rrf sin B^.ri cos — rg cos Bg.ri sin 0l,^ 

“ sin u(xi + yi costt*)— yj sin cos «»)> 

“ ±i(y8X|-yjXj) sin w. [Art. (11. 26. 5) J (11^ 

13.2. To find the area of the triangle fofmed bq three 
nrhitrari/ pointM P, Pj P,. 



Join the vortices to the origin. 

Whether the origin is within or without the triangle. 

-^PlPgPn- AOP1P2+ ^OP,P 8 + ZiOP;*P| 

(proper regard being had to signs of areas). 

(fl) Let the polar co-ordinates p 

of the vert ices ^ 

be (ri. 9i), (i« 1, 2, 3). then /\ 

^ P,Ps Pi- ijtnrjsin (©j-di) / | \ . 

+ rjrj sin (^3-02)+ / I \\ 

(6) Let the co-^i nates of // .'‘i\ \ 

vertices be / ^ \ \ 

'*!• yi)» (xg, yg), (*3, ys). \\ 

If ike axee are rectangular, 

by Art. (13.L (rt) R p, 
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If the <r.m- are ohlique, by ArL (13.1. (b)). 

^P, Pi P3= ± "^x^a - X2y3 + A:iy3)sin iy..,(14) 

Tlu'so ivsuits can be written in tlio form 


Xi 

yi 

1 1 

Xi 

yi 

1 

•**2 

yz 

1 ' and ±i 

1 

Xz 

yz 

1 ! 

Xi 

yi 

i: 

Xz 

ya 

1 


13.3. A)^ of n poft/gon. Let Pi(Ai.yi),(rL0i)(»" 
be the vertices of the |x>l 3 *goa. Join 0 to tbe vertices. 

The eren of the polj'con 

* ^ OPjPj + aOPjPj + + A OP,Pj 

*J[rjrjSiji (^2 - 6j) + r 2 rj sin +ritri sin (©j — ©n)] 

(PoUr cchordinatee) 

— i[x\yi~ XzVi* XiVi—x^yz"^ +ir*Vi “ Arjy,)] (rectaD|i:ular axes) 

“ iU jf /2 ” * xzyi - Xjyt + + x»yi - Aiy*] sin u* (oblique axes) 

1 3.4. Condition of colUnearity of three points. 

Let the (fiven points be Pi(a«. yi) or (ri, BA (i* 1, 2. 3). 
Those points are coll inear if the area of the triangle* formo<l 
by the three points is zero and conversely. Konce the 
coiulitiona aro 

nr: (^ 2 -^,) + rif 2 sin + sin (lo) 

(Polar co-ordinates) 


Xi yi I 

xz yz 1 »0 (16) 

(Cartesian co-onli nates) 

*3 yj 1 

14. Section Formula. To find the eo-ot'dinates of n 
point ichich divides the join of Uco given points in a given 
ratio. 



Let P(x». yi\ Qixz'yi) 
be the given points and 
Rijr, y) the point which 
divides PQ in the ratio 
/ : m so that 

PR ^ I 
RQ m * 

Draw LP, MQ» NR 
parallel to OY, then 
LN PR _ I 

NM RQ « 



I 
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x-xx _ / 

V or — — 


tXf^WXi 




Simllarlv y= 

/ + m 



If the point R divides PC^ inteniAlly. Hie si*|;metiN 
PR RQ have tlie same sign, and tfu*ix*foiv, the mtin 
PR:RQ*^:wi is positive. If the division is external. 
PR. RQ are of opposite signs, therefore PR:RQ = /:»«is 
negative. 


XoU, The |s>ints Uj. yi)» ( ”*** » 

\ i + 01 


<+IM 




*WfXj 
— 01 


» 


/-»* / 


form a harmooie range. 

(<r) If i^oiaO, jr and y become infinite. Imt in this case tin* 
ratio I : 1 U unique it follows that there is one and only one 

point at infinity on a at. line. 

(6) If we consider the ratio l:m as arbitrary, vve have the 
co-ordinates of any point R on the line PQ. 

Eliminating I/m from (17). we get a relation of the Ist degree 
hi X, y which denotes the coodition of eoDinearity of three points 
P. R and which also represents the st. line through P, Q. 


Illustrative Examples 


1. /Vnrf Me ctntrciH of Utf triam/U A(x,. yj), v.) 
Ctxj. y,). 


The ccHordinates of 
Ll, the jmd-(ioj&t of BC 
are 


( ■ 




The centroid If 
divides the median AD 
such that AG : UD*2:1. 
Hence the co-ordinates 
of 0 sre 









91*91-^ yi 

3 
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2. Ft ml ihe in-cttttre atxl r-rentrps of (he tTian//l$ 
AUj, yi), HU.., 3s), Cta-j. yi). 







I>t tKf l>isector of the 
•irmle A meet the base BC 
in D, and the bisector of 
the anffle B meet the bisec- 
tor AD tu the io'Centre 1. 

V- - <? 


“ therefore the co-orJinates 
q { d tre 


/ bXj -^cxj by2+cy\ \ 
\ b*€ * h+C / 


HD ^ I>C . BD+DC ^ g 
As ^ h + c 6+c 

BD- -v~ . 

6 + c 

Id the triaocle ADD, IH it the bisector of the angle B, 

• nr ^ g 

• • U c 6 + c ‘ 

Hence the abtcitta of I it 


^/j ^ ^ bxi*cxi 

ai, + (i + c) — y+^- 


fl + 6 +c 


gxi +6j.»+cx 


tj ♦ 6 + c 


gvi+6v*^cvt 

and sirailarly the ordinate it — • 

Thus the co-ordinatet of I are 

/ axj -^bxj^cxi ayi+by i-^cyi \ ^ 

\ g+6+c a+6+c / 

Proceeding as above, it will be found that the co-ordinatee 
ofitbe centres of e-circles opposite to A. B, 0 are 

- axt-^bxj-^cxi •gyi -h hfe + cy^ 





CO-nitDlNATKS 




Fhi4 the circnm‘cenirt of the (rianyie AlfC. 



A ADi^ 

^ A ftDA- ^_BI)0 

^ Ai)r- A urn; 

^ no A ^ R* ^ jtin 2^ .. ^in 20 

* 'ifAbC** »Id 2U >»in 2B 
wliere H i$ tbe firtum-ni<)iMx. 

Hence tlie co*or(3inate» of 1) are 
I Hin 2n.y >*aitv 20.yt 

\ ain 2B +ain 2(’ ' iin 2H + mq 20 I 

DO , £i Of)C_ 6 OUC 

***'" Oa ” a OaH a oca il0AU+60CA 

_ i It* iln 2A sin 2A 

4 H*' sin 21***’ I sin 2B sin 2B + siu2C 
Hence the co ordinates of 0 are 

£, ain 2A+^> sin 2n + a't »ip 2<? ^««n2A + Vi sin 2H_+jj sin 20 

sin 2A+«in 2H+ain 20 * sin 2A+#in 2B + 8iii 20 

4. Fin't the orihocentre of the triangle ABC. 



6p-i.v) 

Also 


L 

tan C 


I<et the altitudes 
Af^ BM| CN meet in II. 

tan 0 IH/ 
Now T‘“t> T7^ 

tan J5 IA/ 
The co-ordinates 

of L are 

X; tan B tan 0 
tan B + tan C 


^ Bl. 

tan B + Un C BL * SjO a 


C(x,.«j^ y^taa B + yjtan C 
tan B + tan C 

Eli 
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j.e.. BL=— — 

Uu B+tan C 


Again 


.y* ^ HL.»H sin CBM 

Ha HBA i Hb.BA siq MBA 

_ B)^ cos C _ a tan C cos C 


c. 008 A tan li + tan C ' c oo8 A 
I>H _ tap A 
HA tan B + tan 0 * 


Consequently the co'crdinates of H are 
*1 tanA_+£|_tan_B _^3 Up C Un A+ y^ top tan C 

tan A + tan B+tan C ’ UnA+UnB + tan C 


o. The vertices of a triangle are (a cos a. a sin a), 

{a cos 0, <t sin 0), {a cos V, a sip K) ; show that the co ordinates 
of the orthooeotre are 


{a (cos a +C 0 S P+cos If), a (sin a + sin ^ +sin t)>. 

It is obvious that the three vertices are equidistant from 
the origin. The origin, therefore, is the circum-eentre of the 
triangle. The co-ordinates of the centroid C are 

( g S cos g <T £ s in a \ 

^ • 3 )' 

If H be the orthocentre, it is known that 


UO . ^ OH _ 3 „ 

OH " hence Hence the co-ordinates of H 

are 


3 .2X0 3 2.2^ ..2x0 

8-2 * 3‘^1 

or {a S cos g, g S sin s). 

Examples II 

(Axes are rectangular unless otherwise stated). 

1. Find the distance beta'een the following pairs of points : 

(i) (2, 3), (6, 6) ; Ui) (n. 16), (23, 21), 

^Uii) (66. 25), (99. 69). 

N/ 2. Yind the distance between the following pairs of points, 
the angle between the axes being 60^ : 

(.) (7, 6), f4, 5); (-13. -3). (-4. -15). 

3. Show that the following triads of points form right 
angled triangles : 

(j) (1,-1), (-3,- J), (-4,-1), Hi) (2, 2), (6, 3), (4,11). 



CO-OUDIXATES 


•21 


4. Sbow that tbe following triaiis of points form equilateral 
triangles : 

W (6, 4). {3, 4 + 3v/3), (9, 4 + 3 v'S), 

Ait) Ittt 0), (0, 2<s). (20. a), axes being inclined at an ungle 
of 60®. 

,>•<0 (0,0), (•i.y). 

5. Show that the origin (0, 0). and the points (0 cos e, 0 sin a), 
{b cos b sin will form an isosceles triangle of perimeter 
a + 2ti if cos («> •P)® 0/26. 

6. Prove that the points (2. 4), (3, 2)» {H, 4) and (7. 6} are 
the vertices of a parallelogram. 

7. Prove that tbe points (0, 1). (l, 4), (4, 3), and (3, 0) are 
the vertices of a square. 

3. Vlad the areas of tbe triangles formed by the triads of 
point8(4, 3), (l.-3K(-8. 1) and (4,3K (-3,11. (1,-3) and 
explain the difference of signs in the two rases. 

9. Kind the areas of the quadrilaterals formed by the points 

(0 (1, 1). (3, 6), (-2, 4) and (-1, -5) 

Ui) ( 2 . (-3,41 (- 2. -2). 

,A() An isosceles triangle has the extremities of its base at 
(2, 6) and ( - 2. 2). Kind tbe two possible positions of the vertex 
if its area is 25 aq. units. 

Given the following pairs of opposite vertices of a square, 
find the other pairs: 

(*) (2. 6). (6. 2), (it) (-3, 5), (9, 10). 


12. Find the centre and radius of the circle that passes 
through the points (2, 2), (6, O) and (3, - l). 

IS. In what ratios do the diagonals of the ' following 
quadrilaterals divide each other : 


(1) (2, 3). (4, 7) ; (6, 0), (0, 8) 
Ui) (I, 3), (6. 91 } (7, 0). (0, 6). 


14. Find the in*centres of tbe triangles whose vertices are 
as follows : 

U) (6, -3), (6, 18), (-1,3) 

Ui) (5,3). (5,-1), (-7, -6). 

Given two pairs of points P, Q and R, S on a line, show 
tbit there are two points (read, coincident or imaginary) whose 
position ratios v. r. to P. Q and R, S have a given ratio. Ex- 
plain tbe special case w*ben tbe ratio is equal to 1. 
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\ ir>. Thf points A, B. i\ T) are< -2.-1), (l. O), {4, 8) (I. 2>. 
By taking j.oints in the order A, C, B. D aod A. B. D, C, 
prove that AB is parallel to ('D and BC to DA. 

D C Area of the 6gure ACBD 

(-2.-I). (4, 3), (1.0), (1.2) 
is 

«J{-6+4-3 + 2-l+4> 

- 0 . 

the triangles ABC 
and ABD are of equal area 

and consequently AB is parallel to DC. 

Again, area of the quadrilateral ABDC 

(-2,-1). (1.0), (1,2), (4. 3). 
»J[1‘’'2+3-8-4 + 6]»0. 

. • The triangles DAB and DACare equal in area, conse' 
quently AD is parallel to BC. 

Thus ABC'D is a parallelogram. 

17. Shoce that (2. 4)« (.3, 0), (5, 8) and 4. 7) are the vertices 
of a parallelogram. 

18. Show that the area of the triangle whose vertices are 
{a tau Of b cot 9), {a tan 0, b cot ^), {a tan 'I'* 6 cot '4') is 

4_£6 sin (9-^)_sin sin M'-d) 

sin 29 sin 2^ sin 2^^ 



19. ihe iection formula fdr polar cO'OrdtnaUs. 

Let A{fj, 6,), B(r 2 , 0.) he ft.- 

the given points and (r. 9) tbe * ’ 

ro*ordinates of C which divides / 

AB in the ratio / : w. i.s., / 

CB m 
AC=r~ AB 

M f ^ AC _ OAC ^ 

^ m Zh e, OCB ® 

Tz sin (9z - ©) 

/♦ Irz (sin ©2 cos 9 - cos 92 sin 9) — 

mrj (sin ^ cos 0i - cos 9 sin Oi) 
or cos 0 (ifs sin 9z f mri sin 9 ^) « 

sin 9 {irz cos 9x + wry cos ^i) 


A(t„e,) 
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^*tao * 


lr 2 »in &2 **■ &in 
lr-> cos ©2 + mrj cos W| 


Again if 

rj2=;.«+AC^-2AC. rcosa 

r/-r^ + CB^ + 2.BC.r cos a 

•*. + m)r* + w.AC’^ +/.BC* 



W + my* 


«(/ + w)r^ + 


/+IM 


or «(^ + «)f|^ + /(f + i«)r»*^(f + m)V* 

+ /M*lr|* + r.*- 2r,r2 cos (^:“^i)] 

•*• m^ri* + i*r2*+2fwirifj cos { 0 j •di)*(/ + m)r* 

— '/t ^ ^ ^ >H rir j cos “ ©ij 


20. The co-ordinates of tbe points A, B are (ri,^,K (r, 
referred to 0 as i>ote. Tbe interna) bisector of the angle AOH 
meets tbe line AB in I). Piod tbe co-ordinates of 1). 


21. Khow that the diameter of tbe circuin-circle formed by 
the |>oinU A(^ B), B(P. and tbe |K>)e is 

v/r* + f^- 2 rp 7 o 8 ( 0 -^> 

siD(^-e) ’ ' 


22. Find the conditions that the four points (xu 
(xi, yi\ {xi, yi) ixi, yj may be the vertices of U) a stjuare (ti) u 
rectangle {Hi) a rhombus (iv) a parallelogram. 



CHAPTER III 

STKAKJHT LINK 

15. TI If Locus «>r a point i.< the |,«rli twce^l (uit hv 
tlio jxniit umler ceilniii coiulitions. 

1 lij' (xjuation wliifli i*xpn*ssoj< llio iiivariaUle relation 
Mint exjsts between the ecMmlinato?* of every point of a 
\ovnH Uxnvp) tnu-vi\ our in a plnne is called ‘the equation 
to tile locus (curves 

e assume that an arl>iti*ary relation between x and y 
always rejnvsimts a curv«. 

, e<Iuation of a sL line is of the first degree 

ana conversely. 

It is all own that if (ar|. y,). j/j) he iwo points on a 
«t. line, the co-oithnatcs of HU arbitnirv point on it can be 
exjiressod m the form 

£1+A£^ yt A y^ 

1+X • l-rA * 

.1 ^ »ut tlie St. line, which is 

the loin of (.ti. yi). {r*. yj. Calling? the above point {x. y). 
we have 

(1 +X)4r- y, - Xxj^O 
(1 ^A)y -y| - Xy2*I^ 

(1 + XI -1 - A -0. 

^litniriatinjf 1 + A. A. the I'oquij'eil eiiuation is found to 
be 


y 

1 


yi 

1 


'3 

y* 

1 


»<) 


( 1 ) 


wliich can be w;ritten in the fonn 

.SZlLfsJLZ^ 

yj-yj 

wliich is obviously an equation of the first degree. 

Convsnely. every equation of the fiivt degire repreyent^ 
a fit. line. 

Let the griven equation be 


tj* + ^y + c«»0 
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and Pi'Ui, U®1. 2) two arbitrary points on tho ioous, 
represejited by the equation. 

/• «jar| + 6yj + c=0 

axj'^byi +c“0. 

Adding \ times the second relation to t lie first and 
dividing by 1 + A, we have 


a 


1+A 


1 + X 


+c*0 


which shows that the point 


^ xi+Xxj 


yi^A yj V 

1+X } 


is also 


on the locus: (xi, yi). (ar*, y?) being arbitrary. Thus tlie 
lino joining two arbitrary points on the locus lies wholly 
on the locus. Hence the locus is a st. lino. 

Th^ proposition icifl bf annumed f<i be (rue as far (t*< it 
refern to imaginary points and to egnations iritk <‘Oiiii}h.r ro* 
efficients. In this sense, a st. line means simply tlie totality 
of pairs of values of x and y which satisfy the relation 
/ ax*hy^e—0. 

16.1. The result obUised in Art. 16 cao be deduced from 
Euclid’s dednitioQ of a st. line who deBoee a segment of a $i. 
line to be the shortest distance between Us extremities* 

Let Alxj.yi). BUj. y^) be the extremities of a segment 
AB and P (x. y) any arbitrary point of the segment AB. 

Lot F(*, y)-U^ + 

whoro U — (x - X|)* * (y - yi)‘: V*(x - X 2 )*+ (y - yiV 

and VU, \/V are taken with proper signs. 

Fy-U"*(y-j,)+Vi(,-,^) 


For the stationary values of F. F, and Fy should vanisli, 
consequently the co-ordinates of the points satisfy the relation 


X^Xi _ X-Xj^ 

y-yj yyz 
which is of the Ist degree. 

Again F„*U*’(y-yi)* + V">(y-y,)* 

Frf=U ^(*-*i)(j-yi)+ 

F„Fw-(Prt)*=U"*V*[{,-,0(y-j,j)- 

(x-XjKy-y,))* 


*0 
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And Thus the coDditions for a minimum are satisfied. 

Hence the equation of a st. line is of the 1st degree in 
X and y. 

To prove the converse, we note that if A, B, P be three 
points on the locus oar + fey+c=0 

Then <iA:i+dyj+c« 0 

aXi c = 0 

<jjf *•* fcy +c=0. 

•% a(*i — *>) +6(yi — ya) — 0. a(x — Xi)'^b{y — yi)*0. 

<r(ar — ^2) + — y:)^0. 

Xow AB= + 

6 

fsiniiUrly HP + (Ar-rA^-r^ 

.% AB“PB-PA. 

Hence A, B, P lie on a at. line and thus the locus of the 
equation ax + ^y +c“0 is a at, line. 

Note. It should be observed that the first degree equation 
<7x + by + c®0 in X and y contains, in fact, two arbitrary con* 
stants. i.e.. the ratio of any two to the tliird. These constants can 
be determined from two independent linear equations which will 
arise from two independent conditions to which the line is 
subjected. In the next articles will be found the equation of a 
line under different conditions. 

17. Special forms of the equation of a st. line. 

Definition. The 
tangent of the ang’le 
which a st. line makes 
with the positive direc* 
tion of the x-axis is 
called the gradient or 
slope of the line. 

Gradient Forms. 
Pfctangufar axes. Let 
0 be the angle which 
the line makes with 
the positive direction of x-axis and c the intercept on 
y-axis, •*.«., OC*c. Let P(x« y) be any point on the line. 
Draw the ordinate LP and CR || OX to meet LP in R. 
Then CR=x. RP=y-c, and RP*CR tan 0. Therefore the 
equation of the line is 

y-c»xtand 
J y “ mx + c, 

where w^tan 0 



( 2 ) 
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17.1. The st. line will be fixeil if in aihliiion to 0, 


the co-ordinates of 
any point Q(xi, yt) 
on the line he given. 
Let P(x. y) be any 
point on the line. 
Draw the ordinates 
MQ.LPandQRlOX 
meeting LP in R. 
Prom the triangle 
QRP, if QP*f, 


P(>c,y) 


Y 





Qt'-..').) 


n 


5Z£i.- 

cos B sin 9 ' 


An) 


,.(4) 


where r does not form part of the equation. 

Or »*jf|+rco8 0 
y»yi + f sin 0 

Equation (B) in the Mn^traint ^qiirttion of the lino 
whoso paranifttic or ffredotn eqaathnf are (4). The 
equations (4) express the co-ois I inatc.s of any point on tho 
line in terms of a variable r callc<l the pai-a meter. 

Cor. From equation (B) tan 0*^ fhr 

xhpr of a Une joining tico poinh vt eqmf fo the rnfioofthe 
difference of the ordinaten to the difereiice of the abrnsm 
taken in the .•fame order. 

17. 2. Intercept Form. (Rectangular or oblique axes) 

Let the given 
line meet the axes in 
A and B. The two 
points A and B are 
sufficient to deter- 
mine the line. Let 
OA=«i, OB*6 and 
PU, y) be any point 
on the line. Draw 
the orrlinate NP. 
From similar tri- 
angles NAP and 

N a-i AX 
NP:OB*NA:OA 
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y — ^ 


( 5 ) 

17.3. Normal Form. Oh-f^n fhe meamr^ of the pei*- 
pfiiKfifffhr from the ongh on a at. ihe and ihe angle 
H'hkh this perpendk-ttlnr makh fcifh the x-axie. to find the 
rquafion of the st. tine. 



be any line and ON the perpendicular from O 
j X? - . positive dirertion on ON is taken from 0 
towards from the origin towards the line, and the 

angle which the positive direction of ON makes with the 
positive direction of the at^xis is measured in the counter- 
clockwise direction. If p be the measure of the directed 
length OL and « the angle which OL makes with OX, the 
position of the line is determined by the values of p and a, 
both p and a being positive and a ; and conversely, 
every line determines p and «. 

If the line AB passes through the origin, the upward 
direction of the perpendicular is taken to be positive and 
a is measured from 0 to 
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Let P(*. y) b« an arbitrary point on the lij\o. Draw 
the ordinate MP. 

OA cos «*(OM+MA) cos <» 

*OM cos <t+MA cos a 
*OM cos. *4 +y tan «. cos « 

** co8«+y sin * 

i.e. cos sin «*0 (0) 

Tliis we shall regard as tUe standard noynwl form. 

17.4. Polar equation of a st. line (See fig Art. 17.3). 

Let the co-ordinates of P be (r. 0), with the conditions 
of Art. 17.3, iPON » « - we have 

^*fC08(6-«) (7) 

as the required equation. 

^ I Ex. Deduce (6) from (7J. 

^ 18. Special forms of the equations of a st line {Oblique 

axes) 

Gradiant Forms 

Let 8 be tbe aogle that the lioe CP makes witb x-sxes, 


and c tbe intercepi OC od 
y-axle. Suppose P(x. y) 
aay point od ibe lioe. 
Draw tbe ordinate ^(P and 
OL II Ai3 meetiog MP in L, 
then OM*ar, ML*y“C, 
iMLO*w--8, where w is 
the angle between tbe axes. 
From tbe ^OML, 

* - 

SID (w**8) SID S 



sin B 


where M* — — : — t » 

aiD (w — W 



whence (an 


P* sip tp 
I + ^ cos tn 


(9) 


i'"!' 18.1. Tbe straight line is fixed if. in addition to 8, the 

co-ordinates of a point Q(xi. yi) on the line be given. 

Through Q draw QR || OX to meet tbe ordinate MP of the 
pobt P(ar, y) in R. T ben QR ^x—xu RP ® y • y i. and i f QP“''» 

x-Xj ^ T-yi ( * (10) 

stn (w * 8) ain 8 \ tin to / 
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which is the constraint equation of the given line» the freedom 
equations being 

* = xi + — ^ sin (<c - 0) 

91D Uf 

r being the variable parameter. 

Note, 

cos (0+9^l*C08tt» 
cos S cos sin 0 sin 0 *cos w 

cos^0 co5^^*(8in 0 sin ^ + co8 if)* 

•sin**’ sin^?^ + cos*tf + 2sin 0 sin ^ cos u’ 
or (l - sin*0)(l — siD’^^)«siD'd + 8iD*0+cos*tf + 28in 9 sin # cos w 
8Id* 9 + aiu*^ •►2sin 9 sin f cos if “sio^if. 

18.2. Norma] Form. Let p be the measure of the 

g perpendicular on the line 

All and a the angle 
which this perpendicular 
makes with OX. LetA*^|l*ift 
Draw the ordinate NP of a 
point P(x» y) on the line and 
NL II to > to meet AB in L. 
^•OA cos® “ (ON + NA) cos® 
"ON 008 «+NL 
0 N A * OK cos Cl + N P cos P 

" X cos Cl + y cos p. 

TbI required equation is, therefore, 

^ — X cos « - y coa P»sO (12) 

19. To reduce the equation ax‘*-hu’^c^0 to (he normal 
form. 

Case 1. {Rectangular axes). 

If the normal form for + '4’c"0 be 

cos 4 -y sin a*0, 

on identifying the equation, we get 

p _ ~cos g ^ -si n g 
c a 6 

" ± — — - . 

v/a* + 6* 

Hence the required equation is 

c + 2£. 4. by _r, 

±Va^ + b^ ±V«’» + fr* + 
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This leaves an ambiguity w. r. to the sig-n of the radical. 
If the standani normal form be assumed to be 

cos sin < 1 * 0 . 

the sign of the radical must be chosen so as to make the 
absolute term positive. 

In theoretical work, this may be ensured by consider- 
ing the equation c(<ix+by*c)-0. The tihkoIu(e term being 
note positive, the required normal form will be 

. *0 ( 13 ) 

v/ eHa^ + + b*)' ^ c\a* + 6*) 

If c*0. ^ *0, must be measured from 0 to *». conse- 
quently sin a is positive, so the sign of the mdical must bo 
chosen to make the co-efHeient of y positive. 

Xote. co,-= 


Case II {Oblique axes). 

If w be the angle between the axes, then on blent ifying 
the equation c(dx + 6y+c)*0 with at cos « —y cosp«U 
we get 


p ^ *cos q ^ ^ cos 6 
ac 6c 


-X(say.) 


Since 

cos*« + cos^-2 COR « cos P cos to •■single. 
Hence XV{tf*+6*-'2<i6 cosv)*sinV. 


X sin to « 

or X* — — — . 

v'c*(*i^+6*-‘2flfr cos to} 

The required normal form is 

c*X — ( - ac\)x — ( - 6cX)y *0. 

Ex. Reduce the following equations to the normal 
fonns 

(0 3x-t*4y+10*0 (li) 6A*^l‘2y26*0 

(mi) 54r + l*2y*U (iv) 3x-4y«0 

20i To find the angle between two given straight 
lines. ^ 

Let the equations of the two lines be 

tfijr+6,y + C|*0, iipr + ijy+Cj—O. 

(a) Lei the axes be 7?cc/r7n^tt/Gr axes.. 

Suppose the normal forms of the given lines are 
^-scosfli-y sin i*!, 2. 
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• • COS «i“ ’“OiCt'Tdi. sin «/“ *-6 a-rdi 


where di = y/c.\ar + bi‘) 

If the origin does not lie within the angle S between 



If the lines be given by the equations 

y — miX + d, y = m2* + cj. 


then tan 

1 + mi»na 

(b) Let the axes be 
angle w. 


(17) 

oblique and inclined at an 


Set D* ain co'a w 

If pi-^x cos flj— y cos Pi— 0. * cos CKj-y cos p2*0 

bo the normal forms of the lines 

tffAr + 6»y + ci — 0 1 — 1.2 


cos a,-- ^cos 

Also cos cos (w-<t<)*cos ip cos ®»+sin w sin «f. 

A 6in cosu>-biCi 

Ut sin Ur 

Hence cos f — cos (aj-ttj)«co8 ctj cos «i +sui <*» sin «i 
“ ciC9(<ri02 sin^w + (a, cos tn — 6i ) 

(<z» cos w - &2)J^DiD2sin*«» 
{a,ftg + azbt) cos wJ/DiD^sin^w 

(18) 

Also sin f — sin cos flj — cos sin «v 

— CjC2[aj(6a“a* cos w) — flfl(6i-tfj cos ty)] 

-rDiVt 6in*w 

“C|Cj(tf j6j - Da sinV, (18) 

tan w , , (20) 

oiOi'T 0ib2“ {aibi'razbi) cos w 
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If the lines be given by the eqiiations 

y = Wij: + C|. y — m2*'^Ci. 

, c imt-mi) sin w 

then tan i i + w,Wi+ {«j + >rtd cos w 

20.1 Alternative method. 



Write the equations of the lines 

aiJr+d»2y + C2*0 

in the form y»wix+*i. 

If 5 be the angle between the lines. 

tan f*t8n (Oj-Oa) 



tfiaj+6,6, 

For oblique axes. 


j«i sin w ^ trn sin w 


tan S' 


1 + «it cos w 1 + «t cos Uf 


[Art, 18, 


1 + 


sin V 


(1 + cos w)(l+m 9 cos w) 
(mi* Ms) $in V 


1 cos uf 

^ {ajbi sin v> 

(oitf 2 *^ 6 | 62 )*(a) 6 t 4 ^tft^i) cos w ' 

20.2. Conditions of parallelism and perpendicularity. 
Let the equations of tho lines be 

aix + 6iy + Cl *0) i . I 

or 

Tho lines will be parallel if the angle S between them 
IB zero or «. Consequently tan S (or sin S) is zero. Henco 

or 

whether the axes be oblique or rectangular. 
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Oil tho other hauJ. if — . the Jines aiv at right 

angles, consequently cos{=0 or tan Hence the 

condition of periKnuliculanty for rectangular axes is 
+ t) J 

or l+mii«2*0} 

For oblique axes, the eoriTsponiling condition is 
+ Ajda* cos u* ) 

1 + " 0 «i + IM 8 ) cos u* ) 

In particular, the line ex+ 6y+c^0 is parallel to 

whctlicr the axes be oblique or ivctangular. and pei*pendi- 
cular to 

6 ;r‘-< 75 » + *-0 or ( 6 -a cos tt») x- (a -6 cos uOy+i® 0 . 
uoconlitig as I lie axes aiv ivctangular or oblique, whatever 
k may bo. 


Illustrative Examples 

(l) Ute hypoUnutt BC of n riqhl onfjied itesce/fs irionylt 
ABQuyicfnUuihfttquation + If A i% the point 

tt), find the equations of AB ow/ AC. 

The equations of the sides will be of the form 
<r(x-4)+fc(y-3)-0, 


this makes an angle 45^ with the line 

3.t + 4y»12. 

ud ^-i-± . 

4 • S<? + 4h 


so 76 “rt or 7a + 6 "0. 


Hence the required lines are given by the equations 
7ar + y-3l»0. x-7y+17»0. 

(2) Prove that the cO‘Ordiwite$ of the point which is the 
reflection of the point (A. A) in the line /x + mg + n^O ore 

(A— Zi, k“mt) where i“2Uh*‘mk'*‘ 

The reflection of a point P io a line / is a point Q, sneb that 
PQ is bisected at right angles by 1. Let P(A, k) be the given 
point, and Q its reflection in the line. The equation of PQ. 
which is perpendicular to the given liue is 


X - A V • A . 

n ~(=-‘»ay). 

So the co-ordinates of Q we can snppose to be 

(a — /t, k - mt). 

The mid* point of PQ is (A — fZt. A — jm#) 
given line, 


and lies on the 
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Examples III 

U Id what ratio 18 the joio of (2. 3,) (S. —2) divided by 
the line 5x + 12y-13“0 

2. Iq what ratio is the join of (2, 3) and (3» 4) divided by 
the join of (1, 1) aod (5» *2). 

3. Ad isosceles triangle has the extremities of its base at 
( * 6, b), (6. 101. Find the two possible positions of the vertex 
if the area is 26 sq. units. 

4. ABC is an isoceles triangle, right angled at B ('6^ 0). 

If the equation of AC is n, Hod the equations of AB and 

BO. 

5. The opjtosite vertices of a square are (0, - 1)» (0. 3) ; 
lind the equations of the four sides. 

6 . Show that if a rfal tU line eoiUaim an imaffitutry 
point, tf o/ao contuine itt conjugate imaghUAry, 

'i. Show that the join of tu^o conjugate iwo^rtMory points 
U a real $1. line. 

H. One side of an equilateral triangle is x4-y\/3«land 
the opposite vertex is at the origin. Find the equations of the 
other sides. 

9. Kind the angle between the lines 

«2 cos © + .H sin cos d-2 sin 0. 

10. A BCD U a T>srallelograra. Taking A as pole, and All as 
initial line, lind the t»olar equations of the four sides and of the 
two diagonals. 

11. Kind the equations of st. lines, which |>ass through h 
given point and which are inclined to a given line at a given 
angle. 

21. The distance of a point from a line. 

Lot tlu; equation of 
tho linn be giv«n in the 
normal form, viz., 
p-^x cos tt • y sin a *0, 
and Ini P(xo.yc) be a given 
point, from which the 
perpendicular PM i« 
drawn on the ^iven line 
AB- Through P draw 
A'B’ II AB. the equation 
of A'B' is, therefore 
ON'-x cos a-ysin 0 = 0 . 

The line passes through 
P(xfl. yo)' 



f 
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. . ON'— cos o + 3 jjf!in a. 

Now PM^ -MP-= -(ON' -ON) 

= ON-ON', 

non-origin side of the line 

•xqcoh a—yt, sill a. ^2b) 

Tlic above expression for tlie perpendicular involves 
Its own si^i If P is on the same side of the line AB as 

if P ;l®nn for PM will be positive, 

it P 18 on the Side of the lino other than the origin, the 
c*xjpre8sion^-xoco8«-yo«m« w be found to be nega- 

The po^endiculars from two given points on a given 
Jine are of the same or opposite signs according as the 
points are on the same or opposite sides of the line. 

ax + 6^+c“'0. 

which when reduced to the normal form, becomes 

— - - —a 

d —d — d 

where 

f^r ^PP^y'^Kto/his the result of Art. 21. the expression 
torjho perpendicular from (xo. yo) on the line is seen 

yc+aje + friib) 



t'*® results corresponding to 

(2o) and (26) aro 

P-Xo cos a -,5 cosP (26A) 

c(c-t-gj|,-b&yo)^D (26A) 

where D=v/cV+6*-2«6 cos wJ-S-sin tv. 

21.2. Alternative Method. 

Let the line •=r be perpendicular to the 

line gji+^y+g—Q^ 

rr,» of the perp. from j-o) on the 2nd 

jine, then {go+r cos yo+r sm 0) hes on it 

A aUo+r cos sin d) + c “0 

. 4 r g^Q+^yn-^-c 

a cos 6 + 6 sin O' 
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But a sin 6-d cos 

sin 9 _ cos 9 _ ± 1 _ 

h a 


•• *■ - '/U» + 6») ■ 

Similarly we may get the result for oblique axes. 

Or We may proceed 
thus :— 

Let the line 

tfjr + 6y + c^0 

cut the axes at A. B. Then 
Pw(*o.yo)« 

Now A OAB + a APB 
« A OAP + A OPB. 

This gives the per- 
pendicular . 

* v/ SFcoswJ 

‘ r 22. To inUrpret the inequation 
' •s 

M + iy + c^0 

Irft the expression fl*+6y+c**# be denoted by U so 
that the equation ofthest. lino can be wntten as U*0, 
Het + 63N + c. ^ It will now be shown that the ex- 

pression U changes sign as the point U, y) crosses the lino 



Let P(xj, yt), Qixt, 93) be two points whoso join meets 
the line U»0 in a point R which divides PQ in the ratio 
X : 1. The co-ordinates of R are therefore 

1+X 1+A • 

which lies on the line U*0, henco 

a{xi + Xti) + d(yi + Xy j) + < (1 + X) * 0, 



If the points P and Q are on the same side of tlie line 
U®0, the point Bis external to the segment PQ, conse* 
fluently X is negative and hence U, and have the same 
sign ; and conversely. 


X 
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If the points P Jijul Q an‘ on ilitiorout sieJes of the line, 
the point K is internal to the sejfim.nt PQ, the ratio X, is. 
tlicre fore, positive. Thus V, anil have opposite signs 
anil conversely. 

The line U=0. then*foi*e. ilivules the plane in which 
it is drawn into two regions, sueh that for all points of one 
region 1T>0 and for all points of the other I'Cgion U<0. 
These regions arc respectively ealleil the poxitire and 
}/eg(ftfre regions. 

It is obvious that a point which is in the positive 
region of the line U"(Hs in the negative ix^gion of the line 
— XT«0 and r/iT rerxo. and the lines XT*0 and -U*0 are 
identical. The clioice of positive anil negative I'egions is, 
thus, nrl)itrar>*. Con.<equently, the ndalive position of a point 
shall have to be detenninod (X>niplefely with i-eferenec to 
another point which is usually chosen to be the origin. The 
.'ligu of the expression cU does not change wlion U is 
replaced by —IT, for such a change also changes c into • c 
and cU>0 for y*(). //enre cUXl reprffffnts the 

oi'ighi Mtde (O-side) of the /ine and cXJ<() (he non-origin aide 
(N-0-sid«) of the line U*0. 

Def. The expression cU will be called the power of 
P(*. y) r, to the line U*0. 

23. The point of intersection of two given lines. 

Let the lines be given by the equations 

ct|* + 6jy + cj«0 

A point of intersection of two loci is a point common 
to both. Its co-ordinates, therefore, satisfy the equations 
of both. The co-onlinates of the points of intersection are, 
consequently, foumi by solving, the equations of the loci 
simultaneously. Thus solving the above two equations 
simultaneously, we have 


* -y 

1 


Cj a\ ci 


bi 

...(27) 

bz Ci a% Ci 

Oi 

hi 



(•) If 0162 - <*261 ?*0, the values of x and y are finite and 
unique. The st. lines, then, meet in a finite point. 

(iV) If 0. but 61 C 2 - and Cja 2 “<»jC 2 do not 

vanish simultaneously, the values of x and y are infinite. 
The st. lines are, then, said to meet in a unique point at 
infinity ; and are, therefore, parallel. 
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(»^j) If — 6iC»- 62 C|“ 0 . 

four co-efficients a\, 6i. a^ b, do not vanish simultani‘ou<ly. 

the two lines aro identical, and a single infinity {oo'] nt 
values of x and y. vix., the co-ordinates of the points of tho 
line, satisfy the eqxiations. Tiie values of x and y can bo 
determined in terms of a single paranietor. 

If ot^+ht^^O^ (i*!, 2 ). we consider the additional 
equation 

- 6«-ha»y •^P=0. 

which combined with aiX'^biy’^ci^O. gives the system 
of values of x and y in terms of a single pa lit meter P, 

VI*., 

X : y : !• — fl*ci + 6«P : -bid- a,P : ('2H) 

If fld but (t, ^0 bi ^ 0 . the equation 

+ 6«y ’*'Ci*0 

may be combined with the equation 

-rt<x+6<y +<y«0, 

where ^ is a paramotor. The values for x an<l y are given 
by the equations 

X : y : 1*6/ (c -cd : - oi (ci + C) : 2iti (23) 

(»v) ffj—tij® 61=62*0, but all the six co-officients <hi 
not vanish simultaneously, there exist no finite roots 
of the equations. The values of both x and y aiis infinite. 
There exist of pair of value.s of x an<l y which satisfy 
the equations. The case will be dealt with later on. 

(v; tf.*tf2*^j*62*Ci*C2*0. There exist double in- 
finity (e®*) of roots ; x and y can bo chosen arbitrarily. 

24. Equation of a »t line through the intersection of 
(wo given st lines. Pencil of lines. 

Let the equations of tho linos he 

Ui*<ijx + 6|y + C|“0. U2®fla<^ + 62y+C2*0, 

The first method tliat suggests itself is to find the 
point (xo. yo) of intersection of the lines Ui and Uj. then tlie 
equation of an arbitrary sf. line through (xo. yo) is 

i{x - Xo) + m(y- 3^) « 0, 

where / ami m can have any values, but do not vanisli 
siuiultunoously, Tlie ratio iii is to be determined by one 
more condition. 

There is, however, an easier solution of the problem. 
Tho required equation must be of the first degree in x and 
y ami must be satisfietl by ari«aro, y«yo« where (»o. yo) is fbo 
point of intersection of tho lines U I and Uj. Also, as two 
conditions fix a st. Hue and tlio problem assigns only one 
condition, the equation must contain one arbitrary para- 
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meter to be deteriDmotl by another condition, i.e., tht 
equation muM hare one degree of freedom. 

These conditions aiv satisrted by the equation 

Ui + *U2*<Jja: + feiy + Ci + + cj ® 0 (30) 

That it is of the hi*st degree ami has one degree of 
freedom aie obvious. The line also passes tlirough the 
intersect ion (*e- >») of Vi a ml Vz for 
azXo •^bzyo’^Cz^O, and consequently 

and this is precisely the condition that the point {«'&. yo) 
lies on the line U, + ifeU;*0. 

Convci'sely. the eqitothn of ant/ fit. tine through the point 
of interneefion of XT, and U? w tvore/tenfed bi/ equation (30). 
For every such line joins with another point {*'. .yO- 

"We have, thci-efore. to determine k, fi-om the condition 
that Uj 44U2 must vanish for x—x\ y“y\ 

. . U/ 4 411^2*0, where 4diy*+ci. 

Substituting this value of k in (30), the required equation 
is found to bo 

The equation (3()) represents an infinity of at. linea 
obtained by giving diDerent values to k, but all passing 
through (xo* yo)* Such a system, which has one degree 
of freedom is called a pencil (Buschel). Thus equation (30) 
repi'esents a pencil of lines. 

24.1. Condition that three lines may belong to a 
pencil, i.e., the condition of concurrence of three lines. 


Let the eqiiatioiis of the lines be 

1 = 1. 2, 3. 

The necessary and suiEcient condition that the lines 
TJi, Uj, Ua may be concurrent is that 



bl 

Ct 



^2 

bz 

Cz 

-0 

(31) 

a3 

bi 

Ci 




The condition is necessary, for, if the three lines are 
concurrent, the point of intersection of any two of them 
lies on the third. 


X 


The point of intersection of Ui and XL is by Art. 23. 


6j C| 

• 

«l 

Cl 


ai bi 

bz C2 


«2 

Ci 


02 bz 


(81 A) 
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This lies on the Hue if 




6 i Cl 






Cl 

bi 


+c- 




b) 

h 


=0 [:ii B) 


bi cz \ I oz 
wliich is pi'ecisely A -0. 

Co nve reel 5*, if the three lines are concurreiii. 

For, the condition & *0 is equivalent to &i B). This shows 
that tlie line Uj passes through tlie point given by (SI A) 
which is the intersection of Ui and LV 

The above discussion is based on the assumption, that 
5^0. If <1162 - <2261*0. let 

-“'-■-I' 

Oi bz Ci 

t hen A « + (Acj - Ci)(tf j6j - <Js6i). 

anil the lines Ui and U2 Are parallel. They have a uuiciuc 
common point at infinity, such that 

X : y^b[ ; -<ii. 

This point lies on Us, via.. 


tfj— +6j+ *^*0; 

y V 

’. cT;,6i -63^1*0 as y ^ and 

which diffm from ^ by a non-zero multiple: hence 
&* 0 . Conversely. ^*0 implies that <r:t6| • 6yt)*n. since 
^Ci-C2i*0. This shows that the line Uj Is parallel to Ui 
or Uj. Hon ce the three lines meet in a unique point at 
infinity. 

24 . 2 . A test, which is more convenient in practice, 
for determining whether three lines belong to a pencil, 
can he stated as follows 

The n^rfMian/ and sufficient condition that thire lines 
Ur=m.T+6<w + cf*0 (i*l, 2, 3 ) matf hefong to a pencil w, (kaf 
there exist three constants lu It, h, such that 

^Ui+W 2 +/sU :,*0 ( 32 ) 

Kecessifjf. The equation liVi^ltVz^^O I'enresents a 
system of lines through the intersection P of U| and U2, 
and NO by proper choice of ^ : It can be made to represent 
any lino through P and in particular Uj. Consequently, 
Wi + W2®0 is identical with Uj. 

Hence liUi + ~~ IjUj 
or ljU» ^IjUj+ljUj® 0. 
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iSufficiencif. The Of|Udfion IiV\ + hVt-0. which is 
identical with in virtue ofreUition /iUi+/2U?+/jUi=0, 

represents a st. line through the intersection P of Uj ami U?. 
hence Uj— 0 also passes tln-ough tliat point. 

The co-eflicients : /j : may ho easily calculated. 
In viitnc of relation 

/|tfl + 

/lCi + /oC2‘*'/jC3 *0. 

. 1: : : 1,«A, : A* : A,»Ih : B2 : B,-C, : C2 : C,. 
where each capital letter denotes the co-factor of the 
( ons'spomling small loiter in ihe detenninant ^ (31). 

23. The equations of four st. lines, no three of which 
belong to a pencil, are linearly connected. 

Let + Ci*0 2, 3,4. 

be the equatioas of four st. lioes do three of wbicb are coDcurrent. 
The determiniDt : 

U, U, U:i U 

oj ffi 03 Oh 

d| 62 b} 64 

«l Cj Cj c* 

vaDishes ideDticAlly, for. the first row vaoiahes idestically, if from 
it be subtracted the sum of A-times the second, y-times the third 
and the fourth row. Now expaodiog w. r. to the first row (with 
the usual determiDantal Dotation) the required lioear relation is 

Ui(a263C.J -U2(aj&jcd + U}(tf|6fC*) - U*(ojh^C3)*0 158) 

This shows that U4 can be expressed linearly Id terms of 
Uj, Uy, Us. H$ucs if thrsf lines Ui*0, Ua^O, Vs — O/ortn a 
triangle, the e^uafion of any fourth line can be expressed in 
the form 

XiUi + >2U« + XjU3»0, 

•where X;, Xj. X3 art properly chosen. 

25.1. Diagonals of a quadrilateral. 

Let U«—tf**+6iy + Cl =0 be the equations of the four lines 
no three of which belong to a peucU. Hence they form a 
quadrilateia). The equations of these lines are connected by the 
relation (33). Now 



Ujfo-jtjcJ- U2(ai6>c*)*0 
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represents a Vim tbroo^b the ioterseotioQ of U| and U2, and this 
ia virtue of relation (33) is identical Tvitb 

Ua( « I bjC*) " U4(tf 1 ^2C3 ) * 0, 


which is a Hue passing through the intersection of Us And Ti, anil 
is, therefore* one of the diagonals. 


The equations of the other two diagonals can. similarly, 
he determined. The equation of the three diagonals are 
U I (tfthjC,) - Uv (cTjdaOi) “0 

U| (djdiCi) + U^ (tf|h2C4‘*0 } (H4) 

U| (rtv^jCi) U4 *0 


Illustrative Examples 


(l) Shcv^ that the Medians 0/ a triantU are concurrent. 
Let A(o,. <ij), B(6„ bz\ C(ci. Cj) be the vertices of a triangle. 

h*C 2 \ 

2 I 

and the equation of the line which joina this point to A is 

TT 

or x( 2 <t 3“ 6j- cd -y(2<r|-6i - <?|Cg. 


+C| 


The cOHjrdioates of the mid* point of BC are 


The equations of the other two medians are similarly found 
to be 

x(26i - -t( 26| -<*j-Ci)*h/oi+Cj)- 6 j(itj + c 2) 

»(2Ci - 62 “ y(5ici*“ai +6jl-ci(aj+^j). 

These three equations when added vanish ideotlcBil3*. Hence 
the three lines meet in a poinL 

(2) The co-orrfinafes of the veriicn of itoo lFutnitle% A. C. 
XU'C are respectively (*»„ 6,). (oj, hi), ia^, W* P|). («2. PjL 
(03, fe). The Joina of the corresponding vertices are divided 
similarly in the /winfs Du Dt» If the perpendiculars from 
Du Dix D\0n the aides of either trianyle he concurrent, prone that 


at 


1 

+ 

1 «*! 

p, 

1 

az 


1 

1 

1 


p. 

1 

aa 


1 


h, 

p, 

1 


Let X : I be the ratio in which AA', CC' are divided at 
D|, J)i, D9. The co-ordinates of D| are 

/ oi *l>XO| 61 + A0I \ 
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and the slope of B'C' is • . H^nce, tbe equation of tbe 

perpendicular to B'C' through 1), is 

V- f 0 |+A<*i \ 

^ 1 +A 0 ,- 021 * "l+A J' 

or (1 + A)x(a2- <*3)+(l+A)(02-0s'y 

*(«- 2 -<* 3 )U, + Aa,) + ( 02 -p^)( 6 |+A 0 ,)„.(i) 
Similarly tbe perpendiculars from Dj, ]>j on C'A', A'B' are 
respectively given by the equations 

(l + X)(«i-«i).T + (l + AH0, — 0i)y=«(aj- a|)(ag + X«2) 

+ (0,-'0i)(62+APs) (tV) 

(l + A)(<Xi-a. 2 )* + {l + A)( 0 ,- 0 ,)y-(a|-a 2 )(a, + X«,) 

+ ( 0 i “ftXt^ + Xp,) (iV,) 

Since these three lines are concurrent, there exist constants 
$uch that tbe sum of times tbe (t) times (<(}> 
l\ times (sii) vanishes identically ; 

A /ifa2-«i) + f2(ffs-ei) + /,(<ti-a5^)«0 

^,( 0 .-W + / 2 ( 0 ,- 0 ,)+/,f 0 ,- 0 ,)-O 

and £fj(<*i+Att,)(aj-a3)+2(ft,+X0|)(0s-0,)-U. 

The Hrst two of these three relations give With 

these values of /], h» third relation becomes 

Sa,(aj-aj) + S 6 ,t 02 - 0 ,)-O 

which is the required condition. The symanetry of the result 
shows that the perpendiculars from Dj, Dj, D, on BC, CA, AB are 
also concurrent. 

(8) The sides of a triangle are ar* + 6ry + Cr® 0 , 2 , 3 . 

he feet of the perpendiculars from A, B, C, on the opposite 
sides are fss^<cfiue/y U M. N. The lines MN, BC meet in P ; 
NL, AC in Q ; LM, AB in R. Prove that the points P, Q, R, 
fas on the line 


i 


£(<* 20 , + ^ 2 ^ 0 (<s 1 * + 8 jy + Cj) • 0 . 

Denote by Ur tbe expression arX^bry^Cr; fr~l, 2, 3 ). 
The equation of AL is of tbe form Uf+AU,— 0 ; since this is 
perpendicular to Uij 

1(02+ Ac,' + 81(89 +A 6 j )®*0 
or (tfjrt^ +8|8g) + A(oi03 + 818,1 *“0. 

Hence tbe equation of A L is 

(010, + 818 jlUj - (tf 1 02 + 8 1 82) Uj * 0. 

Similarly, tbe equations of BM and CN are 
(BM) (09^1 + 828 j)U 3 - (0203 + 8985)0, “ 0 , 

(CN ) (<*a«2 + 8382) U I • (<* jt* 1 + 8381 )U2 “ 0 . 
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Now MN joins tbe intemctions of BM. AC and CN.Ali; 

its equations will be of tb© forms 

(aja2+63fe«)U»- (asrti+MilUg+M'Uj-'O. 

These lines will be the same if X*ltf)ai + 6j6i), 
and - UjOi + Wi)- Tbe equation of MN is, therefore, 

(MS) -Ujnj+f»:6,)Ui + (a|tfj + 6,6j)Ui+(aia2 + f»!WUi*^- 
This meets Uj^O at a point which lies on 

Remarks. The equations of the lines AL. 13M, CX 'vhen 
added vanish identically. The three lines, therefore, meet la n 
point. Hence tht altitudes of a trianute are concurrent. 

Examples IV 


1. The sides of a triangle are given by the equations 
2^-3^4-120-0, x-'-y-O. 3x + 4y-fi-0. 
find the equations of the altitudes and show that they meet in a 
point, 

a. Show that the diagonal* ot tbe parallelogram formed by 


the lines 


A ha a i b 


-f 

6 a 


are at right angles. 

3. Find tbe diagonals of a parallelogram formed by tbe 

lines 

x-6y-6. x-6g-ll, 3x + 2y-l2. 3x + 3y-6. 

4. Show that the lines (h+c)x- hey-<»(6Hhc+c‘), 

(^ + ^);p-Ctfy-6(c* + ac + a^), (a + 3)x-a6y-c(a^ +rt6 + h’') 

meet at the point (She, 

6. Find the condition that the lines y¥iiX^2ati^ati^ "^0 
1*1,2, 3, may be concurrent. 

6. A. B, C, are the points (-2.6), ( " 4, 4) and (8, 2) 
respectively- Find tbe co-ordinates of the poinU D and E so tlmt 
A BCD. ABBC are both parallelograms, 

7 Fbd the diagonals of the parallelogram formed by the 

^ lines U-0, U-s, V-0, V»6. 

26. Bisectors of the angles between lines. 

Let fix+miy+ni— 0 

/jAi+fwty + "1*0 

be the equations of the given lines, AB, CD. 



46 


ANALYTICAL PLANE (JEOMETRy 



P 


Now the per- 
penUiculars drawn on 
the two linens from 
any point of the bi- 


0 sector of an nnitle 
between them are 


Q^. J ..1 Hence P and 

^ being points on 


the bisectors and 


P PM. PN. P-M'. P'N' 


perpendiculars on the 
lines. 


/PM/-/PNA /FM7 



Miey have, tWfore. the same sign. Similarly PN and P'N' 
are of opposite signs. Consequently, if PM=PN both In 
magnitiufe and sign. FM'» - P'N' and lice versa. Hence 
the equations of the two bisectors are 



( 85 ) 


26.1, To find the bisector of the angle in which a 
particular point lies. 

Let Q(*o. yd be the particular point which lies in the 
plane of the given lines 


+ mjy 0. Vaa/^^ + + 


and denote by the expressions + + and 

liX(,*mtyc* ««• Let PU. y) be a point of the bisector of tlie 
angle between the lines in which Q lies. 

Since P and Q are on tlie same side of U, it being 
supposed that P lies in the same angle as Q, the expressions 
U and Uo have the same sign, and VqV is therefore positive. 
Consequently, the measure of the perpendicular from P on 
U. vis.. 


UUi 


^UAa*+«i*) 

is positive. For a similar reason, the expression 

VV, 




which denotes the measure of the perpendicular from P 
on V, is also positive. But these perpendiculars being 
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e<jual, we get on equating, the equation of the rcqtih'ed 
bisector, vis. 

(3G) 

The same expression is obtained if P be taken in the 
vertically opposite angle. 

If Vo and Ve be of the same sign, the equation (35) 
reduces to 

U - V A ^ 

Similarly, the 5wec/or of the angfe tn ichich Q(aro, yo) 
does not lie is given hg the equation 

UUo Wo 

or simply by the equation 

if Up ami Vq have ilie same sign. 

In particular, for the origin, t)ie corresponding equa- 
tions take the form 

- V"« fSH) 

the positive sign being taken for tho bisector of the angle 
in which the origin lies, and negative for the other 
bisector. 

If «, and Hz have tlie same .sign, the result (37) takes a 
elm pier form 

U V 

''ll'+mi* 

the positive sign being taken for the bisector in wliich tlio 
origin Lies, 

26.2. To determine the bisector of an acute or obtuse 
angle between the two given lines. 

This case we shall reduce to that of the preceding Article 
by determining whotlier the origin lies in tlie acute or 
ODtuso angle between the lines. 

If the equations of the lines be 

t®1.2 

and - * 0080 j — y sin«i «« q, s i ’ 2 
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thcii* nonnal forms, then 



OOsa,= 

di 

COScij* — 

<h 


sm cij' 
where 


di 

^^2 


dz^s/ nfHi + »u*) 

Let S be the 
angle between the 


lines in which tho origin hcs. then 

•*• cos S* — co 8 (*a- 0 |)« - (cos cos sin fli) 

or «i«j(/|/a + mim|)‘r Jufj* —COS S* 


If S is obtuse, the expression niftjUilz* fniMi)‘rdidi is 
positive, and negative if ( is acute. Since dj (ft is positive, 
the sign of njHz may only be considered. 

Hence : the origin !te» in the obtuse or acute angle beticeen the 
lines according as 

......(89) 

is positive or negative. 

But the bisector of the angle, in which the origin does 
or does not lie. can be found by Art 26.1. 


26 . 3 . The problem of Art. 26.2 admits of another solution. 
The bisector of the acute angle makes with either of the lines 

a S^r 

an angle 0 less than — or greater than — , so that /tan 6/<l, 
and the bisector of the obtuse angle mskes with either of the lines 
an angle ^ which is greater ^an -j- or less than -j- , eo that 


/tan 

If the equations of the two lines be if* + wry + n, 
equations of the two bisectors are Art. 26. (35) 

ids “ / jdi) + y{« jda • »»2«fi ) *** ^ 

xihdz + l^i) + y( Wi^2 + ■*' (»i<^ * ”sdi) ^ ^ 


0. the 

(i) 

(») 
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aod tan 9 


/jwj - Ismi ^ ijwj— /•»*! 

didi+tiU* mtiMj 


d\d2“liU'^ mi»W2 ’ 
where d,= + *=\/j^*Vw7j'” 

Hence, if the line (i) biaects the acute angle betcveen the 

linee 

I /j«j — /jmi <j<fit#j—/3/2-mjw»j j; (40) 

otherwise it will bisect the obtuse angle. 

Ex. Obtain the result of Art. 2S.3 from the fact, that if 
(0 is the bisector of the acute angle, the length of the perpendi* 
cuUr from any point on any one of the given lines on U) is less 
than the perpendicular on (iV). 

26.4. The incentre and e centres of a triangle. 

Let the equatioos of the sides BC, CA, AB be 

U* » /« + miy+i« *0 » * 1, 2, 3, 

Suppose that the value of the expression U| for the eo> 
ordinates {x\ y*) of A is k, 

• . wi/ + Ml -A:*0 

liX +»ijy ^nj^O, 

aince A lies on AB and AC. Hence 


/i nj| ' 


f| »h »i 


fl «M I 

fv Rs ' 

1 “0 or 0* 

f| «»2 »2 

-* 

tz tn2 0 

ly nti 0) 

1 

h my «j 


f) my 0 


A - where Niis the co-factor of in the 

determinant 

f| «i Ri 
fs ffii rtt 
l\ Wj «j 

Thus 

Similarly the values of the expressions Vt. U, when the 
co-ordinatea of the opposite vertices B and C are respectively 
of by Us ore and Denote the sign 

Let (x, y) be the coordinates of the incentre. As A and 
y) are on the same side of BC, the perpendicular onUi“0 
Jrom {x, y) has the sign and its value U tiierefore 

_«.Ui 
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Siniilariy, the intasiirts of the j^erjienOiiuiars froiu (x, y) on 
the sides OA. Ali are 


t)lnce these jierpeiuliciilars are equal, the co-ordinates of the 
incentre nve jriven liy the ooniiuou solutions of the equations 
€|Ui/ \///+ + + 

If the equatiousr, = 0 be so written that Ki. Kj, N3 have 
the same siffu, — €2* €•. the eo-ordinates of the in centre are 
aiven Uv the common solutions of the equations 


For the e eentres opi>osite to A. B, C. Uj, U.. Uj have 
tive siffiis respectively, 


..(41) 

neffa- 


Illustrative Examples 

(1) Find the hiseciors of the (tnfiUs between the lines 
4x + 8y + 10*<) ond 12r — 5y + 2*0 in which the points 
U) (-1, l)(iV)((>,oHie. 

If the co-onlinatcs ( — 1. 1) be substittited in the lefbhnnd 
sides of the equations of the lines, we get 0 and - 15 which have 
opposite signs, Thus the perpendiculars from any point (r, y) 
of the bisectors on tlie lines are equal end have the signs ] positive 
and negative respectively. Hence the equation of the required 
bisector Is 

4* + 8y + 10 ^ “32x+5j/-2 

5 18 

h^r + y + lC*0 

equation of the bisector of the angle which contains the 

- 12g-6y + 2 

’ 5 13 

i.e., a*-8y— 15*0. 

(2) Find the bhecior of the olfvse angle betueen the Hues 

3* + 2y + 2*Oand 18*“y“l*0 

The value of the expression + is -2(54 *2) 

which is negative, hence the origin lies in the acute angle between 
the lines. Thus it is required to find the bisector of the angle in 
which the origin does not lie, and the equation of the required 
bisector is 

3 *+ 2 y + 2^ _ 1 8x - y - 1 

vl3 bvr^ 


i.e., 

The 
origin is 


te., 
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Second Method. Tbe eciualions of tlie two Insortors 

are . 

3r-UyU-0 

lU + 3)P+a*u ^‘0 

The aafile between the bisector (i) and eoy one of the pvi n 
lines U tan-*3. Hence U) U equation of the bisector ol the oUusc 
uDgle and ui) that of acute angle. 

Third Method. Take any point on any one of the linea e f/., 
(-2.2) is on the first hne.Tbe lengths of the ^lerj^ndicuUrs Ironi 

this on tbe tseo bisectors are respectively ' 

The first pcriiendictilsr Iwing greater tlian the second, 
equation (j) fepreseots tbe bisector of the obtuse angle and ecjuu- 
tioo (<i) that of the acute angle. 

Remark, The first method has tbe advantage tliat we 
nctually find one bisector while in second and third methods, 
both the bisectors have to be found and then they are 
distinguished. 

(:)) find the eo^ordinalrs of the iiieentre of thetriunule 
formed by the line* x + y + ll-0. i -y+ 1 * 0 . x 

[.lAifA. Trip. I 

The equations of the aides being 

x + y + U*U (0 

1--<1 (rV) 

x-7y +'7*0, (m) 

the values of Xi. X* respectively -fi, 8.-2 which ure 

not of the same sign. Change the sign of e<iuatioD (t<) which 
becomes 

-x + y-l* 0 , 

Tbe now values of Xm Ha, Xa are 6, 8, 2, which have tbe 
sumo sign. The co* ordinates of tbe in-centre are, therefore, given 
by the equations 

x+^*Mi ^ -x+*f I 

V 2 " v/2 v'dU 

or x + y + U*-x+y- I* * ^ • 

A x«-6, y--2 

ttt the eO'Ordinutes of tbe in-centre. 

27. Points at infinity. Cartesian Homogeneous Equa- 
tions. 

Let tbe equations of two lines be 

USfljx + 6jy+ci*b 
V’Srta* k fc2y + ca*C 
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Jf - tf 26)®0 the iwo hues are parallel, and no finite 
set of values of a: and y satisfy the eqixatiODS. The lines, there- 
fore have no finite point of intersection, unless they coincide. 


Let 


<ri .^1 

Ot bi 


— k, the equation of the line V can then be 


written in the form 


V— rtjr + b]y + kc-2 *0 kct^ci 


Displace this line a little and consider the equation 
\V s(rt, + 6)x+ (6| + <)y + fccj« 0. 


The lines U and W intersect at the point given by the 
equations 

j— Ah|Ci-Ci(6i €) Ci(gi +4) » itflic * 

(a,-6i)« 

As €-*0, the line W approaches V and each co-ordinate of 
the point of intersection tends to infinity. We may, therefore, 
say that parallel lines meet at infinitj*. 


The infinite coH>rdi nates can be avoided, if instead of two 
co-ordinates x and y we use the ratio of three co-ordinates x:y .8. 
These are called homogeneous co-ordinates of a point. The homo- 
geneous co-ordinates xiy.z of a point are defined by the 
equations 



where (X, T) are the non- homogeneous co-ordinates of the same 
])oint. From the definition, it follows, that x, y, z can be 
replaced by iz, ky, kt, where k is any number different from zero, 


f.g., the point 



6 \ . / & 

6 I U2 ’ 



can be written 


ae 


(9 : 10 : 12) or (18 : 20 ; 24) or (3 r : 4) etc. 


With this notation the co-ordinates of the point of intersec- 
tion of U and W will be written as 

X : y : s*fchjCa“Ci(3| + €) : Ci(tfjH-€) -fttziC? : — 6,) 

As €^0, the point recedes to infinity and its co-ordinates 
can be written in the form 

X : y : s“hi(ftcj-C|) ; ni(cj — 4cjl : 0 
or X : y : : - fl| : 0 . 


Thus (h] : t 0) is the point at infinity on U or V. It 

is JO fact on every line parallel to U. Thus all parallel lines have 
the same point at infinity. 

Note (f) There is no point (0 : 0:0). 
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Note (m) Tbe bomofieDeous equatioo of tbe 86. line 

+ + is obtained by writiDg place of x and y, 

and is therefore a^ + 6y + <»-0. Thus every homogenous 
equaiiort of the first degree in x, « re^»rMei»/s a $t. Itne and 
conversely. 

27.1. To interpret the equation z»o. Line at infinity. 

The equation s~0 U the limiting form of tbe equation 
ox + by + ca*0 when <j : c and b : c both tend to aero* We maj*, 
therefore, legitimately call the equation **0 as tbe equation of 
a st. line. 

The equation oar*^oy+**0 U not satisfied by 

finite values of jf, y, e unless »*0 i.d., tbe line does not contain 
any finite point. Thus every point on the line is at infinity. 

Conversely, every point at infinit)* is on this line. For, let 
P be a jioiot at infinity and A and B two points in tbe finite 
part of the plane. Tbe lines AP, BP meet at infinity, and 
are therefore parallel. Hence their equations are of tbe 
form 

tfi*+hjV+Ci»=0, <iiJf+hiy+Cj**0, f Ct. 

These equations show, that these two linee and tbe lines-U 
meet at the same point i e,, P which is at lo Unity. 

Hence the line s*0 embraces all the points at infinity. We 
shall call this line the lineal infinity. 

The line at infinity bas evidently an indeterminate 
direction. 

The existence of the line at infinity may be inferred from 
tbe following consideration. 

Since there is only one point a t infinity on a real at. line, 
whatever be the locus of the points at infinity in a plane, every 
it. line cuts this locus in one end only one point. Hence the locus 
is of the first degree and is therefore a st. line. 

We may note here that tbe points at infioity defined by the 
homogeneous system of coordinates are poiots precisely in the 
same sense as (x, y, s) s 0 ie a point and tbe line at infioity 
s^O is a line precisely in the same sense as «r + by'l’cs*0 is a 
line. 

Examples V 

1. Find the bisectors of tbe angles between tbe following 
paire of lioee 

ii) 3x-4y + l3«0 12x + 5y-32*0 

{it] I2x + 6y *4 24y7x «9 

(ill) *-2y + l -0 x-3y + 3 -0 
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PolLt oat io ^acb case tlie bise<'tor of tlie angles wbicb 
coQtain (i) tbe origin (xV^ tbe puibt (2, 2). 

2. Find tbe bisectors of (be obtuse angles between tbe 
following pairs of lines. 

(i) r2A! + oy-4 = l» :*lr + 4>* + 7 -0 
(xx) 4r +3y-7*U 24.r + 7>-3l-0 

Find tbe bisectors of acute angles between tbe pairs of 

lines 

U) aj+4j>-D*0 I2e + 5y“3*0 
(iV| 4r-3y — 0*0 l2* + 5y3*0 

(uY) y + 2*0 jr-7y-2*0. 

4. Find if tbe tioint (l. l) lies in tbe acute or obtuse angle 
between tbe following j>air8 of lines 

it) 13.r I5y-2tl. l.V+2oy-52 
(ix) 2.r + ^y + 3*0, 3>r"y + 4*0. 

5. Tbe sides BC. CA, ABof a triangle are given by tbe 
equations *-r)y+7*0, jr-2y + l«0» 5*-lSy — 1*0, find 
the regions in which the following points lie. 

(i) (2,1), (ii) (3.1). UU) (-1.1). (iv)(-S, 1). 

<). Find tbe In-ceotres of tbe trianglea formed by the 
following trios of lines 

(x) 51 — 13y*0. 5.r + I2y + 00*0, I2x - op •* 60*0 

Hi) 4x-3y- 12*0, 5 j- 12y-4*0. 12.r-uy- 13*0 

(xix) 3.T+4y- 1®0, 12* + 6y-«*0. 4x-3y + 2*0 

(Math. Trip 1921) 

(xv) ll» + 2y-l3, 22t-19y-3, *-2y- 119-0. 

7. Sketch roughly tbe lines 

x+y*4, A-y*2, 17^ + 7y*28. 

Show that the point ( * 4i. 1) is tbe centre of a circle which 
touches tbe three lines, and find the co>ordioates of tbe centre 
of the circle inscribed in tbe triangle formed. (Math. Trip 191o) 

Miscellaneous Examples VI 

1. Show that the equation of tbe line that joins tbe points 
('•j. ^i). {rz* ^t) 19 

sin (01 - 0^) “ — mn (0 * 02 ) + — sin (0 - 0j). 

f fi r'l 

2. A triangle ia formed by tbe three lines 

Usa*: + y-7 = 0. Vs4x-7y-0, Ws5x-3y-8-0, 
prove that U — i&V*C (t) passes through Its orthocentre if 
4Ih*37. (ti) bisects one of its angles it i*l, (tiY) passes 
through tbe circumceotre if 37it*41. [Math Trip 1 1916] 



STRAIGHT LINK 




' 3 The eqofttioD of the bisector of the angle between two 
lines is 7 x- 4 yTl-t>. The equation of one of the lines is 
+ fied tbe .cuatio^ ol tbe other Tri, Vm-. 


4 One side of a square of length p has one of its extremities 
at the origin and is inelined to the x -a>ns at an angle a. prove 
that the equations of its diagonals are 

y(eos tt - ain «)-xlcos « +sm « ) 
yfcoa « + siD tt) + »(co 8 a - sin 

5 The sides of a quadrilateral are given by the equations 

n*v + v-2»0, UjSx-y+6-0. U3S2* - y+ 3 -(>, 

3y + 2*0. Show that llUi + SUj** 12Uy + 5 ^ 4 = 0 , lind 
the equations of the three diagonals. 

6 . Yind the area of the parallelogram formed by the lines 
5 y-l 2 v 7 <i, 6y=l2x-l2f5fl» I 2 y*&x + 7rt» 12y»5x+ 120 ( 1 . 

7. If (tf, 6), (c, d) are opposite vertices of a parallelogram, 
and (c, 6 ) U a third vertex, 6 nd the co-ordinates of the fourth 
vertex. 

S. Show that the area of the triangle formed by the st. 
linesy*x tan y** tan P, tan *f + c ia 

1 (^~S) 00*^*^ 

2 ain 

i). If the lines ji-*Un 

It 

angles, show that the a ogle between the axes is • 


10 . If the axes be inclined at an angle 


z 

'b 


show that the 


equations of the at. lines through tbe origin which with the 
line make a right angled iaoaceles triangle are 

y + x^3 = 0 y\/3 + x*0. 

1 1, Show that the lines f|X+miy + «i“0» fj.t + miy +« 9*0 
will be equally inclined in the opposite direction if *”— + 7 *-“ 
2 cos w, where w ie the angle between the axes. 

12. Show that the reflection of the line + sO in the 

line 'I’yc — O is 

(^x + qy + r) (f* + IH*) - 21 /^ + ) (f X + my + n) * 0. 

IS. Two sides of a parallelogram are formed by the st. lines 
($) 3j;-4y*4. (») y®mx and the other two sides ere formed 
by two right lines through tbe point (5, ** I) which are parallel 
to the lines ( 1 ) and (li). Kind the two values of m for wiiicOi 
tbe area of the parallelogram is 12. [Math. Trip 1914.] 
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14. Show that the PO'Ordmntes of the foot of the perpeodi* 
cular from the point (/i, on the line lx ^iny + n^O is given 
by the equations 

y — h ^ y^ h _ _ lh'¥mk + « 

/ m \ + • 

15. The four Hnes 

* — o=®/ir I x~a^lir J y -<?'*//>• ) x^a'^lz'r ) 

y6*Mnrl X* b~ntir } yb'—nstr 5 y~b' = mzr ) 

TS'here [l\ + 1. ® I » A * 1. 2 » intersect each other 

in four points other than ia, h* nod {a\b'). Show that a 
necessary rondition that these four |)oints should lie on a circle is 
+ + [Math. Trip U 1927) 

16. The equations of the sides BC, CA, AB of a triangle are 
th'Sfli.r + tiy ’►cr^O i* 1. 2, 3. Show that the line Ui^ kUs^O 
(0 passes through the orthocentre of ABC if 

+ is parallel to BC If(rta6j + 

sQ. (u<) passes through the mid^poiot of BC if 

{ayb \ " — tfjhj). 

IT. The equations of the sides of a triangle are U»0, V*0, 
W“0, whercU*y ros + y sin « — p, V*y cos + y sin 0 *0, 
\V*ycos ‘f+ysid'y — r. Prove that the orthocentre of the 
triangle is given by the equations 

U cos(0-1f)-V cos (1-«)-Wcos(«-p) [Math. Trip I 1920]. 
IS. If the distances of a certain point from the lines 
X cos ft +y sin « x cos P sin 0-^ = 0, 

y cos ^ + y sin Y be d\, d^, da respectively end if 

Xi=^+dj, +dj OjSf+rfj prove that 
X| sin 10 — “f) + Xj slo (“f — tt)+X 3 sin (a— 0)»O. 

19 . Show that the locus of the centroids of the triangles of 
which the three altitudes lie along the lines 

y«miy»0 is y(S + ^mtW3)^y(S«i + 3wi»«2*»»3)* 

20. The sides of a parallelogram are U — U — (Tj* V — hn 
V w 6g. Show that the diagonals are 


u 

V 

1 


U V 1 




1 

=0. 

<ri bi 1 

= 0 {Math. Trip 1928] 


b2 

1 


Os bi I 



21. Show that the co* ordinates of the point of intersection 
of the join of the points (xiiyi), with the line ax+by+c"0 

are 

_ UiXj-ViXi _ Uiyg^Usyi 

U,-Ua U,-Ov 

where Ui^ayi+5yj +c, Uj^ayj + hya+c. 



STRAtOHT UNE 




22. Prove that tbe conditions that the line + 

may cut eN-ternally all the sides of the triaoirie formed hy tlie 
lines IrX + uiry^nr^^O^ U — 1. 2» 3) are that all the expressions 


1 

m 

n 1 

Ir 

Mir 

It 

m. 

«r r 

It 

MIf 

ii 

mn 





should have the same sign. (Math. Trip I 1920] 

{/fint. All the three vertices lie on the same side of the liue 
i* + my+n*0). 

23. ^ h on that the area of the tn a D{;le formed by the lines 
whose ecjuatioDS tf#x+i,y+<?,«0. U" 1, 2, 3) is a*^2CjCA 


wl.ere 




a. 


f>t 

b. 


Ci 


•DdC.- 1,2.3) 


O) 63 Cs 

24, Show that the area of the triangle formed by the lines 

A cos a + « sin a-^*coaP+ysinB*^, jrcos V+vsin ‘f*ris 
[P s m(g - -f ) 4 q sip - «) tr_«n (a - 0 1 ]* 

2 sin i sin (1 - a) ain 

25. Show that the area of the triangle formed by the lines 
y®»Jri! + Cf, r— 1, 2, 3 is 

Wi-Wj WJJ-MI, • 

.Ufe. J he ttnuir heUreen iht in eavh of )he fofhn'- 

29. From a point P l/i, are drawn perpendiculars to the 
..xea. Prove that the lep gth of the line th at joins the feet of the 
perpendiculara U sin u 

27. I'erpendiculsrs PL. PU are drtWD from P ffi il nn .1 

.... o.„ OM. SK., .h., .h. ...rt 

1 on the line LM is /lA bid wa v'ZTTTX^r » . 

the equation of the perpendiculsr is * cos w and that 

2«. The vertices A, B. 0 of a triaaslp Ai«' .l 

concurrent linee and the sides CA CB Msa thr^i k ♦ 
point., sho* that the line AB 
(Hint. Take t»o of the lines ss ^ 

29. A and B are poiots on tha ^ . j . . 

such thatOA«»o.OB*6 AC*c ^ lively . 

lin^ that joins the n.id-pii„t of « ‘ntnr Xi^sV^: 

*>0>-^o-a)x-a{c^-a-b)y+ab{a-b) = O. 


CHAPTER IV 

STRAIGHT LINES, TRANSFORMATION OF AXES 

INVARIANTS 

28. A homogeneous equation of the nth degree in x 
and y represents n st. lines through the origin. 

Let the equation he 

aoJ’" + rtiy’'"'x + a2y*~V+ +<j,x'' = (). 

On clivi.linjf by x". tlie ecinafioii takes the form 

"“(f ) (x)' ' + +<’n-,{f]+an^0. 

It is an equation of the nth .legrec in . and has. 

tliercfore. exactly n roots, say m, Hence tlie 

equation can he written as 



This eqijatioh isHHtisfiecl by all points which jwtisfv 
atiy one of the eqiiatioiix 



ami cRciv one of tljexe rcpi'cxeiits a »t. line throiigh the 
origin. 

29. To find the angle between the lines represented by 
the equation 

ax^ +'2/;.ry+6y«0 

Let + 

6(mI| +in|) ^ — '2/i. bmimz“a. 

bu^pewe 0 is tlie angle between the iinex. 

(i) If the nm at-e reiiangular. 


tan 0^ s [(wi+w«)^ ^4w i mi]t _ 

i + w»iwj ' 

«± 

e + 6 

(iV) If the axex an inclined at an angle ir, 

4- A («»“*«2) sin »» 

tan t'^iTT — r — r . 

l + (mj + wj) cos • +m|fn« 


d) 


* ± t ' vh—h — -r— 8W W 

1 ▼Iwi'rmt) ^8 w 


a + fr — cos • 


sm w 


(2) 


BISECTORS OF ASCtl.ES 


It’ the lines coincide, tan 0—0. •• ■ (*0 

If the lines be at right angles, tan 

< 1 + 6*0 (rectangular axes) ( 4 ) 

and <j + 6-*26 cos «*0 (oblique axes) 

30. To find the bisectors of the angles between the 
st. lines 



1 Sit 631* + 'Ikxy + a X* 

* 6 (y • »i ix Ky — wi* ) 

If 01. 0j be the angles which OA, OH make willi 
OX and 6 the angle that any one of the bisectorH (00, OD) 
nial<(‘s with OX. then 


In either case tan 20* tan (0i*t‘92), 
2 tan 0 ^ tan 0i + tan 0t 
1 -ian*0 l-tan0|tan0, 

* 

<1 “ 6 


, (A) 


If (x> y) be any point on cither bisector, ^ *tau 0. 

Iiciice the joint equation of the bisectors is 

2 A 


tf — 6 


,, ^ (o) 

<j ••o h 

^ 30.1. If the axes Iw oblique and inclined at an 
angle w, 


=7^: 


mi am a ^ «2 sm w 

i $ Tftll Vi ^ a ^ * 

Vffl|C 08 « ' l + mjcosw 


and (he equation of one of the bisectors wlucli makes an 
angle 0 with the x^axis is 

. ’ ain(y-0) 


m 


AX AI.YTI C A L 1»U\ N K ii EOM ETJ< Y 


x cos tt 


'‘r • 

x'-ip* 


Hence j<ubsfituting ill relation (A.) 

+i^ cos «) _ ^ (m,*m ^) +2«,«»o cos mi 

f + y cos 1 + ^ ^ +m,m 2 cos'i-. 

cos ..>) , <«i + m^)4 2w,w,coKM> 

l-»l|Wg 

^ 2ir cos M 

6 —tf 

<} (;^ w - 
fe 

J.^. + — 6y*) oos w ((>} 

OC 01) b"'* bwpftoiv. 

Aar* + ‘iRry + By* *0 (,• ) 

Let an arbitrao' line y®X meet the given lines OA and 

r j‘ ^ ' ^ 1 - Wtors in C and D. The points 

t and I) then dmde intenially and oxteniallv the base AB 

?i D ' Conseqnentl V 

I AH. CD) - - 1. The abscissae of the points A, B. C, I) are 
given by the equations 

tfx*+‘2A*X+/iX*=0 
A** + 2H*X + BX**0 

A6-‘2H6+B“0 (fV) 

Since the bisect on* OC. OD are at right angles 

A - 2H cos « + B« 0 f III) 

Tlie elimination of A. H. B gives the required equation. 

S’lZ.. 


.t* 

6 

1 


- xy 
h 

C08 U 


1 


•0 


30.2. Harmonic Pencil. 

Let OA. OC. OB. OD be four concurrent lines wliicli are 
met by a fifth line in points A. C. B. D. if (AB. CD)* - 1, 
the lines are said to form a harmonic pencil and this is 
asymbolically expressed by the relation 

0(AB, CD)=-1 

The point D is called the vertex of the pencil and OC. 
OD are harmonic conjugates tc.r. to OA OB. The two line- 
pairs are said to be apofar. 


HARUON'IC PEXCIl. 


Cl 


Let 0 be the origin and suppose that the line pairs 
OA. OB ; 00. OD are represented by the equations 

aV+-2/i‘*y + 6V=0- 

Let the co-ordinates of A and B be respectively U,. j'l) 
ami U,. «). then equations a*^+->/.*y+-6y— 0 «'>d 
'*yi-y»i)Uy*-yi- 2)*'0 are identical. 

m a £.*£2^ 

a ’ — ft 

The co-ordinates of an arbitiary point on AB are 


\ 1 + 






X • 1-X 

This will be the point C or 1) if 

+ ‘o jr +'io'xi y\ + 6 yi 

This qiiadrafie gives the ratios in which C and 0 
divide the segment AB. Since (.\B. CD) — 1 

+ >r'(»,ya +X2yi) +6'yiyj=(> 


i.$. ah' ^ab^'lhk' 

a,h,h arc real, the cli^Timinant of io) U 
easily seen to be positive. The ihsc'nmihanf of (0) is 
+ ccw w)U-6 C50S w) 

or ((a +6) cos w-‘2AP+<tf-6)* sin*i». 
wImcIi is also positive. It k thcrefoi-e. remarkable 
tiiat tlie lines jriven by equation.^ (5i and (l>) are always 
real even if the lines at^^'i.hxy^hyr—^) Ik* imaginary. 
This Icails to the curioiw result that a pair of imaB:mary 
lines If i veil by a n*a1 equation has a pair of real linOH 
bisect inif the anifles l>ctwecn them. “It is the existence ot 
such relations between real and imaginary lines wliicli 
makes the consideration of the latter profitable.” (Salmon), 

31, Notation. Unleas otherwise stated, the following 
notations will be used in this book. 

The general eqnation of the second degree will bo 
taken to be 

+ 'Ihxy + + ‘2/y + * +c « 0. 

The left-hand member of the equation will be denoted 
by y) orsimtdv Tin* expression fl^i will stand for 
the value of ^ for x^xy. A similar significance is 

attached to P'. and so on. We also set 

x^i -|^-<.»+Xy+«. Y^i -|^=**+6y+/ 


Z=gx^fy*c. 
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i)'> 


and Xo. Y(h Zo will moan the value of X, Y. Z for x-xt,, 
y — yo- Th e < I eterm i riant 


a h g 

h b / ^abc + 2/gh — - bg^ - cli^ 

B Sc' 

will be denoted by ^ and is called the discriminant of 0. 
Tlie cofactors of the small letters will be ilenoted by the 
roiTcspondiug capital letters. It can be easily verified that 
BC - c. AC - AB - H^c a 

GH - AF=/^ HF - BGsg l PC4 - CH» A ^ 

In particular if 

A: Il:a-H rB: F-G: F:C. 


31.1. If the equation ^*0 be written in the homo- 
^rmieous form 


y. + 2/y* + 'Igzx + '2hxy^0. 


then wo set 

ll - 


ax + hy^gt, 

30 


Zml 


da 


Y 

*/y^es. 


3^ 


i-g— »/rx + 6y + /a 


and Xo, Yo, Zo will be the values of X, Y, Z for x^xo. y-yo^ 
z—za- 

It can easily be verified that 

0s*X+yY^*Z. 


Wo also put Tssjr,X+y|Y *zyZ 

=iXj + yYj +*Z| 


32. The necessary and sHfficient condition that a general 
equation of the second degree in .t and g mag repi'esent a 
gair of at lines is that iU dUcriniinant should he xeiv. 

Necessity. Let the ^neral second dei^ree equation be 
ax^ + '2hxy + 6y* + ‘2g* +'2/y + c * 0. 


If it represents a pair of st. lines, it is identical with 
U V s (i* + «y + n){l'x + m'y + «' ) • 0. 

Equating the co-efficieata of the above two equations 
it is found that 

U^—ay mm' *6, w>/ + w'n=2/ 

nl' +«*i“2a, W f 
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G3) 


Now the lines given hy the equations 
^'U+iVs'2(<iar+Ay +p)*0 
tn 'U + wVs*2(/i* + by */}“{) 

«'U +«Vs*>(gx ^fy+c) — 0 

all meet at the intersection of U ami V. Heuec 

a h g ' 

h b / *0 

S / c 

Sufficiency. 'Suppose that a ami b <lo not vanish 
simultaneously. Suppose ^ 0. the given equation can be 

written as 

ttV+'2x (*y +al <T+fl(6y*+*2/y + c)*0 
or (rt» + /iy + g^»«-Oy*+‘2Fy-B 

• (yV-C+^-Bl^ 

*. A-Oas AgQ. Thus 

<i* + Ay+g- ±iy\/ - 0 + - H) 

which 1*0 presents two st. lines. 

If rt«0, 6*0. /r 0, A reduces to 
2/^A-c6*-0 

The equation of the locus takes the form 
h*xy +g6x + //iy +/g«0 
or (6x+/j(6y4g)-0 

anil this represents a pair of st. lines. 

Remarks. 1. The elimination of /. m. n. I'. m\ n' in 
the first pint can be offectcil by the identity 



/ 

1' 

0 1 

1 


1 

0 

11 

c 

m 

m' 

0 



m 

{) 


n 

n' 

0 



n 

0 


‘2. If t lie equation ^=0 represents a pair of st. lines, 
tlio point of their intoRK-ftt ion is the same as tlioso of the 
lines /'U+iV*0 and m'U + mV*0i.a. of the lines 

<ix+ay + g*0, 

/ix+6y + /*0. 
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3. The lines [Ix^my] + are parallel to UV 

through the origin, i.e. represents a pair 

ot St. lines through the origin parallel to ^—i) when ^ 
represents a pair of st. lines. 

33 . To find the eqnation to the tico Unen joining the 
Oi'/gi/i to (he points in trhivh the st. fine 

( 's/a* + wi^ + n^O 

meets the focus giren hg the equation 

+ ‘2Jixy + 6//^ + '2gx + 2/y -t* c * 0. 

The co-onlinate.s of the points of intersection of U aiul 
0 satisfy the eqnatioii 

^,(,.,W + -2A;,46y*-2 + +c<i£H^ = 0. 

H tl 

It is also a homogeneous e(| nation of the second degree 
in * anil y. Hence '('(x, y)*0 represents the required pair 
of St. lines. 

Illustrative Examples. 

(1) From a point PUo. yo) perpendiculars PM, PN ere 
drawn on the $t. lines flx* + ^xy+6>^*0. Show that ij 0 is 
the origin, the area of the triangle OMN is 

(oV-2Axoi'* + 6*o*)U*-««* r { + } 

Let 

*6(y- m.x)(y- w'l) 

bmtn'^a. 

If OM sDd ON be repre- 
seated by tbe equitioas y—mx, 
the equstioos of PM 
a ad PN are respectively 
w(yyo)^i*-»a)*0 

m'(y • yj + U— *o)^0. 



M is 


io+By*. , «(ni±2!2.)) „a n u 

1 + m* I + «* / 


Xq > m* ye I m'fft^ + m'yg \ 

1 + m'^ ' ! + «'* I 


aOMN 


ixg^mfo) ixtt-^-m 'y ol 

(! + «*) {! + «'*) 


(gyp* " 2hxgyg + bxg*)y/ h*-ab 
U-6)* + 4A* 
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05 


Or the measures of the perpendiculars OM. ON od PM, PN are 

OM.ON * 

♦'U + iw^Al-hm 
jjjw'j*.*" + {p» + w'l + ar^’ 

''(a-6)'+4/i* ■ 

IfebetheangleMOS. Hue- 

at 0 

sin -r < la-b)^ + ik* ) * 

Hence iC^MON-i OM.ON sin h 

* - 'ihxay»*agt*){h^ - v { (« - 6)* ♦ 46^ } . 

(2) Show that the oonditiom that the it. lines 
px* - 2gxy ♦ should form an equilateral triangle with 

X coa 0 + y sin 6 — k are 

4_e_f_ 


an an 


1 - 2 eoa 2 sin 2B 1 + 2coa29* 

The line x cos d sio is incUoed to the s* axis at 

gle^ 6 + -g- ) . The other two lioes, therefore, make with 


"W 2 V 

the X - axis angles 0 + “T“ — 

6 3 


^ * 4ir 

^ 3 • Hence 


•y*-29Ay + >a:^«r^y-a: tan^ jj^y-xtan^ 

■'■ '■[ t*" '?■)]"“" 

r. Ui.(e+^’)un(e+ "-)-(■ 


in(e+ -’g )Bin(©+ 

_ a, 


^*)co.(e+ ^)+ca-(9+ ^)«d(©+ ^I’') 


M.(e+ ”)co.(0+ 



(16 


AXAI.YTICAI. i*l,AXK <JKf»MKTItY 


or 


.,,,(29^3=, *-(20+3.1 

o 


ffts (20 +3w) + ros • 


2 r. 


P _ <t . r 

1“ 2i*os20 2 sin 20 l+2co»20* 

(3) // the sflme it line occurs in each of the two fusirs 
<tx^'^2hxy¥bjr^0, a'x^^Vt'xy’^b'y'-O, and 9 is the angle 
hetu'een the other fvo» then 

± 2 fOl0« ■ 

\M by^ *2hxy^ax^s{y~ w.r)(ip - in\x) 

b 'y^ + 2k *xy + a 'x^l y - mx ) (y - m jx) 

6(m + w»|)* - 2/r ) i.\ hmnti'^a \ 

6'(w + Wj) • — 2/i' ) ' * 6'>w»rj”<j' I 

mi - wj 

Honce bb' (ih| — wi?)* ~2{kb'^h'b) 

Siocf nt is tho slope of the coramon line. 

6m**2AMi + rt *0 
&'»»* + 2fi'w + o' *0 
- aa' • 0, 


6 

fi a 

1 

h' <*' 

' 66'm)m2 

0 —(Iff' 


rO 


or by mints {Ao'“A'tf)*tffl' (6A' “6'7i) 

Heoce from (tii) 


± 2 eot 0 * 


2m] ms 


mi-inj mi“m2 


^ bb 


aa' 


...hi) 

. . (iiil 
...(ivf 


from (it) 


M 


/r'6-A6' ha' ^ k'a 


Cor. If 0 * “T , relation (iV) gives - oo ' *r 66'. 
2 
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M’hence from 6w^ + 2A'n + rt — 0, h'm^ *‘2h'm + a' — 0^ the 
followin'; relations are obtained t 

(4) Show that the eqitation 

•h’) (tfx* + 6y* + 2iuy+2gjc *-2fy) — 2/gk~0 

represents a pair of .«/. tines and they form a rhombus u>ith 
ax’ *" 2hiy +5y^*<) if (a + 

It oao easily be verified that the equation 
iab- k^){ax^ + b3^^2hxy*2ex '^2fy)^af* ^ hi/- 2fgh‘^ii 
represents a pair of at. lines and ran be written in the form 

ax‘*by^*2Hxy+'2gx’^2/y’bc-i* "‘**^**® ' 

The i‘olnt of iotersertion of these two lines ia^^/ 

Also the orijcin is one of the vertiees. Hence the Hoe ^ * \/^** 

is one of the diaRonsls and therefore bisects the aaicle between 
the lines ax'^'^hxy The equation of the other bisector 

is ^ ” y/ ^ . Thus the joint equation of the two bisei'tors 

is 

(y ✓A-xv'B) iy s/IJ+*yA)*0 
or /AU-xytA-Bl-U 

or H(x^-y*)-xy(A-U)-t> \* AH»H^ 

liut the equation of the bisectors of the aoitles between 
the lines ax^ *2kxy^ by^^O is 

k{3r^ /)~{a~b )xy-(h 

Hence identifyini; the two equations of tJio bisectors^ we 

H _ A-b 

h a “ b 

(rt — — chi ^hibc -/•-«€ 

Of fa 

The condition may l;e wntten as 


^ +/ 


^ *L 




h g h / 

34. If the equftthn 

P^x. y)™tfx* + 2Asy + hjr + *2£x + *2/j? + c*0 

nprenenh a pair of «/. liner, thir equation ran be /rrifft'n in 
the form 


hX^->hXY + tfY^»0, 



6b 
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and the equation of the hixerff)i’>c hetireen these tines oni i>€ 
put in the fonn 

hiX'-Vi-XYta-b)^0, 
ichere X—ax-^hy + i am I \ ^ hx + by ^/. 

It ha >« been pro VH I (Ait. 82 ^ that if ^sUV. tlje lines 
X-0. Y*0 pass tliroxijgfh the inteiNPctiou of U aiul V. 
Consequently, the equation of a line tln*ouirIi the iutei*sec- 
tioii of U ami V can be written in the form 

Y*XX ii) 

The equation axf+'lhxy*by^O n*pi*escuts lines 
parallel to ^=0 i.e. UV— 0. hence their slopes aie given by 
the equation 

6»«* + *2/im + <f *0 fjl) 

Tlic line Y *XX will be the line F or V if its slope 
(/i- Xd)-r(X/r -M satisfies equation (iV) i.e. if 

The elimination of X Ix^tvveen this equation and (>^ 
gives, theiefore. the equation of tlie line.s U and V in the 
form 

l)Y*-2;rXY + rtX*-0 (61 

The bisectors of the angles l»et ween the lines U and V 
are parallel to the lines 

h{jf~x*)*(a - b)xy»0 

which equation represents tlie bisectom of the angles 
between the lines a:t + '^hxy + btf-O. 

The slopes of these bisectors are given by the equation 
1) Ww*0 (»<> 

The line (rt will coincide with one of the bisectors of 
angles between 0*0 if its slope satisfies equation (m) 
i.€. MX*-l) + (fl-6)X*0. 

Eliminating we get the equation of the bisectors, ie- 
MY*-X*;+{(i-WXY*0 (7^ 

' 34.1. Find the inUnept made bp the tints 9(x‘,p)—0 on the 

b . Deduce the equation of (he tine if the 

mid-point of the inteirept is the point yo^- Deduce oko 
the equation of the bisectot's of (he angtes hetfceen (he hnee 

0. 

Tlie equation of the li ne can be written as 

I m 


where and R ia the distance of an arbitrary 

point (a. y) from the point (x^ y^). The co-ordinates of 
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any poijit on the line are WR Xg. mPB '*• y„) aiul ut tin* 
point of intersection of this line with we simll liaw 

9UPR + Xo- mPR ■*' 

or + + + .V»)=0 .{ii) 

The roots of this equation give the distances of 
fj*om the points where the line ii] meets the lines 
0 — 6 . If Ri* R: ^ values of K, tlie requiivil 

intercept is 

Rl<^-^R2» V (R, - 4R,R, 

-^[(/Xo + - {al**‘2hlm + 6«*) X 56ljr^ 

•rP(fli* + 2/i/wi + &m*) (jVO 

If tlie point {.To. y.) is the mi<l-point of the inteivept 
the two values of R an* equal ainl opposite U., Ri + Rj^ih 

/Xo + mYo*0 (»v) 


Eliminating 1. m with the help of (i). we get tlie equa- 
tion of the required line if. 

1* — X0>\o + (y • y^^Yo®0 ^ v> 

Suppose far.. is a point on the bisector, and since 
^x„. y„) is the mid-point of the line {vK this line is perpeudi- 
eular to the line that joins ^a-.. y.> to flu* intersi‘ctioji of 
0 vO. The equation of the latter line is 

^-Y XYo-YXo=0. 

or xl<t\..-hX.)+^h\,-bXj*g\’,-/K,=0. 

This is at right angles to fv) 

XoftfYo- /»Xo)-Yo(fcYo-6Xa‘-0. 

Hence the locus of •ar.. it. the bisectors arx* repre- 
sented by theoquHtioii 

fcvX^- Yh-XYU-M«0 . 

The equation of the bisectors may be fouiul otlienvise. 
Tbe relation >iv) gives the condition that far^. y^) be tl*e 
mill-point of the intereept made on line {i) by lines 0 •- 0 . 

If the direction of the lines <ii U* fixed, as {xj. y#i van os. 
we shall have a system of parallel lines whose mid -points 
lie on the locus 

/X + mY *0. ivi) 

If this lino represents one of the bisectors of tlie angles 
between the Hues it would be perpendicular to (>)• 

{la + mh)m — (/A + mi = U 
or + 6 )/m *0 

But for points on the bisectoi*s /X + «iY— 0 
X . Y 

or ■ “ T* 
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Hptico the oqmtioii of fix' hisootors is olitaniKd by 
• •liiTiinating: /. m and the reqiiiml equation is 
MX'-Y*)-(tf- 6 )XY-a 
Examples Vll 

1. Kiod the aogles betweea the following pairs of straight 
lines : — 

(i) .>x^-^HTy4.V®0 

iii) (l +8111 &)x* + 2 ty + fl — sin 

Show that the lines ax^ + '2hxy + » A(x* + have the 

saute biseetors for all values of 

V^. If pairs of straight lines x* - 2ATy-y**0 and 
X* — Ite sueh that each bisects the angles between 

the other, then Ai*'* - 1. 

✓ 

e 4. Show that the pair of lines 
+ + ••h^hry is equally inclined to the pair 

dx^ + 2kxy + h>**0. 

5 Show that the lines &T^~2Axy *‘a^^0 are perpendicular 
to the lines dx* + 2/jxy ♦6y**0. 

0. Show that the equation dx^+5xy-6y* + l3(x + y) + h»U 
represents i>erj>enclicuUr straight lines. 

Find the values of A for which the following equations 
represent pairs of lines :— 

(0 V+2xv *^+x+y + A»0. 

(ii) 3x^ - lOxy + 7y^ + 2Ax- 7y - 42 - 0 . 

(iVi) Ax* + lOxy + 6y + 16x 4 1 4y + U * 0. 

( iv) 1 'Ix^ * 2\xy + 2y* + ! 1 x - 5y + 2 « (h 
tv) x* + 2xy 42y*4SJx 48y 4 A(x* + 23 ^ + Hy)»U. 

H. Find the equations of the lines which join the intersec* 
lions of the conic x’ + 2xy42y* — l>x -2y + 9*U and with 
the origin. 

9. Show that the straight lines joining the origin to the 

points coin moD to (x — A)*4(* — it)*“c*aDd -^4 ?■ »2 will l)e 

h X 

at right angles if + 

10. Show the lines joining the origin to the points of inter- 
section of the curves 

ax* + 2Axy4hy*4agx-0 • 
and <iV+2A'xy + h*y* + 2g'x“U 

will be at right angles to one another, if 
g'(« +6)*g(d' + h'); 

^11. Show that theline8«Tx^4 2Axy 4 6j^*0snd^x 4«iy 
form a right angled isosceles triangle either if 
d + h = 0 and h{^“ «*) — (« — h)im 
or if af* + 2h/>« 4hw^*0 and (d4h)^4 4((jh - A*) * 0. 
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12. Kind the condition that one of the lines 
rtx* + 2 ;*.cv +6y»(» should (l) coincide with» (6) iierpendimlar 
to. one of the lines (i'x’^ 2 k'xy'^b*y*^ 0 . 

IH. Kiud X 90 that the equation 

jr + 2/> + c + X * 0 

may re|)re9eut a pair of straight lines. \r'lad also the condition 
that the origin may l>e on one of the lines. 

U. Find the angle between the lines 

X" •ey^^4(x cos 0 + y ain S)\ 

lo. I'rove that (he equation 

(a +2/* '*'*)** + 2(ri — Alrj + U — 2fr + frly*“0 


denotcH ft pair of straight line* each inclined a( ^ tn one or 
other of the lines given by ax^ *‘2hxy*by^^0. 

35. Transformation of Co*ordinate$. 

It [* aften Mm‘**ury. fur tli<* sak^* of .<iiii|»liti(*nti<ni tn 
pH** f non one set nf axiv to aijothor. Th<* opemliou ot 
changing tVoiu oiio nnir of rtx<*s to h hocoimI pair i* km^w'n 
> 1 * transformation ot axes. The relation* vvhieli eoniKH i 
the co-onlinate* c»f a point n‘fnn'ed to flu* two systeins of 
axe* ai'c» ('ailed equations of transformation. 

35.1. Translation of axes. To transform to new 
axes parallel to the old with a different origin. 

l*>t P lie a point 
whoxe co^onlinatr** re* 
fi'rml to tin* old axe* 

OX niid OY and t(» 
new axes O'X'. O'Y' 

(parallel to OX and 
OY) are U.ylHtuI {x\y'} 
re* \ K*rt i vo I y . Sii j y] ji im • 
that the eo-onliiiate* 
of (V an* (/i. ^). Then 

y*M?«XO' + M'P*A + y. 

Su we obtain 



--n 

V4'l 


(«) 
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The ti'ausfoniiHtions (T) and fT) are called invente of 
each other. By (T> we pass from ol<l to the new axes 
while by (T) we return from the new to the old 
axes. 

35.2. Rotation of axes. To change from one rect- 
angular system to another with the same origin. 



Let the new 
X-axis OX' make 
an ant?le ^ with the 
old X-axis OX. If 
(x. y), (x', /) be the 
co-ordinates of a 
point P referred to 
the old ainl the new 
axes, and ^ the 
angle that OP makes 
with OX', then 


a.sOM*0P cos (9 + ^)*0P (cos 0 cos sin 0 sin 
■x' cos^— y' sin 9s where OW'*x', M'P^y' 

and y*MP— OP sin (d + ^)*OP (sin 9 con ^ con 9 sin 
*x' sin ^ + cos 9. 

Henco the equations of rotation are 
x®x' cos d—y' sill ^ 
y «x* sin ds-y cos 6 ) ^ ' 

The inverse transformation will be found to be 
x'® xco«0+ysin^ i /t>'i 
y'» — X sin d+y cos 0 K 

The equations <R') may be obtained from the equations 
(R or directly from the figure, e.g.. 

x' "OP cos cos (f - ^')®OP[cos (0 + ^^)cos 9 

+sin (9 + ^) sin 6)*x cos 6 + y sin 9. 
Similarly y'® — x sin d+y cos 

The two sets of equations may conveniently be 
represented as follows : — 



/ 

X 

■>' 

t 

1 

1 

! * 

cos 9 

1 

-sin^j 

y 

sin 9 

cos 9 
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35-3. The K^tieral traiiKformation fn>m out* >ivt of 
jvctajjgular axe?<to another is best carrioil out in two sicji'.'. 
The complete transformation is callinl the resultant of th«* 
two transformations calleil the components. Ditteren* 
ivsulls will be obtained! 
ioinpoiients- 

liCt flic axes bo first 
trunslatcil to a now 

orijjin 0' {h. k). If 
tyX". O'Y" be the posi- 
tion of the new axes 
ami (x. y). (x'\ y") tlie 
«‘o-or(linates of a point P 
ivfernsl to the two sys- 
tems of co-orcHiiates old 
ioul new 

jgmx" + k. y—y"-^k. 

Now rotate tlie axes 
lUron^l) an anftle so 
that the new axes arc ^ X 

<>X'. <)Y' and (x'. /J the eo-ohlinates of fin- .'^nne point P 
with respect OX'. OY'. tlieij 

cos d • y' sin 0, y '• a' sh ^ + y' co-s 0, 

iicnco 

x-x' (vs$^yifiu &*/t ) .... 
y^x' sin d + y' cos ^ + ik ) 

and x'^ (x~k)vos9 + (yi)siji9 ) 

/•-U-k) sin d + (y-it) cos e ^ 

35.4. Ut Che oew axes be give o by their equatiunx. In 
this case U', y'J the co-orUiDates of the poiat with respect to the 
new axes are the measures of the perpendiculars from the new 
axes. If the equations of tlie new axes C/y', O'X' sre 
respectively 


by clian|?ing the order of tlic 



h+my + n^O - /y + » 0 ^ 

, . /x*iny + « , _ MX-ly^-f/ 

^ V'l' + w^ 


then 
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35.5. To change from oblique axes to rectangular 
axes with the same axis of x. 

Ivet be tfie cO'Ojdioatee 
of P referred to OX, OV as the 
a^ee ificlioed it la aogle w and 
Y' (x , ^ ) the co ordioatea of the 

same poiot referred to reotangu* 

P lar axes OX. OY'. 

If LP-y, 

x = Oij = Ol.'- LL'»x'- y'< ot w, 
C08e<' w (a) 

Siioiiarly. 

X • X + y eos w , 

= y sin w (AO 

0^' ^<3 6. Change from one set of oblique axes to another 

set of oblique axes with the same origin. 

Let the co-ordinates of P, referred to sets of axes OX. OY : 
OX', OY' contiioinic 
uogles w' res|>ectivel> 
he (x, y), ix\ y). 

Draw the ordinates 
IjP, L'P of P iff r» to the 
two sets of axes. Let 
^XOX' be 0 sod su|>pose 
^X'OP*e. 

Now 0 LX 




Oy ^ OL „ L? 
sin w + 

OL sin « * X sin « * OP sin (» - d “ a) 

® Op sin (•» — d) cos « - OP cos (« — B) sin ® 
•OM sin (• — 9)— MP cos (w “d) 

where MP J. OX' 
“(x' + y' coswO sin(w -d) -y' sin •' cos (w “9’ 
*x'sin {ie-6)-Ky'sin ; 

and LP sin «a<Dp 

* OP sin 9 cos a + OP cos 0 sin 
^(x^+y' cos sin 9 +y'ain m' cos 9 
—x' sin 9‘¥y sin (• ' + 

Similarly x' 8iDa»'-x sin (w' + 0)-y sin (w- 

y* sin - X sin ^ + y sin {w - 9) 
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36. W e hav** seen l hat th o eq <iat um ik ( »t i rA i is tV> r n> a i i ti i > 
are of t he form 

**/«' + my' + « 
y*i'*'+my + n'. 

which an* of the first degree in the set of variables y : 

y\ Hence if lx* + my * + n, l*x* + m*y* + n* replace x ari<l y 
ill any equation, the de^^^ee of the equation cannot hr* 
ramd. Neither can the degree be lowered, for otlierwise 
on transforming back, the <legroe of the equation will be 
raised- Hence 

A linear transformation leaves the decree of an equation 
unaltered. 

37. In the preceding sections we have looked upon a 
nunsformation as an operation tliat changes the position of 
the axes, the position of the point cxnnaining fixed. We 
may look upon a transformation as an operation whicli 
rrausfonns a given point into another, Uio position of the 
axes remaining unaltered. From j this point of view, the 
points of one figun* transform to other points so os to form 
A new figure callctl the transform of the first. It will be 
fouinl that certain points or curves will remain unchanged 
during tlie operation of transformation. They are called 
invariant points or curves. 

37.1. Invariants. In the process of tmnsforinalion 
• d one equation to anotlier. tlici-e are found certain cxpn'ss- 
lons. involving the coefficients of the equation, which 
remain unaltered by the change* of axes. Such exprossions 
arc called invariants. 

37.2. If the co-ordinates of a poi III P I'eferivd to two 
sets of axes containing angles • ami w' be fx.y)Jx*,y* 
and if the cxpn*ssion oar* + 2Axy + 6y* + 2^»+2/y+c trans- 
forms into <jV*'*'2kVy'+^y^+->gV+2/'y'*c'. where th^' 
c'o^fficients rtfx.y,x*.y* arc* independent of the.'^e vari- 
ables. then 

a+6 -2Acos m ^ a* ‘‘^h*-2k' cos w 
sii?» sinV 

* qV-k '* 
sin*«' 

The* generrtl linear tranaforraation is of tin* form 
X • lx* my* •¥ n 
y~l*/ + m*y* -^n*. 

This can l«* ntfolve<i into two transformations by the 
a<|uationN 


X-5+". + ... UJ 

? « fa' + »y , n * + m*/ (a) 
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riio traiislr>nnatioji (0 is a translation ainl '») of tlio 
typo 35.<>. 

It is easily soon tluit h transiutioii of axes ilui*s nor alter 
tuo c(»-offk'ioiits a. b. h. The fluHnvin is. thoivfoix* true 
nndor tlio tnmslation of axes. 

e may now oonsi<lor llu* effect of transformation (n). 
') his tninsfonnatioii does not alter the clojfieo of tlie 
expression 2^x + 2/y+c. hence these tenns do not affect 
tlic (MM'flicients of tlje s(*coiiil deirm* tenns. \V<* liavi*. 
tJieivfon*. only to consider the eff<»et of the tinnsforinatinn 
Mil the tenns ax^*'2hxy*by. 
lii*t the expression 

rrx^*’>hxy^by^ chancre to + *-by'^ rlieu 

A*+y* + *2jry cos w tin ns forms into ar'^+y'^ + 2// cos w' 
as lioth ihe.M* expie.ssions give the .square of the <lisfaiice 
of P fioin the oj-igiii. Thus 

ft »* + '2Jixy + fry* + \{x^ + y * * '>xy e< w w ) f * jV) 

will l)econie 

rt'A" ’IhV / + fry 4- Xf.r'* + + 2xy vox « Uv) 

U f<»r any value of A. expression (mV) he a perfect 
s«|nare. tile same vahu's of A will make expivssioiHiv) a 
perfect scpiare. 

Xow (iVV) is a perfect s<iuaiv 

(a + A)(fr +A)*(fr + A cos 
and (I’v) is a perfect stiuan* if 

(rt' + A)(fr' + A)-(;p + > cosw'j* 

TIjese two cquatiouK. v»e., 

A*si n*w + (tf + fr — *2A cos wlA + (afr - /r*> • It 
A* sinV + (tf' + fr' -‘2/i'cos •i')X + (aV — ft'*') =(t 
have the same roots and are therefoi'o ulentiral. Hence 
<T +fr -2/r cos « a* +fr' - '>h' cos w' 


sin* w 


sm'w' 


. * “ • i / • 

snr w sin « 

37.3. If by any change of axes the expression 
+ 2A;ry ♦ fry* + 2gr + 2/y + c 


becomes 

then 


0'saV*+*2AVy' + frV*+2gV + 2A'+c', 


flfre + 2/e/i — - by - cA* a'b'c* *2/ g'h'~ a'/* ~b'e'^-^c'h'^ 


ISVAHIAXTS 


■* t 


wlimv w. aiv «ugl**s Iviwcoii tiu* ax«‘s in rlit^ two 

systonts of ty-orcUtiates. 

Tin* pi-o posit ion will be pi*oved In two steps. Tfio 
^I'urral linear transformation 

:r*^V + miy +«i 
y » + m^y + ws 

is resolved into two eomponent parts by tin* initiations 

1 t. 

y + yi + «j t 

and Xi-Ziaf' + Wi/ | ^ 

+wjy' i 

By i1m* ti*»in.sfonnation M ' tin* expivsslon 9^ becomes 
^,atf.v,^+ 2 ;rariy,+ 5 y,* + 2 g|jr,+' 2 /iyj +c, 

\s lien* g) ••(tUf + hti.*g. •*'dnj+/ 

lA*t tite diMTiiiiinant of Im> ^]. 




CiMj •t'/oij + g 
/<ni + 6 /i» + / 

+ 2 |«i+ 2 /ii, + c ’ 

From the third column subtract ni times the first and 
fis times tlie second, then 


<r /f 

h b 

|a>ri + /iir2 + g /mi + 6»2 + ^ 




a it S \ 

h . . b / ' 

an\ + htu^g hn\ + fr»..+ / g//i + /«2 c. 

^ • tf /i £ I 

// b / (» ^ 

C / f ' 


But ibe tiMiisbinnation iif is a translation and does 
iwit a fleet tlie anjrle between the axes, Hence 

A ^ 6 j 


SllV 


sin^w 


* iii 


N’ow apply to the transformation tlicn be- 
comes 0*. It may Iw pointed out in passini?. tliat since tin* 
tiansfonnation in tjuo^ion docs not contain an absolufi* 
term, the alwolute term of 9^ i m* ill not be affected. Hence 

cj = c'. 

l^t U|. yp. ^x\y*) be the co^nlinates of a point witlj 
respect to the two systems of co-ordinates, then the ex- 
pression xi* + yi* + 2*iyi cos « boeomes V* + y'* + 2;ry cos w'. 
as each gives the square of the distance of tlie point fn>ni 
the common origin. Flence 

»0i + X(*i*+yi*+2ariy| cos 
S^*+V,'«+y^4 2*V cos*). 
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if ihi' liitVhaud side is tfie product ot two linear* 
factors tor some values of X so is the right-hand side for 
the same value ot X. Thus the equations 


a + X 6 + X cos 

« 8t 

; a+X 

h +X cos«* 

/ 

8 

1 

6 + X C5ns w 6 + X 

ix 

•0. li +Xco.««’ 

6'+A 

f 

*0 

ii h 

Cl‘ 


< 

c‘ 



have the same roots i. c.. the equations 

X*ci Hin*w+X[ci<«T’*-fe-*2A cos«»-^/,*+j?,*-2/,g,eoswiJ 

+ 6,.0 

and 


X’^c'sirrw' +X|c’‘^r' +fe'-*2A'ca'‘«' 


cos«'d 


+ 6'-0 


are iiientieal. and sMi<t<*C|— c'. 
6* 


t 

sin •» * 


“ ■j’T”- 'ri— •bv 


sinV 


am* w 


III ^ 


hx. i. SltOii'thiii ^ M inmrian/ i/n/fe/' o Hr^eor orthoffwl 
t ran^forwali^n . 

Ex. 2. Show that the expressions 
co» 

sid* » ' sin* w 

are iovariaDts under linear transiormation- 

Note. To c^nerah the vanisbiog of ao invariant sigoihes 
a geometrical property. Por example, if 6*0, the equa* 
tion ^^*0 represents two st. lines and rt6-A**0, a + 6*0 
(or <1 +h • 26 cos «*0) are respectively the conditions of parallel* 
ism and perpendiculaKty of these lines. The geometrical 
sigoihcance of the invariants ah -6**0 and a + 6*0 
(or rt + h- 2h cos tai-0. when 6^0, as will appear later on, are 
respectively the condition# for a parabola and rectongalar hyper- 
bola. 


Illustrative Examples 

(1) Transform loparalUl *tX9s throtigh { — ^ , - J! • ) the 

\ 6 10 / 

equuiion 

l7**-iaty + 8r + 26*-8ji + 2 = 0. 

4 I 

We substitute x— . for x and y* for y, and the 
0 li) 

equation becomes 

+a6( ,-i-)-8(,-i)+2.0 


INVARIANTS 
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or 17jr^ - 1 2x{f — 8 * 0. 

(2) Show that hy a roloiton of axes. Hit eyuatioH 
17x*- l2:ry + 8y*-«*0 

can he defftived of its x y term. Find iho reduced etfuutiou. 


[<et the rototioa be 

x — x' cos B~y* sio B 
> * s* sift © + y' cos 
tbeji the {'iveo e<{ustioD becomes 

17(*' cos B“y* 8m ©)* •* i2{x^ cos B~ y* sin0)(*'siii d + B) 
+ 8(4r' aio B’¥y* cos (i) 


The co*edicieDt of xy^O 

- J8 cos 0 sin 0- 12 (co»^0 -sln"0)—<^ 
or 2Un^0-H tea 0-2*f» 
ten 0*2 or -1 

Takinfr tan B^2, the equatiou (i) becomes 
17U'-2y^*- l2(*'-2/)(2x'+yO+8(2/+yr-Hse<-^e*n 
OP 2bx'* + i00y'*-40^0 

6x'* +»>>'* -8*0. 

Show that the eriiiation of the Hues frisectinf/ (he anyies 
hetween the bisectors of the anytes tfetween the lines 

<ix* + 2/*xy + fr3^<»0 is (rt — — y*) + 4 hxy*0» 
and that, if this pair of st, \ii\es It taken as itw axes of refer- 
ence OX. OY. the etpudionof the tmir of lines (tx^^2hxy‘^hii*‘ 0 
may he writUn ns 

{a + 6KX^ + Y*) + Y -< I 

where - 6)* + 4A« [Math. Trip : I Wir> | 

The e<8mti(>n of the biseeton of the angles between the 

Uues (jx* + 2hi:y + 6y*>»0 (») 

»« h[]^^jf)-{a^b)xy 

and the bisectors of the aoeles between these line^ are ^iveo by 
the equation 

c'ry 2*,. 

2h a^h 

OP U - 6)U’ — y*) + 4/uy«0 {ji) 

Suppose now with the oew axes, tlie equation (t) l>econie.i 
AX* + 2HXY + UY*«0 Uii) 

A + B»=tf+6 (jt>) 

Ali-H*-a6-h* (t,} 

Now the bisectors of the angles between the bisectora of 
the angles between the lines (i«) are gieen by the equation 

(A-B)(X*- Y*) + 4HXY*0 



HO 


AV^JATir^l. ri.AXK GKOMKTnv 


wliirh Jiff the nPW ax^R and must, therefore, be ulentiral with 

XY*o. 


-i((<»-6)* + 4A'l = }t** 

Henrp, ibe priuntion ’m) takes the form 

U + M(X*+Y*) + 2fA'XV*0. 

Examples Vll! 

1 , Show tlia^ the expression i» sn invsrijnit under 

R rotation of axes. 

2. If the lines <tx + 6j* 0 6.v-tfy«U are taken as the 
axes, linil the transforms of the lineR iflven by the etiuntiuna 

<rx + ^y + c*0, (rtx + 6y)* -'3(6x — 
and show that they form the sides of an eiini lateral trian^rle. 

H. Find the ei|uatlon of the lines jt' + K 2jry +5y»0 
referred to the bisectors of the angles between them as axsx. 

4. Find the equation of tlie lines 

3»*-«xy-.V + 3(iy-27*0 

referred to the biseetors of the angles between them as axes. 

5. Two sides of a rectangle are given by the equation 

ar - ary - 3^ + 3()y - 27 -0. 

Kind the equation of the other two sides, if the diagcnals of the 
rectangle intersect at the origin. 

a Tbs point P(xo. yo) lies in the acute or obtuse nngle' 
between the lines tfu + 6iy + (i* I. 2), according as 

(<»i*o ^ + Cl) *2^ « *cz)la^s > 0* 

[H*Hf.”*"Hhift the origin to P(xoi yo)i then apply Art. 
26.2). 

7. Transform the following equations, lirst by shifting the 
origin to a suitable point so as to deprive the equations of the 
terms cootaining x and y and then rotating the axes so ns to 
remove the xy term. 

(0 ar*-8ryr3>* + 8(iy-43-0. 

Ui) + 8oy* - 30ry - 270.* + 2a4y + 261 * 0. 

iiii) 27**-77y--7a*y-l62.r-90y + 81-0. 

8. Find the equation of the lines 

(x* + /) (oo8*d.si n*« + sin*d)=U tan^^-ysiD^)* 

referred to the lines * tan a -y sin ^*0 ar sin 0 + y tan o -0 

as axes. Hence find the angle liefcween tlie lines. 
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Miscellaneous Examples IX 

I. The eiiuatioD of a l>air of st. lines tbrougli 
tix" + 2Afy+6y^“<J ; show that the eqaations 
through {p, (i) (i) uaraUeU (») perpenaicuUr 
respeetively given by the equations 

a(y - q)* •* 2H{x-p){y - q) + hU - p )^ * 0. 
Two points A and B move, A along x-txin 


the origin is 
of the lines 
to them are 


2 . 

y-axis, 
origin 
AP 


and H along 

so that the algebraic sum OA+OB*c (0 be»ng the 
show that the locus traced out by a point I’, so that 


h h-^k 




BP*H : A*, is given by the equation 
jr 
k 

3 . Tlirough a fixed point 9) two st. lines AB, AC arc 
drawn at right angles to meet the .t-axis and y axis respectively 
in B and C, show that the locus of (he mid -point of HC is 

^ 2 k\ 2 

'^ t 4 . A st. line is drawn iwrullel to the base vf a given 
triangle and its extremities are joined transversal ly to those ol 
the base : show (hat the locus of the point of intersection ol the 
joining lines is a st. line. 

5 . The st. lines joining a variable |ioint P to two fixed 
points Ui. yi), {xz, yi) mttt the axis of x in M and N respectively. 
Show tlmt the loeus of P, if the ratio OM : OX is given to be 
A, 0 being the origio, is 

^ fi. Prove that two |>erpendicular st. lines passing Uiroutth 
the points Ui. yi). ( *2. .Vj) represented by the freedom 

equations 

jc-xj + f. y*yi +Xf ; x^xiktu y^yj-w/A 

respectively. Hence show that the locus of the intersection 
ol these lines is 

U-Xi)U-xt)+(y-yi)(y-y2)«fh 

7 . Show that the equation 

(bx + m,y •♦•HilOaX + »«2y+»j) + Axy“l) 
will represent a pair of st lines when X”0, A^«* and 
n itif A ** 0 1 «2 “ « i«2 — Win j). 

8. Show that the two st. lines giveu by the equation 

x*(Un*© + coH*d) • 2xy sin 0 + 3^ ein*0 * 0 
make with the axU of x aogles such that the difference of their 
UngenU U 2. 
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0. Show that tin* st. linex 

A* Bill" a f^^$*Axy sin a si& 9 

+ 5*^4 roi) a— {i + 00 S a)^ (•O 8 ^ 0 ]=<i 

ineet&t Ati anclr a. 

J(h H ti)^ <iro ulilic|u«< an<l incliDed at an an^le w, 
show* that the lines ^hxy^by^^d also ioclude an angle 
w, il 4ab cfw^w “4/i(fi + fr) cos « +(<7 +d)**(h 

11. Prove that tlie <iair o( st. liaes represented hy the 
ei|MatioK 

y’(cOx a + v/3 sill a ) i'ox o - jry (sin 2a - ^3 tos 2a) 

+ (sin a - v'S eos a) sin a “d 

iiiuke with the line 

(cos a - v/3 sin a) > - (sin a + V'S roa a) a: 4*^*0 
jin eipiilateral triangle i*( area oV4v/3. 

12. Show that If AM*** * 1, eaeh pair o1 st. lines repieseoted 
hy the eiiuntioos 

x^^2Xxy = 0 

bisect the angles lietvveen the other pair. 

13. Prove that the i>alrs of lines aV + 2/i(fr +&)ary + 6 y 
i- erjunlly inclined to the pair <ix*+ 2 hafji + 63 '** 0 . 

s^U. Show that the angle between one of the lines given by 
4 *" + 2 Axy + ^y** 0 . and one of the lines 

+ 2 hyy + + Xy - 0 

is equal to the angle betn'een the other lines of the systern. 

15. The diagonals of a quadrilateral are x^c, y~4 ami 
;i pair of opposite sides are 4 .T* + Ay**0. Show* that the other 
two sides intersect at the point 

I _ 2 h£_ ^ _ 22 £^\ luirallel to 'ax"'by)*^ab{x'¥yf^O. 

16. If the aides of a i>arallelograiu be parallel to the lines 
/T;r^ + 2/ijry + 53 ^ * 0 and one diagonal be parallel to/*+my + fl* 0 . 
show' that the other diagonal is parallel to the line 

y{bt — hm)—x{am - Af). 

17. Prove that if the cirrle 4 U* + y) + 2 gjc + 3 /y + c* 0 inter, 
repts on the line /x + iny +«®0 a length which subtends a right 
angle at the origin, then 

c(/* + m^) + Zuigl */m + an)-0. 

>/ 18. Find the length of the intercept on the line 
lx 4- my + n — 0 made by the lines + 

Find also the area 0 / the triangle formed by tlie lines. 
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^ Miscellaneous Examples X 

Show that the product of the |^er^>endicula^s fmin th*- 
Ur, yo) straight lines ax* *'ihxy* by’^0 is 

«£,l+2h^o3!^+^\ {r^,.MnBuUr axes.) 

\/(a-l.)* + 4fc‘ 

2. A straight line of length H has its exlrciiiities one <in 
each of the straight lines <ix= + 2h.>ry 

locxis of its mid-point is 

(ax + hy)* + (A.r + hj)' + ("ft " 

3. Show that tl)e ortho-centre of the triangle tonnoa hy the 
St, linPs<rx* + 2/i*y + '>y‘»l.f v + "»I'“l '» given by the eriustions 

X y (1 + 6 

I tn am'^^Mm + bl* 

Deduce tije dUtance of the ortbo-cenlre from tlie origin. 

4 Two sides of a triangle are lixed and are given by th*' 
equation ax* + 2/»xy + 6y*-(>. the third variable side passen 
through the fixed point (x®. y«), show that the locus of tlie ortho- 
centre of the triangle is 

bx* + 2fc*y + ay' - (<» + 5 t(*Xo + yjo) “ "■ 

5. lAiKpintiuovessotlmttheAislnncebetweentlie feel oi 
the nerpendiculats from it on the lines rt*‘ + 2Artf + 6y =" >« » 

fonstant 2*. Show thst the enustion of lU locus is 

(*‘ + ^)(/i‘-a6) = A-’{ln-M' + 4J.->. [Math. ln|i, 

ti If the sum of the sciuares of the |«r[H-ndirulBrs from 
point 1- on the lines ax' + 2h*y + */ = « i* ‘'""•f"* »'“> ‘"I"*' 
c*. show that the lot^us of I* is the conic 

4h'!xHyV4M«0)xy+2(a-bHa^-f./lj,^^^^,j 

7 Prove that one of tlie lines given by tlie equation 

2x'+3(i-*W+*U'-s)y=‘> , 

Insects the angle between the other two. (Selwyn. 1. ib.) 

8. Show that one of the lines fli+^Sa,,, 

X- tan 0 + xV2 tan 29 Un © - D - “n 2© + ton ©) + y 
bisects the angle between the other two perpendicular lines. 

1 / 9 . Find the condition that the three lines represent by 
the equation a*» + S(.x'y + W + ‘»y‘-« ■»»y be equally inclined 

to each other. 

[Hint. If ffh l»€ the iDclioarions of the three Ime^ 

^ sQj - The conditions found wil) Ijc a + c 

3 

6 + d = o]. 
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10. fibovv that the line <jx + 6 j* + c*0 forms with the lines 
[ax + by^’ - 8 (rty — 6 a :)*«0 an ei|uilatera( triao^le of area 

c* 

v/8'y+&*) ’ 

1 1. Show that the eiiuatioo 

U^-3V)ros3a sis 3a + 3 rtU^ + y) - 4 <i^ = U 

ropresenta three lines forming: an e<tui]ateral trian/flo of area 
Aa v/3. 

[j/nit. Rotate the axes tbrcu^h -a. Chaoife the new set of 
' artesian co-ordinates to IVlar form. Tlie two transfonnations can 
wmultaneously be affected by x*r cos (^-a), y«r sin (©-a). 
The ef|untion then reduces to r’ cos 3^ + i** - 4 rt'^— 0 or 

r’ (4 cos*0 • 3 cos 0) +3tfr*— or 

(rcosd - a). (r.cosS + v/S sin ^ + 2 rt) X 2<i) - 0 . 

»o the eiiuatloDs of the lines in the new position are x-rr. 

»+ v'ay + aa-O. X- v/3y + 2tf-0|. 

'•^12. Show that the equation <?x +3ix^y + 3cxv^ + tfY**0 
represents . 


(i) three coincident St lines if ^ 

,-A 6 c ef 

liO two coincident St. lines and so other if 

Ah. If two of the fines nx^-Shx^ + dcx^**- are per- 
peiidicular to each other, then ft*+tf*+3{flc + W)- 0 . 

U. If the floes ax^*2hxy^b/^0 are inclined to the line 
xcostt+, »|Q a -^«0 at aoffles show that tan 0:, 

tan are the roots of the equation 

(a +2ht + - 2XrA/» -(„-*),_/,] + (^,* . 2h, + j) = i, 

where /*laoo- 

/» t St. lines driven by the equation 

rtx +2/jxy ^ 6v -Oare turned through an angle the equation 
tu the new position will be 

<^^'^^hxy + by^-2{{b^a)xy*h(x^-y*))t^Qa 

+ (6x^-2/ixy + i?y*) tan^« “0. 
Ifi. If the equation ax* + 2Axy + 6y + 2gx + 2A. + c-(» 
represents » pair of parallel »t. linee. sho» that 

-A 

ha b ' 

wliere 2rf is the distance between them. 
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19 , Sliosv that the four li»es giveo by th« equaCioin 

‘ c*(l •*•»«*) 

(y-njr)-*c*(l + «*) 

form a rhombus. 

19. Show that the aquations 

(dh - /r*)(a** + + 2/iary + 2gjt + 2fy) + a/* + hr “ Vgf* * 

(dh - h^)(ax^*by^ ^ 'Ihxy - 2flr - 2/y) +<r/ + - 2/gh • 0 

represent lines which together form a |>aralleloKram whose 
diagonals intersect in the origin. 

[Hint. If (jr, y) be a jmiDt on the first pair {• Jr, • y) lies 
on the second pair.: 

20. Show that the equation 

P^*‘^pix^y + PiX^y* + p4y\-<* 
represents two i^irs of perpendicular st. linos if 

21. Show that the equatiou 

0(/ + y*) - \>xy{x^ - y*) - 1 2x«y’ - ' 

represents pairs of st. lines nt right angles. 

22. The vertices of a triangle lie on the lines y tau A. 
y "ar Un ysjr tau 1, the eircumcentre being at the origin, 
prove that the locus of the orthocenire is the line 

sfCsin o +sin fl + sin “fj^yfcos « +cosP + cos T). 

23. A variable line through the 3xed point (a. 0) cuts the 

lines ax^^2Uxtf in P and Q. Prove that the locus of 

the mid* point of P(^ is the conic 

{ax + hy) (* - a) + {hx + 6y )(y- P) * 0 

(King's etc., 1931]. 

24. Through the li^ed j)oiat (A, P) a variable line is drawn 
cutting the fixed lines ax*'¥2hxy*hy*^i) in the points A, II 
and the imraUelogram OAPII is completed. 0 being the origin 
of the Cartesian cO'Ordinates. Prove that the equation of the 
locus of r is 

a{x - a}**2h{x~ o)(y-p) + 6(y -?)**<» a* + 2hfliP + 6?^ 

20. Prove that any imlr of lines through the origin malting 
equal angles with the line far + my + »«0 is given b)* 

(f* - + 2/M«ry + X{(f* - w*)y*- 2f»«*y >•() 

where X is a parameter, and explain on geometrical grounds 
why the equation of any such pair of lines can be written in the 
form 

(far + »iy)* + K«ix-/y)»-a 
where is a parameter, 

[Uaih, Trip : I9d<>] 

26. Show' tliat the st. lines joining the origin to the jmints 
of intersection of the tw*o curves 

rt4r*+2h*y + 6y* + 2g*®0 end a*x^*2h'xy*b'i^+ 2g'x^K> 
wi) I be at rf gh t a n gl es tu one anot Jier if ^{a 4* » g(a ' 4* 6’ )« 
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27. Show that the e.\pression 


1 ■ • 

V ' 

+ ^- -1 


K— + ? 

-1 

' fll 


az • 

rtj bi 


-(— 

+ -5-1 ] 

i ( y -1 ' 

|{-+-r 

- 1 


6, ) 

V (Zi bi ‘ 

a\ bt 



(contains xyas a factor: and hence prove that if A), Aj, Aj arc 
three pointa on the axU of x, and H|. B> are three pointa on 
the axis of y, then the three poiota of intersection of A] with 
D| ; A:, Bi with A) B: and A} Bi with A | B;. lie on a at. 
line. 

28. If — O represents the ei|uatioo of n at lines 

through the origin, show that the equations of the linos 
(i) parallel, (ii) perpendicular to these through the point {a. 
are respectively. 

KU-tt. y-3) *U, a 

2S^. If (-V. y) and (x\ y) be the co-ordinates of the same 
point referred to two sets of axes svith the same origin and lx * my 
1)6 transformed into tx^iny. then 

/• + »!* -2/mi cos » ^ cos w' 

ain^w 

.SO. Provs that the tranafonnation of rectangular axes which 
transforms 

— + ^ into rt.t* + 'ihry + 6 v*. will transform 
P 9 

x'^ y'* <ix* * 2 hx9 by^ ~ \(ab * y) 



CHAPTER V 

CIRCLE 


38. A I'iivK* iK tlie lueiis of H poiiil wlnoli moves in h 
])\iinv .Hii rliat ifs ilist^Yiioo fi*om h Bxed point rmains 
const iKit, 

Tin* HnocI point is ciillcil rlh> centre uinl rlu» ronstniit 
ilistHtK*** tlic radius. 

38.1. To find thr t'tfHOtho of o virvh. ijh'fu iht' vt'uir*' 

ttud ntdittx. [IMoiifjuiar oj'fx . 

lji*t (* (A. A' ilko (vritn*. ainl K (lio nnlius (»f tho 
cmt:lo, If P(ar. hv lliofo-onlinHtcs of « ptmif nf tlio circlo. 
I»y <)t^t)nition 

'I'liU is till* is*qiiiml oipiatioji. 

Tin* oipintion of tin* {‘ircle \* tln*ivfc»iv of tin* form 

x^+y*+*2i*+'4<y+c-0. . .{{) 

K very equation of this form r»*pro.si*iii> a circle. For. 
Hucli iin rt|nntion can In* >s*nttoii an 

+ «P + (y+/)*-«*+/*-c 

w Kiel I i*x|nvssi*s tim fact, that tin* point (x. y) iviuaiiis nt 
a constant rlistaiin* v^g*+/*-c from the fixed point 
-/): hence, hy dotiiiilion. thk^Jocus is a eirck* wifli 
(-£. -/> a.s the centre and v/|^+^-c radius. The circle 
is real wlien Imth Its eeiitre and radius arc real. 

The previous n*sidts may be stated thus : — 

77ie o.ri?* bfin/j rertanynfar. the neveexartf rnni xtiffirienf 
l oiidition fhnf the equation 

<*;«*•»• 2/iJty + fey* +*2|jar + ‘i/y + c* t J 

tuny refuvMrsd o circle ntf 

a^b. ;!•(). 

77fs re$tii^e of the eirrfe m { — * , M nod rutiiuM « 

\ « a i 

a 

38.2. Altornalive proof. For tlie sake of ^runeralit.y, 
Wo cofisnler oblique axes. 
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The <iiul tfMffivief/t < oinlHio»>: that the gentral 

Mfvomf iUgree egHutioit 

^ >►) sox* + 'Ihxy + by^ + 'Igx + *2/> + c “ 0 

wfig repreMetii a rin*/f tut 

a—b. ft cos w. 
w iteiag ihr amjlt htitvetn the aj-ex. 

Ijpt yU<». be H point in rho piano of the locus. 
TIk* oquatiou of a st. lino tlirough (xo* yoJ with direcfioii- 
sines / and m is 


To 


wIioiT sin ‘ i + siir*frt«w ujiil r is tljo distance of an 
arbitniry ijoiut U. y) from y. Suppos<' in i>aitioular r is 
distanoo of tho point of iiitoiwfion of the lino with the 
circle. Its co-ordiiiat‘*K are tliorofoiv (rW+x©. r4«+yo)i 
where A:«aor>soc •*>. The |H>int lies on tli*' locus ^ 
if t'ki + Xo s rkm + y ^ — 0, 

or rV(fl/*+2hh« + 6m») + 2r4(/Xo+»iVe> + ^(xo. yo)-0. 
Suppose* that over>’ olionl. the line* joininjr the two 
inlorsections is biseotod at (x©. y«). then it) 

Xo*(). Yo«() 

axo +Ay*+^»t) («) 

hxQ + by^ +/•(! liu) 


.-I 


m x]n VI 
w ujiil r 


t.e. 


or 






....(lo) 


A/-6g gh — a/ 

Thus y is uiiic|ue]y known, provided that tt6 ^ h'. 

Ami ^(xp. y«)*XoXo + y® Vo + Zo=^x« +/y»+c 

- a/C Ifioni (iv).J 

Thus the eg nation irivinif the value's of r heeninea 
r*{fli* + *2A/m +Am*) + — sitr «*n. 




j +*2 (Ar* ‘♦•-^cosiM 


sin*w»/^**'m*+2/i« cos « I Art. 18.1 Note] 

Tlie equation, for all values of f : m fifives two eqtial 
and opposite values of r. 

In order that ithe given locus may be a circle, tlie values 
of r obtained from the above equatiojt should be the same 
for every value of 1: m. The equation should, therefore, be 
independent of I and m ; and it must, therefore, be 
identity.^ ^ 
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HD 


This will be iriclepeiuleiit of / : if 

f7r*+ ^0 /ir+ cosw=(X 

c c c 

A . . A 

or fl « — — ^ — 6. ^ ^ ca'^ w * a ciw w. 

cr^ cr* 

wliicit arc tlift reqiilrtHl coiMlitioiiAfor a ciit'le with cetitr** 
at Q, 

ConrerKff/i, if these eoin lit ions ait' siitisrtc I. the r-^rivii^^ 
<'iinftfion booomos 



whit-Ii shows timtr is ronstuiit. Hejire. it is seen that 
nn<lcr tlu>se eonUitioiis c ^ 0. 

38.3. Prom tlio clistfussioii in Art :K2it billows fliat tln^ 
otjuutiou of the circle in oblique eo-onliniih^ w 
ti(x^ + y* + 2*y cos +*i/y + c=(J. 

which can be written as 

*^+y+*2.ry cos « +*>g»+*2/>* + c«n, 

wlieu ^^ **’^* rei>|iicpil hy^. /and c. 


The co-ordinates of tim eentro of this cirolo am irivcii 
l)V the e(| nation 


: I -/cos w : If cos «-/: siu^ « (O) 

aiiri tlie scjmuv of the nulins R is ffiven by the cquHtion 

I 1 cos- g 

It* sin* w +1 cfts w I y 

^ / c 

39. Freedom Equations. 

When the co-cmlinatos of any jmint of a curve can bo 
exprossfiil III terms of anotlicr variable (culled fumniieter) 
tho equations connectintr the co-ordinates x and y witli 
the parameter arc called the fn><Hlom or iwrs metric eoua- 
tionaof a curve. For example, if tUo equation of the 
curve be/:jf,y)*0 ami if there cxrsts a parameter such 
that t ho equation fix, y)ss0 is satisfie^l by tlio equations 
. . x-M 

jueso (Ml nations Are calletl tlie jwramelric equations of the 
loom whose ro/igtraint equation is /(;r. y)a(). 

39.1. Freodom Equations of a circle. 

Suppose tliat tbecoiwtmiiil equation of the circle is 
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TIic 0 qua 1 1 Oil is obviously satisfioil by tlie equations 
x—a cos G y^a sin B. 

wlieiv B is a variable. These eqxiatious ai'e fieeciom 
equations of tlie circle vliose const raiiit equation is 

+ If we put t*tan — ^ . tlie equations may be 

written as 



or writing the equation in tlic form 

rt + x y 

a(\'“(*) 2 at 

wearot ->r=^^r 

OeoiHftrka! reprfs<*nftifion of 0- 
Let Fit. y) be a point on the 


cii*cle a:*+y*«*d*. the axes of co-ordinates being two perpen- 
dicular <lia meters of the circle. Draw the onliuate MP. 
Obviously 

x^a cos MOP, y—a sin MOP. 




Fwdoni equations' of the a trie 
arc easily seen to be 

cos B y—k-^a sin 


Ex. Prove ibet the parametric equations 

t^a m B + b C09 B 
y~ a cos B h sin B 
represent a circle, B being the parameter. 

40. The poinU of intersection of a circle and a st. 

line. 

Let the equations of the circle and the st. line be 

^*^+y*+2gx + 2fy+c-0 

Case /. 

If ?* + OT* 0. we shall suppose i*+m**l, then r will 
denote the distance of the point (ar. y) from the fixed point 
(flTi, yj). The co-ordinates of an arbitrary' point on the line 
are Ur+*,. mr-l-y,). If this be the iK>int erf* intersection of 
the two loci. 

Ur +ar,)* + (mr + yd* +*i) + 2^mr + yj) +c=0 

or + m*) + +g ) + m( y I +/)]+ Si =0 (4) 

where + y * + 2gXi + 2/y i + c. 
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The equation is a qutuiratic.n r which gives two va ues 

of r, corresponding to which we get two points L an. \ 

as ?he inteiUctions of the two loci-. Thus every st. lu.o 
cuts a circle in two ami only two i>omt>. 

Tlie discriminant of this equation is 

where R is tlie radius and ^ the perpejulicular fi‘om the, 
centre ( ’~g. -/) on the line. . 

1. U) If y 0 ami the ponits U am) 

V are real and distinct. 

hi) If 0 and the points U and V 

coincide, the line is then said to be a tan^onr to the 
circle. 

tiiii + and the points U ami V 

are i mat; in ary. 

(d i.«.. the tfiven 

st. line docs not pass tlirough the centre ot the circle, 
tinis tho co-eHlcicnt c/2., llari • + »i(yi +/) r 9. Hence 
only one value of r is infinite. Only one intersection is 
therefore at infinity. 

.WVf .— T I lat the lines « (* • *1) - d y - y i) “ 0 and 

tre (>er|>endicuUr to each other tlirouf;h 
ixi. vi). When t**m*^0» both represent the same line. Thus 
the lines y- yj* liU-ai) way «ach be regarded as perpendi- 
cular to itself. 

ill) If «(ari-^g)-f(yi V)*9- 

i.6.. the st. line pas«‘s through the centre of the circle, 
both the roots of tho qua/lratic in r are infinite. The points 
C ami V coincide at infinity, the lino is a tangent, the point 
of contact being at infinity. 

/ ^ 0, m 0. 

If the equation of the line takes either of 

the form 

y-yi-iU-Xj) 
y-yi* -dx-*i). 

These lines are I'ttlled i>:ot topic or cirenhw lineft tlirough 
Unyi)- 

41. Circular Points. 

It has been proved 10 the precediog Art. that each of the 
st. lioes 


y*±«+*, 


0-2 
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meets every cirvle x' + y-^2gx + 2fy + in a point ab mBnity. 
Now every st. line lia$ one ami only one point at infinity. Hence 
the line y= ±ix + k meets every dreie in its plane in the same 
point at inanity. Simiiarly the line y—~ix + k meets every 
circle isi the same point at infinity. 

Apnin, «U the lines ol»iaine<l hy ^jiving Uifferent valuea to k 
in the ecpiation y = have the same point at infinity. For 
if tliey l)e UilTerent. they lie on Hie ein-le and the line at infinity 
i.e., the line at infinity meets the circle in more than two points 
which is impossiifie. 

The e^pmtion 

y* ix + k 

where k varies may Ije regarded as representing as a system of 
parallel lines. 

^ T/r«s every circle passes f//ror/g/i two fixed points at 
tnfinity. These points are called the circular points at 
infinity. 

It Appears that concentric circles have doo.ble contact at 
the circular ]>oinea. 

The ratio of the co-ordinntes of these points can easily be 
determined. By tbe equation. 

. As y—SoO, .i* — * 4 j, 

XX ar " 

• • X : ±i : 1 . 

Tbe preceding results can be more essilv obtained by the 
use of homogeneous co-ordinates. Making the equation of tbe 

circle homogeneous by writing ^ for * and y, tbe 

equation becoities 

** + / + «* + 2/y« 4 2gzx *0. 

This meets tbe line at infinity *«*0 in points which lie on the 
locus a:* + y‘®«0 or 

y»Jar, y* -!>. 

and the points at infinity on these lines are 

^ te) 

which are the same for every circle. 

It may be noted that an idea of direction cannot be associ- 
ated with tbe circular lines. For if two lines OP, OQ make equal 
angles in the same sense with a third line OB, we say that OP 
and OQ coincide. But this ceases to be true if OR be given by 
the equation y“ ±i> 4 A, for tanO*+i, which is indepen- 
dent of m, B being tbe angle between y^mar + c and y — ix-^k 
01 y— “I* +4. 
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41.1. PerpenaicuUrily. Let the (h\- iiie<'t 

the line at iiitiaify iu points* A and B. 

I and J are the circular points at nifinity. If (AJi. hi ^ - h 
tlie lines OA, OB are called perpendicular to each otlicr. 

Lot the equation of the pair of lines PA, PB ln^ 

a/-*‘2hxy^b/ + '2ixz+'‘ifi9*ct'-‘0. 

Those lines meet the line at Infinity z®0 in poiiits 
A and H and tlie joint equation of OA. OB (0 hcinjc tin* 
origin) is 

(ix* + 2iriy + 6r-0. 

The equation of 01. 0.) is 
and these arc apolar if 

a +6*0 

If the axes are oblique, the equation of the oireular 
lines through the origin is 

x*+*2zy cos w+y®«0 

and the condition of ajKJlarity becomc.s 

<1 + 6*2* cos V. 


42. Equation of the chord whose mid'poinl is given. 

Lot P'*i.yi> bo the nii<l-|>oint of the soBinoiit UV 
intercepted on the line 

*-Xi ^ y-yi /•, 

coK 6 sin 9 

by the circle t>»z*+y*+2<* +26^ +c*<K 
then PU. PV are the I'oots of the equation 

r*+2r [^;fi + g'< cos^+(y,+/) sin 0] + S|*0. 

Since P ia the mid-point of UV. PU + PV*0, 

^4r|+ j)cos 0 + ^yi+/)sin 9— 0 (n) 

Hence c<iuation O') will represent the required lino if 
eoiulitioh (I't) l)e satisfied, consequently its equation ia 

(x -arj)Ui +g) + (y • Pi)(yi •*'/)*0 

or T-8|-0 (0/ 

whero T^xUi+j) +y(ti+/)+g«i+/vi+c- 

Ex. Find tKe imd-poiot of the aegueat of the line 
^x + my + «*0 ioterceiilcd hy the circle x* + y* + 2 gx + 2/y + c*0. 

43. The tangent at a given point A tangent to a 
cui*veata given point is tlic limiting position, if such 
cxiiU. of a secant joining the given point to another point 
which approaches the given point along the curve and 
tends to coincide with it. 
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43.1. The tangent at a given point to a circle. Let 
PUi. y,) Ih> tlio given point am I suppose that tlie circle is 
given by the ec|U»tion 

Ssj;* + + *2^* + 2/y + c * 0. 

The o« I nation of an arbitrary st. iiiie tlirongli P(*j, yi) is 


At.i! = yzil s 
cos 0 sin d 


The ilisfauc'es PI\ PV of the points of iiifoi'SDctiou 
r ami V from P ai*e the roots of tlie equation 

r" + 2rltAri + g)oos G + (y, +/)sin $| + S,®0, 

Since P lies on tlie eirc4e, if <'oineules with U or V, 
sav r. then S|*(l. ami PV is given bv flje equation 
r+2l(x, + «)cose + (yj+/)siu G]^0. 

Ijct V moving along the inivlo approach P ami 
ultimately eoi licit Ic with it ; ami this limiting 

pc'sjtiou of tiie line is the n*qiiii*eil tangent. The condition 
PV'^O tlcnmmls 

•Jri+^)cos 0 + {yi+/isin 6»() Ui) 

Tims line (i) is a tangent if eomlitioi\ Ui) is satisfied 
ahmg with Sj«(). Hence the equation of the tangent is 
{x*-x,)(*i + ^) + (y-yi)<yi + /)»U. S, — 0 

or xUi + g' + y(yi+>0+^xi+/j*,+c-0 ( • /-^ 

i.«. xxi + yyi fi(x + xi)+/iyi+/) + c-() 5 
44. Def- Normal The normal at a given point P of a 
plane cuiwe is a st. line tUmugli P perpendicular to the 
tangent ot P to tlW eurv‘^ 

To find the equation of the normal at P(Xi, yj) to the 
circle 

x* + y242^x + 2/y + c*0. 

The equation of the tangent at P to the circle being 

x{xi + g) + yiyi + f) +/y, + c *0. 

the line at right angles to this through P Ls 

ix - Jri)lyi+/)-(y-y,)(.T|+g) (8) 

This is the required equation. It pa.<ses through the 
centre. Hence the proposition that the tangent to a circle 
is perpendicular to the ra<lius through the point. 

It follows that every st. line from the centi'e is normal 
to the circle. 


44.'!. We have sbowo that the circular lines through tbe 
centre are tangents to a circle at tbe circular points. Thus the 
circular lines through tbe centre are both tangent and normal to 
the circle. 


It appears that a circular line is perpendicular to itself. It 
may also be proved as follows 
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Auy imir of perpeodiculir St. liD€S are harmonif^nlly conju- 
gate to the circular Hues and coDveraelj*. 

Let I and T be the circular points. I^t tbe tangent at any 

point P on a curve meet the line 
at infinity at T. 

Take the fourth harmonic 
conjugate N to T witli respect to 
I, l\ then (TN. II')* -1. 

Join NP. Then KP is 
normal to the curve at P. 

If FT passes through a circular |>oint j.e.. if T coiucidea with 
L then K also coincides with I. Hence IP is both tangent uml 
normal to the curve at P. 

' 43. Geometrical si|mficance of the expression 
SSj:* + y*42gx + 2/y + c. 



Tlic lino ^ meets tlip SaU in points U 
COK 9 HIM 6 

uuil V nn<] PU, PV are roots of the o^juation 

r*+‘2r[<X4+g)cos 6 + {yi+/)siu ^|+.S,«0 

PlhPV-S, (0) 

Tliis is culhul the power of the point P vvitl) ivspet't 
to tho circle S, The power depends only on tlic position 
of P ami IS iinloiM>iMlcnl of the din^ctioii of the line. If 

V ninl V coincide ut T, the line PT Womes the taiiffcnt at 
T and 

... .( 10 ) 

llfficf *Si M Off Mra^ttre of iht sowrtre of Me lotweui fvom 

V fo fhe rhrif .S'. 


If P is outside the circle, the se^^meiits PU. PV Iihvc 
the same sign and PU.PV is, therefore, positive. Tim 
product PU.PV is negative if P is inshlc tlie circle, since 
PU and PV have tliflertuit signs. Hence 

**+>* + 2gx+2/y+c^U 

is the unalytic rcjuvw'iitation of outside and inside roffions 
respect iroly of the circle HMl 

46. Equation of tangents from a point 

I-ft PUi. yj) be a point in the plane of the circle 

Sasx* + y* + 2g* + %^ + c«0. 
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The iiitei'cechtiiis 1'. V of flio Hue 


x- xi _ V- y, 

cos 0 c'tis S 


-r wiih S *0 


nrc si veil I'V the oi|Uiirioji 

r^+* 2 r((-Yi + ^)c os 0 + (y, +/)s»in ^J + Sj 


0 . 


H the iioihfs [’ »ncl V coinchle. the line PU V becomes 
n toiipcnt ninl thcivtVnv the (iiunlnitic lu r has equal 
roots. 


l(a'j+^)cos d + (yi+/)siii 

Thus the eciuiitious of the taug’enrs will ho obtained 
by cliinimitinj; cos B and sin B between the equation of the 
liiK* oml the condition found above. 

Kliniiiiatina: we iret 

lU-ATi^U, + tf )4 + 

or (T-S,)»=lS + B.-ia']S| ^ - 

where TH.T<ari+^< + ^’(yi +/) +gjri+/yi + c *"f 

U.. ( 11 ) 

This Is of the second deiriee in x and y. hence two 
tant;cuts can be drawn from a point to a cii'clc. 

These tangents a rv real, coincident or imaginary, accord- 
ing as the lines ])urallcl to tliese tli rough the origin are 
real, coincident, or Imaginary. The equation of these 
lines is 

(jr* + y*)Si - [x*xt +^) +.^OP“0 

or (;ri+^)-)-2jry(x4+^)(yi+/) 

+y 1 S,-(y,-Kf)«]- 0 . 

These are real, coincident or imaginary if 

{x\ +^>Ty) +/)* - [S, - {xi + gP)[S, - (yi +/)*] ^0 


or Sj[(*i+^)^ + (yi+^)*-S|] ^0 
i.e.. (<*+/*- c)Si^0 

The circle being real, tlie square of the radius ^ 

is positive. The condition thus becomes Sj ^ 0 . Hence i — 

i'roin (I point tu:o tangents can be draicn fo a t'cal cirefe, 
and these are realj- coincident or imaginary , according as the 
point is oiitside, on^ or inside the citvle. 
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Illustrative Examples 

U) Find the squaHon of the circU which circttruscribes 
the triangle formed by the points Cre, 5 ^), 1> 2, 

Suppose th&t the e<iu%tion of tbe circle is 

X* + y + 2^1 + 26^ + c *** 0. 

8iDce the three points tre supposed to lie od it» 

^i*+yi* + 2^j:i + 2/yi + c*0 

*4 + 2 ^x 3 ^/yj * 9 

+3*3* Vt/s + c * 0. 

Eliimnstiog g, /, c we get the required equation, inzn 


x‘*y 

X 

y 

1 1 

1 


■ *l 

yi 

>! 

ar,‘ + y/ 

X2 

yt 

1 

1 


Xi 

yi 

1 


The cirrie will be a }»roper circle if tbe co^lticieat of 
is not zero. This requires that 


Xi 

yi 

1 

Xi 

yi 

1 

*i 

y) 

1 

1 zero, 

i.e. 

tbe 


roilinear. 

y (2) Find the angle between the tangents from the point 
(x\,y\) to the circle s*+3»* + 2ex+^y + c“0. Find also the 


locus of the point the tangent e from which include an angle 

What is the locus when ^ is-g. 7 

The equation of the pair of taogeoU from the point ‘^Xu yi) 
to the circle S™**+y* + 2|jf + 2/y + o*0 is 

S8j*T* 

where T— x(x, + g) + yiyi +/) + gxt +/yi * c. 

The lines parallel to these through tbe Origin are given by 
the equation 

8j(s*+y*)-|*Ui+g)+y(y,+/>l* 
or x*ls, - (s, + g)*] - 2xyUi +g)(yi +/) +y^j - (yi +/)^ - 0, 

If ^ be the angle between these iiDeSi 

- Ui-*-g)»][Si - (yi +7 i") 

2Si-Ul+«l*-b.+/)‘ 
± 2 -ys,(K‘*f-e) 

8 , 


tl 


4 ) 
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The Imus of the poiut from which the taDgents to the circle 
mclude an anf'ie y is therefore 

[:i - +/^ - c) = 4S(g* +/^ - c). 

f* required locus is 


Wbjch IS A circle concentric with tbe given circle. It is called 
the orthoptic or director circle of tbe given circle. 

(3) Find iht tquaiion of tU circh, ihe exlremitUs of a 
diameter being A(»„ yj), B(xj. y^). 

Let P(ar. y) be a point on tbe circle* then 


Zapb--^. 

Tbe slopes of the lines PA and PB are 

^31 y-J Si . 

x-Xi* x-xz ' 

Since ZAPB*^. 

2 


X , . j 

^-Xi X-Xt 

Hence tbe required equation is 

(ar-^,)U-4'a) + (y-yj)(y-yj)-o (12) 

(4) The line Ix^my^i meetithelinesa;^*‘2hxy’^bv*^0 
tn Points P and Q. Show that the circle on PQ as diameter is 
(om*-2A/« + 6/*)(**+y«) + 2x(A«i-W) + 2y(A/-am) 

+0+3*0. 

Deduce the condition of perpendicularity of the lines 
ax* + 2kxy + by*- 0 . 

Eliminating y, we get tbe equation 

xHam* - 2Um + - 2x{bl - Am) + 6 = 0 

which give* the abscissae *„ x, of the points of intersection 
}*'• y)'''*2-3’i»of‘BeliDe f* + fnj>=i with the given pair of 
lines. Hence this equation is identical with 

{am‘-2hlm + bn{x-xi]{x-x^~0. 

Sirailarly eliminating *, we get the equation which gives 
yj and yj. This equation will be found to be 

y^(cfw*“ 2Afw + bl^) - 2yUffi - hi) +0*0 
2hlm + bh^)(y - y,)(y ^ yj. 

Hence tke equation of tbe circle is 

or 


U«<»*-2ifw + W>)(**+,*) + 2*(fcB,-6/)^-2y(A/-am) + a+6-0, 
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If th« given pair of lines be at right angles, this circle will 
pass through the origin, 

(b) Find the condition that the line may 

touch the circle x* + y* + 2 gar + 2 / 3 » +'C=»0. 

Let Ui, yj be the point of contact, then the tangent 
x[xi 

IB identical with . f s + «y + n ® 0. 

x i*g . yt±£ ^ e^\Jiiy±tF m X aay. 

* * / m n 

*0 

y, +/“* X»n*0 

gXi X«»0 

and fsi + myi+n *0. 

Elimination of xu Vu end X gives the rec|uired condition 
1 0 

0 1 

g / 

I m 

This condition is equivalent to 

(Ig + w/- «)* " 0* + +/ * -c) (t3A) 

which can be obtained immediatelf from the property of the 
circle that the measure of the perpendicular from the centre on 
the tangent equals the radius. 

Find the locus of the mid-points of a system of con- 
current chords of a ctrc/e. 

Ivet the chords of the circle 

+ y* + 2gsr e- 2/y + c ® 0 

be drawn through the point (hp k). If (xj, yj) be the mid'polnt 
of one of the chords, its equation is 

x(x,+g) + v(y, + /)+^xi + /yj+c®Sj. 

Since it passes through (h, k), 

^(xi + g)*bWyi*b/)+gxi+/ji, +c*Si. 

Hence the locus of (X|, y|) is 

Wx+g) + *iy+/)+g» +/y +c*S 
i.e., x* + y* + gx+/y-Wx+g)+Ji(y+/) 

x^ + y* + x{g - A) + y</- *) * g A +/&. 

The locus of the mid-poiote of a system of parallel chords 
nay be deduced from this equation when the point (ft, ft) moves 
to infinity, then and suppose ft^ft*w, so that 


g 

/ 

c 


m 

n 

0 


= 0 


.( 13 ) 
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m is the slope of the chords. Writing the equation in the 
form 





and makinff *-*«>. k : the equation takes 

limitiog form 


the 


— (jr + wy) = g+/m 
or (^+g) + w(y+/)«0 

which can be ensily obtained otherwise. 

Note, The equation of the Ic>eu9 can also be written in the 

form 

(a: — h)(ar + £)+(y — ife)(y+/)«C) 

which represents a circle drawn on the join of ih, A), {-g. -/) 
as diameter. 

(7) Find the egiiation of the ci>CMwc*rc/« 0 / the triangle 
formed by the Hues Ui=rtiJ: + 6i>» + Ci»0 (i-l, 2» 3) 

Consider the equation 

/(tf.4f + e»jy+c,)(tfjx + 3iy + c,) + m(tfj»+3jy+cs)(fl,x+6jy +ci) 
' + ecj)U2x + 62 y + cj)-0 

where I, ni, 91 are arbitrary. 

The equation is satisfied by the co*ordinates of points 
which satisfy the equations of any two of the given lines. This 
equation, therefore repreaenis some locus that circumscribes the 
triangle. This locus will be a circle if the co-efficient of 
equals the co* efficient. of y* and the co-efficient of xy vanishes. 

. . — + «(<rjrt| - ^j3|) +n(ajflj~ 

Hence by cross -multi plication we get 
I : m + — <T>6j) ; [oi ^ b2^}(a9bi“ Oib^ 

ooosequently the equation of the circle is 


Oj * ha* 

U| u, u» 

09 Of, 
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Examples XI 

1. Find the equation of the diameter of the circle 
X* +y*- fir +2y-8«0 which passes through the origin. 

2. Prove that the centres of the three circles x:^ + y*^ i» 
x*'*-y*+6x-2y-l»x»4^y*-12ar+4y*Ilieon a st. line. 

e 
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Find tb« equation »f lhtf> cin-le whose centre isattho 
joint ( 4 , 6) and whose circumference passes through the centre 
of the circle i*+>* + 4.r'+6y* 12. 

Show that tlie circle 

+ cos «-2hy sin «-a*siD*a**0 intercepts a constant 

length 2a on the x-axis. 

6. Show that the circle sHy**a* intercepts a length equal * 
to -c* -r V I + m* on the li ne y-m x*c, 

6. Show that ihglsne y^mxta */ \ +m* is a tafigetti to 

tilt circle *^ + y*"*a*. 

7. Show that the line + mi/ + f/»0 is a tangent to the 

circle *' + y» + 2£;r + 2/y+c-0 if + - 

+ X fg* +/-c)»0 ; hence deduce that the tangents to the 
above circle parallel to fs + my“l are given by the equations 
M* + g) + mly+/)-± + + 

H. Show that the circles which pass through the |oint« 
0)» (6. 0) and touch the y-axis are 

s:* + y*- (a*b)x±2y/ab y + ab^iK' 

Find the equations of the circles which touch both the 
axes and are such that the length of the tangents draw n to each 
of them from the point (2, — 1) is 2 V'6. 

10. Show that the equation of the circle of radius P w hich 
touches tJie axis of y at a distance h from the origin (the centre 
of the circle being in the first quadrant) is (ar — P)* + (y *“ /i)**P • 
^^liow that the equation of the other tangent to the circle 
through the origin is given by the equation 
(P*-l<*)x + 2P;ry®0. 

Prove that the tangent to a:* + y* + gx + /y**0 at the 
origin iBi/ar+/y*0. 

12. Find the equations of tangents from tlie point (8, l) to 
the circle ar* + y*- 2r -4y — 20^0, 

^^3. Find the co*ordinates of the inid*])oint of the chord 
which the circle flr’ + y*+4x — 2y- 3 = 0 cuts off on tlie IIdc 
y“x + 6. 

14, Show that the line 3x^4p4 7 = 0 touches the circle 
*h y^ * 4.V ~ Gy = 1 2 and find the point of contact. 

HJ6. If the points (xi» yi), (ar)» jj) are the ends of the seg* 
iiie^ of a chord of a circle which subtends an angle ^ at the 
circumference, show that the equation of the circle is 

( jr - x,)U are) + (y - yi)(y - yj) * ± cot f [U - ari) (y-yt)- 

ix^Xi){y-yi)]. 

y IH. Show that the equation of the nine point circle of the 
trigngle whose venices are (m, 0), (- n, 0) and (0, is ' 

2p{x^ + y*) - («i “ n)f>x - (mjm + p*)y » 0. 
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<17. TbeWney^^.r meets & cirde of red i us <2 ia points 
0 end U (0 beioi: tbe origin) and the r-axia passes through 
the centre of the circle. Show that the equation of tbe circle 
described on OU as diameter is 

( 1 + ^)(ar* + 2tf(ir + « 0. 

^ Id. Find the equation of the circle which passes through 
tbe point (2, 0} and which touches tbe et. line x*i’ 2^ - 1 - 0 at 
the point (3, — 1). 

19. Show that Che equation of tbe circle which touches tbe 
line 44f + 3//® 12 at tbe point (3, 0) and passes through ( - 1, - 3) 

is — 2x 3^ - 3 • 0. 

20* Show that the circle x* + y* + 2gx + 2/y + 0 intercepts 

e<i«al lengths 00 the lines l\X + tihy'^ni^O, Izx-^ 

if (sf| +/W1 — m)^U 2^ + * {gl^ •►/mg — +mi’) 

47. Definitions : 

Chord of contact. Let the taai?erils at points U and V 
of a circle meet in P, then the line UV ir called the chord 
of contact of tangents through P or simply the chord of 
contact of P. 

Pole and Polar. Let P be a point in the plane of the 
circles. Any line through P mecU the circle S in two 
points (say) U and V. Take a point Q such that 

(PQ,UV)--l or 

The locus ^ of as the line varies, is called the polar 
of P, which will be proved to be a st. line, and P is calie<l 
the pole of p. 

47.1. To find the chord of contact of a point t^. r. 
to a circle. Let UlAj. At) and ViAg, A3) be the points of con- 
tact of the tangents through P(xj. yj to the circle 

•►y'’ + 2gx •►2/y -fc^O. 

The equations of the tangents at U(Ait Aj) and V(Aa, A,) 
are 

x(h i-^g)* y(A, + /) •► gA, +/ft, + c *0 
* ( As •► g) + y { Ai +;0 + g A 3 •► /Ag + c “ 0 
and as these tangents pass through P 

*i(Aj +g)+yi{Aj+/) -fgAi+ZAi+c^O 
I Aj •► g) + y ,( A« +/) •► g A3 •► /A3 + c * 0. 

But these are the conditions that the points U and V 
may lie on the line. 

Xi(x + g) + y^(y + ^ •► g.r +/y + <?— 0. 
which is the required equation ^ 


dl4) 
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47 . 2 . To find the locus of the points of intersection of 
tangents to a circle drawn at the extremities of chords 
through a fixed point. 

Let Vixi, yi) be a fixed point in the plane of tlie 
circle 

X* + y*+ 2gj: +2/y +e =0. 

Let a line through P meet the circle in U and V * 
and suppose that the Ungente at U and V meet in Q{xi, y,) ; 
then PUV is the chord of contact of and iU eouation is 
therefore 

*U*+f) + y(y»+/) + g»,+/yj, + c=0. 

Since it passes through P, 

+ g) + JP ,(y 3 +/) + ^ 4*2 c * 0 ; 
which shows thatUj^ y^) lies on the line 
*i(* + g) + y j{y +/I + gx +/y + c 

or x(xi+g) + yty,+y)+g*,+/yi +c»0 
I 47*3. Polar of a point w. r. to a circle. 

^ Let S—x* + + 2gx + 2/y c *0 

bo the given circle and P(x». y,) the given point. 

The line 

cos 0 sin 0 

*•’«"* PU, PV are the 

roots of the equation 

''*+2f[(jri+y)cos 0 + (y, +/)8in d)+8i-0 

Denoting the roote by rj, r*, 

•2 ((x,+g)co8 0+(y,+y)9in 0]/S|. 


(14 A.) 


f} fi 


\ 


Let the co-ordinates of Q be (x. y) and PQ 


Since 


'r. 


I- r.. 


(PUQV)«-L 

_2 1 

PQ PU 


+ -J- 


PV 


• « 




r ri ft 

or j*i + g)ccw 04 -(y,+y)ain p 

(*-^i)(x|-fg) + (y-yj){yi + /)+8^a,Q 

.hii 

f 


i-*., *(*,+«)*j(3i|+^ + «,+/,,+eB0 
;ftioh represont.s a at. line. 
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Ex. If the polar p of a point P with respect to a circle with 
centre C inerts OP in Q, show tliat CP± p, aD<H CP.CQ*R^ R 
he\ns the radius of the circle. 

47.4. Theslope oft.he liiip joitiing PUivj>,) with (.he 

^ C( -g. -/,! of the circle ft is 

This i.s the Jicgrative reciprocal of the slope of the 
polar ^ of PfjTj, j>,), f fence tfie polar of P U perpendiculnr fo 
the line that joinx the cetiU'e tcifh P. 

Let the polar p of P inoef CP in Q. Then CQ heingr the 
p<Ti)cruIi<'ulrtr from C on p. 

cq= (s* - c)-^ [(x.+«)»+ („ . 

ami CP-t(*,+fi)* + („+/)^]i. 

(Vmscqucntly CP.CQwg*+/^-c— R* ' ^ 
where R is the ra<lius of the circle. 

If C be the centre of a circle of ratline R, P ami two 
points colli near with C anci on the same side of it, such 
that UP.CQ* R* ; then P ami Q arc called inverse points 
w.r. to the circle. 

Tiio result of tliis Ai*t. may In* stated as follows: — 

'rhe polar of a point ic. r. fo a cMe passex through the 
incerxe of the point and it perpendicular to the line that joine 
fife point icith the centre. 

47.5. The pole of a given line ir. r. fo a given circle, 
liftt tho erjoatlon of the i?ivon ciixrle be 

X* + y* + 2gT + c *^0. 

ftnppose that P(x,, yi) is the pole of the- line ' • 

/x+my + « “0, 

which is thersfoi'o Identical with the polar of P. eis., 

*Ui + «)+y(yi+/)+gjr,+/y,+c*0. 

Hence 

I m H 

ami each one of these ratios. 

/g+m/— »* 

. yi,- 1* ‘ - 

' l(/^ • c) - mfg+ng : -ifg^ wfg*-c) : ig + w/-r«. 

If the lino is a. diameter, * 0. and the .pple is 

at, infinity in the direction. or in ho^^neoiw 

co-ordinates, its co^i^’nS't PS are* w': wi'^'O). . * ^ j 'oidv.' 
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If the given line be the line at infinity. /«=(). 

the co-ordinates of the pole are. therefore 

X]'. y,: l-+g : +/: -1 

and these are the co-ordinates of the centre of tin* 

Thus : — The pole of a diameter ix at infinittf in a dirt' tion 
p^'rpendicular to the diameter and the pole of the line at in- 
finity ie the centre of the cin-le. 

/^47.6. Conjugate points. Conjugate lines. 

If yz) ii< 2 x on the polar 

+ + f)+g<i+/yi+c -0 

of r(jri, y,) w. r. to the circle S=0. llien 

xzixi+e) *y^yi*P ‘^Jr.+Zyi-^c^O. 

The symmetry of this relation proves that P also lies 
on the polar of Q. Such points are called conjagate pointj^. 

From it follows that if p contains the pole of g, 
then g cojitaius the pole of p. Such lines are called 
coi{jugafe linee. 

If /|jr + »i|y +»i®0. ^ 2 ^ * "lyy + O;>®0 he two conjugate 
linCK. the pole of the first, ri*., 

Xi ' y\' l*h</**ci-mi/^ + «,g : -/i/a + i«i(g^ • c) + Oj/ 

• hg + wp/-»j 

lies on the seconcl, therefore 

hhl/** c) + »niW 2 (g*— c) 

+ (ii|/^ + n2h)g • 

If the e<juRtion of tlie ciixjle be x*+>*-a*^»0. the 
coiulition nxluces to 





. «l«2 


^ 47.7. On the definition of polar. 

If we are given a circle and 

a point PU|. yd, the e(|uation 

*(>,+gJ +ylyi+/) + ga:i -f/yi + c-O 
dchnos a <IehnUe line which we have called the polar of P. 
Tlio line coincides with the choitl of contact of P if P lies 
ontsido the circle. The identity of the two loci ts not so 
obvioup if P be inside the circle. If, however, we assume 
tlie principle of continuity, we may say that two imaginary 
tangents can he drawn to the circle (Art. 46) from the poiiit 
P when It lies inside the circle. The points of contact of 
these tangents are conjugate imaginaries i.e.. their co- 
ordmatoK are of the form {a + ib, c + id), <a - ib, c • id), and 
the hne joining such points is a real line. It is also obvious 
from the fact that the algebra of Art. 47.1 takes no notice 
of whether the points of contact U and V aix? real or 
imaginary. 
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AgaiH tWulontityofthelocHsofQof Art. 47.2 wifli 

tliciK.larofPmay bewtablisheil from the fact that the 
Imp PU\ ,s the polar (choni of contact) of Q. Hence the 
points Pan.lQ are conjugate: consequently if any one of 
he point.s, say P be fixed, the other point Q will trace out 
tlie polar of P. The identity of the three definitions of 
polar as given m Art.s. 47.1. 47.2. 47.3 is thus established. 

Also the form of the' equation of the tangent is the 
.some as that of the polar. This is because, if P is on the 
circle, tlie pair of tangents drawn from it to the two circles 
comeuie : the points of contact of these tangents also coin- 
cide with P. The chord of contact therefore is the line 
that joins two coincident points at P. U.. the tangent 

R I .t • 


1 lie difference between the tangent and the polar may 
however be noticed. In the case of a tangent, tho point P 
lies on the tangent and the circle, but in the case of a polar, 
the point lies neither on the cuiwe nor on the polar. If 
the point lies on any one of these, the polar will become 
the tangent. Hence the polar of a point on the curve is 
the tangent to the curve at the point, or the polar becomes 
the tangent if it contains its polo. 


JJIustrative Examples 


it if iht Pole of a $t. line w. r.to Ihe circle 

ou ihe circle ihe polar .touchti 

the circle + -jy . 

. given line be x cos a +y «in a «/,. If tlie pole 

of this lino be (xj. y,). it is identical with + - c*-0. 

-L^ m Jh ^ 
cos a sin a p 
since this point lies on the circle 

/. c'-AV, 

tad this is the condition that the line x cos «+y sia a ^p may 
to'ueh the circle + 

' (2) Show that there exist, in general, two points which 

have ike same polar s w. r. to two given circles. 

Let the equations of the two circles be 

Suppose ixu yj) fs a point whose polars w. r. to the two 
circles coincide, i.e.. the lines 

+ »(arj-g)+yyi-gx, + c»0. 
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^ yi ^ gx^~c 


either or yj*0. 

1(^*0, both Xi and yi are i Idite or zero, otherwise (i) 
will not hold. The circles are then *>ncentnc and the coininon 
centre is the only Hnite dednite point whose poUrs coincide. The 
other point which la at infinity is indeterminate. 

If yi— 0, then xi Is ^iven by the quadratic equation 
(tf^+c)x *0, 

which has two roots distinct or coincident. 


If « ±2ag. the circles touch each other and the point of 

contact is the only point whose t>olars are identical. In all 
other cases, there exist two points whose polars are the same for 
both the circles. Hut they are real only if the given circles do not 
fnt each other in real points, ond lie on the line of centres. 


Proceeding on the lines of the preceding articles, it will be 
found that if the equation of the circle be 

Sait* +y* + 2xy cos « + 2gx + 2/y + c«0, 

the line 


T— ,I|+yy,+(,y,+y,,^ fOS* .gU . ,,)+/(, +y,) + c»0 
rn|.rea«ntsn tnneent to the circle at (r„ y,) if the point lies on 
the circle, otherwise the jHilar of the point lu.r. to the circle. 

The equation of the pair of tongenU from (n. y,) i, 

SSi-T* 

" repreaente.) by the 


T-8,. 

Tfiese equations, however, will be very rarely used. 

48. Conjugate Triangles. I^t PqU Iw anytrianplo. 

r «b?o .1 Hio point of i.Hersection of tho polars q Hn.l 
r. Snic© the point (gr) lies on tho polars of Q and R tho 

iS?'- 


Uhd 
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In particxilar. if two conju^te iriaiigles coincide, i.c., 
each vertex of a triangle is the pole of the opposite side, 
the triangle is ealKsI or Helf^coujugate. The 

existence of siieh a triangle can lu* easily proved. Let p 
be the polar of a point P. On p take a point Q and draw 
its polar. This will pass through Q and meet p in R. 
Since R lies on the polars of P ami Q. the polar of R is 
PQ. Hence PliR is the required triangle. There exist 
of such triangles. 

48.1. Properties of conjugate triangles. 

If PjP:?' thQjQ} U'iangJeti ichich are reciprocal 

for a rirchs fht'a P|Qi* PsQj- oteei in a point. 

Lot the equation of tlie circle be 

x^ + y' + ‘i«T+2/y + c*0 r> u 

aurl suppose tljat the co-onlin«tes of the points Pj, P^^. r-, 
are (xj, yd. (x*. yd, tx:$. J*let 

Ui»x(Ar+£)+y()v4/)+gX4+/3‘i+c. l•l. 2. d 

and r,;*xix>+)tyj +j(M+x/)+/iyt+ri) + c ' 

1*1.2, 3. >-1.2.3. i/j 


The equations of the lines Q^. QiQj. Qi Qv *.«•. the 
polars of P|. Pj. Pj aJ'e 

Ui-O.I^-O.lL-O 

Tlie equation of an arhitrary st. line through Qi is 
Uj+XUj-O. 

This passes through Pj. if U|* + XU 13 — 0. Tlius the 
of P,li, i. 

Similarlv. the equations of P«Qj, Pjti? are 

U«U| — UijUa— 0, 

These equations when added vanish. Hence etc. 

Let tlie points Pj. P^ Ps be on the circle. The polars 
of these points, rh.. the tangents at Pi, Pj, P» f^® 
triangle QiQjQi which is conjugate to the triangle PiPt^Pn* 
We have thus the following theorem 
j Tlie lines joining the vertices of a triangle to the point^^ of 
icontact of the in-circle tcith the opposite sides meet tn a point. 
rf 48.2. Self-conjugate triangle. The existence of a self- 
polar triangle has already been proved. We proceed to 
prove the following theorem : — 

There e:risfs one and only one circle tcith i-especi to tchich 
a given triangle is self-conjugate, and this circle ts real only 
if the h'iangle is obhtse-angled. 
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Let pyu be the given triangle. Then, since yK is 
the polar ot P. the perpendicular from R 

P on yll passes through the centre of 
the circle. Similarly the other two 
altitudes pass through the centre of the 
required circle. Thus the orthocentre 

0 of the triangle is the centre of the 
circle. Let OP meet QR in P'. Oy 
meet PR in Q'. OR meet Py in R'. 

Then P. P' : y. y' ; R- B'.are paii-s of 
iiivei'se points w.r. to the circle ; hence 

1 lie square of the radius must bo equal 
to OP.OP' or Oy.Oy' or OR. OR' and these arc equal 
only if 0 is the ortho-cculiv. If P be the radius of the 
circle 

p'-OP.OP'-oy.oy'-oiiOR'. 

Tlie given triangle then is self-conjugate w.r. to the* 
eiivle with centre O and radius P. since QR is perpendicular 
to op through the inverse P' of P : so for RP and Py. 

'fhe cirede U Imaginary if the triangle is acute-angled 
for thou O is inside the triangle and hence P**OP-OP' is 
negative. 

if^46 3. Another expression for the radius P. 

or' - P'Q cot yup'»p'y cot r-pq cot r cos y 

* (f ein R cot R cos Q cos K cos Q. 
where d is the circum-d lame ter. 

P?'»PQ sin Q-d sin Q sin R 
. . OP-Or'-l*P'-dcos«} + R)* -dcos P 
P^=OP.OP'— - d* CO* P cos Q coa R. 



Obviously. P^ is positive If one of the angles is obtuse. 
Hence the polar circle is only real if the triangle is obtuse- 
angled. 




48.4 The self-con jugate triangle has one vertex within 
the circle and the other two outside. 


Let PUi. yd. Q(x 2. yj), R(xj. ys) be the vertices of the self- 
conjugate triangle w.r. to the circle 

Ssx* -e y + 2g* + 2/y + c*0. 

Now PQ**fxi-X2)* + (yi-y2P 

•sS| + S2-‘2[x»x« + yiy* + g(xi+X2)+/(yi + y2l’^<^J 
*8^ + 82 

since P and Q are conjugate points 
Similarly QR* » S* + Sj. RP* - 81 + S^. 
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/. COS p = 

2PQ.PR 
PQ.PR ‘ 

Similarly cos Q^S^/QP.QR, cos R = S,/RP.RQ. 

Since the triangU is obtuse-Aocled at P, S, is negative and 
S^ S) positive- Hence P is within the circle and Q, R outside. 

It should be noticed that the vertex at ivbich the angle is 
obtuse is within the circle and the other two outside. 

Otherwise if P be w'ithin the circle, let OP cut the circle in 
T, T'. and QR in P', then {??\ TT'J- - I. P' and hence Q, R 
and the line QR are outside the circle 

S^S^S,-PQ^PR^ QR* COS P cos Q cos R 

“ PQ^PR^ cos P cos Q cos R 

where ^ Is the area of the triangle and d the circundiameter. 

tjytz* ti being the measures of the tangents from P, Q, R to 
the polar circle. 

This also proves that one of then’s is imaginar)’, therefore 
one vertex is inside the circle. 

(]) Assuming the equation of the circle as ~ 0» 

obtain this result by multiplying the deterreinaots 




y* 

P 



y'i 

-p 



yt 

P 



yt 

-p 



V’i 

p| 

i 

X3 

73 

-p 


(2) Show that + - p-* being the 

measures of the tangents to the circle from the vertices of the 
self-coD jugate triangle. 


With the notation of .\rts 4H.d, 484, 

1 . 1 


rr'+fr’+fr** 


1 


PQ-PRcosP QR.QPcosQ 
J 


^ sio P sin Q sin R 
_ tan P tan Q. tan R 
sin P. sin Q sjD R 
I 


RP.RQ cos R 
(tan P tan Q A’ tan Rj 


P+Q+R*(«) 


cos P cos Q R 


-P-* 
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*1 

yi 

-P 

u 

1 ». yi P 0 


0 

0 

p^ 


yz 

-P 

0 

yi P. 0 

i « 

ft* 

0 

p^ 

*3 

yi 

-P 

0 

; y, P 0 

1 ^ 

0 


p^ 

0 

0 

-P 

0 

0 0 P 0 

1 -P' 

-p5 

-P' 

-p'l 


the e(|uation of the circle being assumed to be :r* + y' — P* = 0]. 


(d) Find the ecjnstion of the polar circle of the triangle 
whose vertices are {^h >,) i — 1. 2, S. 

f^t the equation of the circle be ar* ♦y^ + 2gx ♦ 2/y + c *0 
The polar of (ari.y,). viz. 

f-t| ♦yyj +17(x + »t) + /fy+y,l+c-0. 

through (xi, y^). (.v,, y,) ; therefore 

*i^j**'yiyj + gU, + a*i)*y(yi +j^) + c-0 
^iimilarly +y2y.H + gU2 + *,) +/(y, + +c« 0 . 


i’+jp* 

2.t 

2y 

■»2»j+3>jyi 


yr+y.i 

'I'l+jijyi 

X| 

»i+yj 

»itj+yiyj 


yi+yj 

Examples XII 


Examples XII V, 

1. I’rovBlhBtth^pointd, -2)li»athe*an.e polar ». r. to 

ara ;r* + j.»+* + 7y + 5-0 and 

iioinfl^^* ‘''® «*'a‘fncc of nootlipr 

point having the same property. 

.k. 1 PO'“‘» '^hoae polars w.r to 

tt^linaT+y^a*** of each other in 

n^fthn/n ^ ^?L*- poiots vi.r. to a circle, 
e tl.At tlie sum of their powers w.r. to the circle e<iuola PQ* 

from the porro?tU'’n^:‘‘‘°“^^ 

trian«U foTed^ It 0 ) lo V 

c(x* + y^)-2o6y+«6c-0.^' 
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49. Angle of intersection of two curves. In order to 
define the anj^le of intei'^ectioii of two curve.^', it is nece.ssary 
to » positive dirvctiuii along the tangent at any point 

of a c«n*e and the direction of arc s increasi \g along the 
curve. The direction of the arc s increase j»g along the 
curve can be assigned arbitrarily. We then make the 
following convention with regard to the positive direction 
along the tangent : — 

Thfi poHttire iUrevfion of the Uf/tgenf is in the direction of 
a tine dratni along the tangent in the dir.'ction of a increas- 
ing (Fowler). 

Let two cuiwes F, and F- intersect in a point P(x, yl 

The angle of intersection of the 
Fi curves F( arul is defined to 
be the angle between the posi- 
tive directions of the tangents 
to the two curves at the point 

. the curves are said 

to be ortliognai or to cut each 
other at right angles. The curves 
are said to touch internally if 
a«Oand externally if 

49-1 - The angle of Intersection of two circles. . 

I jet the equations of the circles be 




jf* + y*+2giA:+*2/iy + ci«»0 / 

x^ + / + 2g24:+2/-v + c«*0 / 

whose centre.s are 0|, 0* and raiui 
Ri, Ra. Suppose that the circles 
intersect at P. The tangents at P // \V\ 

to the two circles being perpendi- \ ^ 

cular to the radii OPi. OPj, the q 1 |~ \ Oj 

angle between the tangents is ' \ i * 

equal to the angle between the ^ t 

mUi. i.e., iOiPO#. y. 

The circles intersect at one 

more point Q end it can ,e«ily be p_rov^ by element^ 


geometry that the angle of intersection at Q is < 

angle oHutersection at P. Let 

Thenfrom ZiOlPO^ <<**R,* + R2" cos 



CIRCLE 


118 


If the circles cut each other orthogonally, cos a*0. 
rf^=Rr + R2* Le., '2^»?j+2/,/v-c»-c,*0. 

If the circles touch, cos a * ± 1. <<-R, +R 2 or . 

i.C., 4(g,H/,^-C,U£2«+/,^-Ci)*(2^,«8+2/,/2-C|-C2)^ 

It should be noticed that thecontlition of orthogonalitv 
of two circles IS linear in the co-efficients of the eouation^ 
of both the circles. Conversely, if the co-efficients in tlio 
otj nation 

aW + y^) *'2gx* 2/y +c * 0, 
of a circle, satisfy a linear relation 

flic given circle is orthogonal to a fixe.l cirelo. For com- 
paring this vvith the result in Art. 49.1, we see that ti e 
given circle is orthogonal to I lie circle 

+y*) - '>i'x - '>fy +c' •(). 

50 Oiveii two circles S. S', prove that S + S '=0 

I7clw hi S 'fo ‘’Ll'*® ‘ which 

IS cut by S forS) orthogonally aii<l by S' (or Sj at il.,. 

cxtrcimticsofailiamotcr. t at m, 

. 1.1 ^ “''tit- the melius of the vari 

Sim m'o's’;..' .Im 

Again cr is cut by S' a‘. the extremities P, Q of a' df 


motor 


Hilt 01 .Oq-sfjuare of tangent from 0 to S'-S' 


S'= - ,• 


s. 


. . Thr locus of O is given bv the ctjuafion 
wlucins a circle (called the radical S of . 

«Ietf*rminc<l by Sand S'. ^ coaxai 

50 . 1 . The orthogooal I ty of two circles mnv 
by any of the following:^ v urcjes may be c.Ypressod 

T wo circles cut each other orthogonally • 

point arc at 

through thrci“tm*ot*thfoU.|.r;**‘^^ ** " r’'>i«>t passes 
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'Tv) when the four points of intersection of nny diameter 
with the circles form a harmonic range ; 

'(vi) \vhen their radical circle passes through the centre of 
either circle and therefore of both ; 

{w7) when the tangenU at a common point and the circular 
lines through it form a harinomc pencil. 

50,2. Obtique axes, Let the equations of the circles be 
^ i— + cos w + 2 g , a ' + 2 /jy + Cj « 0 
+ 2xy cos w + 2gjj: +• 2fiy + cj ♦O, 

then 


2R,R2 cos a*R* + r/.o,02*, 
where o is the angle of intersection. R|i Rj their radii. 

Let the co-ordinates of 0| be (r, y), since the power of the 
centre tv.r. to the circle is square of the radius with the sign 
changed 

Also the power of 0| with respect to Sj being OjOj*— Rj* 

. . • 2R|Ry cos o • Si + Sg (f) 

Also the ctKordinates of (he centre Oi are given bf the 
equations (Art. SS.2) 

.s + y cos « +gj«0 

a:cosw^y*(’/i*0 

Subtracting from (i) the sum of 2x times (ii) and 2y times (mi) 
we have 

2g2ar + 2/2y+c,+c2 + 2RjE2 co8«*0. 

Elimination of ar, .v gives 


or 


1 cos M) 

cos w 1 

^2 A 

R1R2 COS a sin^w ^ 


ii 

A 

cos a 

1 COS « g| 

cos 1 fi 

ii A {ci‘^Ci)/2 


-0 


Substituting the values of Ri, R^ 


1 cos w 

9i 

i 

i 

cos « 

i% 

ieosa + 

1 

cos 

w ii 

cos w 1 

h 


cos w 

1 

h 


cos W 

1 

’•/l 

g\ A 

h 


ii 


Ct j 



/s 

Ci+C? 


J 2 


ii 

2 
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The condition of orthogonality is 
1 cos g 


cos 1 
i2 ft 


/l 

Ci+Cj 


*0, 


2 


16 

as « — - . 

^ lllustrativa Examples 

(1) //Sj, 82, Sj, S* tfre/Ae powrs o/o w.r. to four 

mutually orthoyonal circlet uhote radii are ryr^, prove that 

+ Sj_ Sj.Sj+S, 

'•Z r/' r,* -* *"r--2. 

Let the equations of the circles be 

S.»x* + /+2ga + y< + cj-0, 
and lx. y) the co«ordinate$ of the point. 

Multiply the two aero determinants, 

0 


r4‘ 


» - 1 . 2 . 3 . 4 . 


1 

2 gi 

2/. 

Cj 

0 


cj -^1 

-ft 

1 

0 

1 

Uz 

2/1 


0 


^ 8 t 

-ft 

1 

0 
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2/, 

Cj 

0 

1 

1 


-/i 

1 

0 

1 

2 i . 

2/. 

c« 

0 1 

1 

-«* 


J 

0 

1 

-2a 

• -2, x'+j,’' 

+3r,* 0 

0 1 

0 

X 

0 S| ' 


1 

0 



0 

-2r2^ 

1 

0 

0 S2 






0 

0 

- 

2 r,* 0 Sj 





1 

0 

0 


0 

-W S4 




£ 

5ii 

S| • 

JOe 

82 


8. 

1 0 









, • — -0 


^ V r,- r,‘ 

or change x, , into f, i„ the last ,ewe of the deterimnante. 
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If in tbe last row of tbe second detemimiit. the elements 



y. 1. 

0, be 

replaced by 

1. 0. u, 

product determinant 

becomes 





-2r,* 

0 

0 

0 

1 : 

-0 

1 

0 

-2r:* 

0 

0 

1 ^ 


1 

0 

0 

-2r3* 

0 

1 

1 


1. 

0 

0 • 

•2r? 

1 

1 

1 


S] 


Si 

S 4 

1 


t.e.. 


♦ %- + 


-0, 



rj 

‘ ri 

T\ 






The same result is obtained hf obAnffiog x, y into in the 
Inst row of the lat determiDant. 

(2) // S|» S 2 , Ss, S* Itf four mutually or/l/ogonaJ circles, 

with radii n (>* I, 2. 3» 4) prove that the circUft 

XiSi+XjSj + XaSi^ ^*84 «0 
M'lS j + +^^8^, + *^4^4 * 0 

wilt he orthogonal if L 

1-1 

Suppose the e<|uotioos of the circles are written ia the 
standard form. We ma^ then write ecjuatioos of the above two 
circles in the form 

(a* + y’)^Xi +2Ar2Xjgi+2ySX;/) + SX|Cj— 

(** + + 2yS^,/j + 2 P^,c, -0 

These circles cut each other orthogonally if 
22X,g,SH',gi+2SX»/,2P',A - EXjS.W'jc, - Sf^iSXic-O 

or 2rXWg»*+/,*-c,)+2X.'M2g,S,+2M-Ci-c/)-0 

1-1. 2. 8. 4. /-I, 2,8. 4 ; i f3- 

Since the circles are mutuallv ortbogooah tbe expressions 
2g.|,+2///-c,-Ci«0 i'fi snd Hence 

the condition becomes 

SX.P'.n^-O, *-l, 2, 3, 4. 

Examples Xlll U 

1. Sbow tbat tbe circles given by the equations 

will cut each other orthogonally + ^ — 0. 

2. Show tbat tbe circle described on tbe join of twp points 
'as diameter is orthogonal to a circle te»,r. to which the given 

points are conjugate. 
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3. Show that there are two circles which touch the line 
/a* + my + II = 0 and are orthogonal to circles 

+y‘-^ + 2giar + c*0 + »/* + 2 ^ 2 * + c = 0. 

Show that their equations are ** + y* + 2Ax — c*0. whciv k U 
a root of the eq uation {km — n)' ^ {I' + m‘ /U^ + c). 

s 4. Show that a unique circle which jMisses through tin* 
point (x„ 3 * 1 ) and is cut ortbogonakly by the circles of Kx. 3 is 

(ar* + - c)yi- (x,* + yj* - c)y. 

Miscall neous Examples XIV 

]. Find the centre and radius of the circle which passes 
through the three points (2, 8), (7. H), { — 1, - 1). 

Find also the points in which the circle meets the line 

x + 7y + 2*«(). [iUth. Trip. I. 1925) 

2. Two circles touch the axis of y and intersect in the 
points (l, 0), (2, - 1). Find the radii and show that thev will 
both touch the line y + 2*0. [Math. Trip, 1912) 


3. A circle passes through the origin and touches the st, 
line x«c. Find the locus of the other extremities of the diii- 
meter througli the origin. 


4. Find the equation of the ]Mir of tangents from the 
origin to the circle jr* + y* + 2gx + 2/y + «*-() and show timt 
their intercept on the line y/i is 2hA-r(6*-g-) times the radius 
of the circle. (Math. Trip. 19Ui] 


J). Show that tiie circum*circle of the triangle formed by 
the lines y — *bx and x coa ^ + y 6\a ^ “ p — 0 \9 

(ooe*«-** ain*«) + + cos a-y sin tt)-0. 

h. Show that the circumcircle of the triangle formed by 
the lines flx+3y+c*0. cx+<Ty + 6*0. hx + cy + n»0 passes 
through tlie origin if 


7. The St. line X a + y «io being called the 

bne i^p), hod the equation of the circumcircle of the triangle 
formed by tlie lines (<»^). (Pq), (^c) and show that if it passes 
through the origin, then 

qr sin W - f) + r/V sin (lf-«) + pq sin(«-P)*a. 


8. A pair of parallel tangents is drawn to one of two 
equal circles and another pair of tangents perpendicular to the 
hrst pair is drawn to the other. Prove that each of the diagonals 
ol the square formed by the four tangents jiasses througli a fixed 
*'°*“‘* [Math. Trip. 1918] 
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9. Show that tb« Jocus of the poles of tangents to the circle 
x^ + y w.r. to the circle +y'^2bx is the cooic 

(a- - + - 2a^bx*aV^, 

10. Two variable st. lines are at right angles and are such 
that the mid. points of tbeir intercepts on the axes are the fixed 
points ih, 0), (0» k). Show that the locua of their point of 
intersection is the circle A*+y* - hx“ ky=0. 


11 . Thecircle AT* + y2 + 2gj:- S*- 0 is cut by the line x^\ 

io pomta P, ? . Prove that the product of the perpendiculars 
from {0, ± S) on the tangents at P, P' is equal to for all values 
of g. 


12. A circle passes through a fixed point and cuts two 
fixed perpendicular St. lines through 0 in points P and Q such 
that the line PQ always passes through a fixed point. Find the 
equation of the locus of the centre of the circle. 

Id. Find the locua of the point of intersection of two at. 
lines at right angles to one another each of which touches one of 
the two circles (;r- + (s + tf)*+y*"c*. 

14. Show that the St lins my + m*0 cuts the circle 
*^+y*“'“2gA: + 2/y + c®0 at an angle 

tan-' ± +/« ^ (gl +/,« - „). 

I5i Show that the equation of the polar circle of the triangle 
formed by the points (B cos Oi, R sin «•) (i * I, 2, d) is 
U - Sr cos Sr SID 


• 4 cos ^ 




CHAPTER VI 

SYSTEMS OF CIRCLES 

. Radical axis. The radical axis of two circles is 

the locus of a point which has equal powers fc.r. to tin* 
circles. 

To find the radical axis of two given circles. 

Let the equation of the circles be 

+ + +2/iy + Ci*() 

+ 2 / y +C2 - 0. 

If y) be the co-ordinates of a point on tlu* locus, its 
powers and Sj ir.r. to the ffiven ciixjlcs aiv equal, i#* 

s,-s, 

or t>x (^, -/,) + c, - c, -0. 

The required locus is therefore a st. lino, 

It is easy to show tliat Me radirftt (t.Tix of ttvo (tiren 
arctfs in a nt. HnA perptndictifar fo Me /ine of centres. 

51 . 1 . The values of X and y which satisfy the equa- 
tjons of flio given circles equally satisfy the equation of 
the radical axis, fhc radical axis, therefore, passes throuffli 
tho iutowoctiouHoftho jriven circles. The radical axis is 
real whether the circles meet in real or iinajjiriary points, 
U the circles meet in real points, the common chord is the 
radical axis. When tlie points of intersection aj*o imairiiiarv 
tJm radical axis is entirely outside the circles. But m 
either case, there exist real points on the radical axis wliicli 
' the circles and these points are tangentially 
equidistant from both of thorn. It thus follows that the 
radical axis bisects the segfinenUs intercepted between the 
cirXs^^ contact of the common tangents of tlio tfivcii 

^ P- two points of 

intersection coincide at P and the line joining them 

fcnTT ^ tl/ra<licai axis! 

fi »«jt^rnal or external acconling as tlie 

tKdi/al 

Dair?m?;» iP* ***? . «*''«" ‘a*'®'* in 

pair* meet tn a point, (provulcd that they are not cio-axalj, 

liet equations of the given circles be S,=0, 82=0, S,=0 
(>t being assumed that the equations are wriC h. the 
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Standard fm-m ^ Tho cc|iwtic,ns .,f tliu radical axes are 
0. S*N-0. S, -.S;-(). Tii«‘ sujii of these equa- 
tions vanit^hos uK'nncally. heru^o tlio three lines meet in a 

point. 


The point of concurrence is called the radical centre. It 
is taufjontially equidistant from tin* given circles. 

It therefore follows that a circle, with the radical 
centre as^ centi-e and radius equal to the length of tlie 
tnngent from the I'adicnl centre to any one of the given 
envies, will cut each of the given cii*cles orthogonally. 

Tlie circle is called orthotomic vhrh. 

The circle will be imaginary ^becauHe its radius will 
he imaginary) if the given ciivles overlap HO as to enclose 
nn area. It will be a point circle if the given circles have 
a common point. 

Illustrative Examples 

fl) Fin I (he fn^icai centre of three ffiven circlet. 

T/et the equations of the three circles be S.-O, i • 1, 2, «. 
If (x, y) be the co ordinates of the radical centre and X the length 
of taogent from it to the given circles, then 


X* + X* + 2gjx + 2/iv+Ci «0 
x^+/-X* + 2je,x + 2^,y + C:»0 
x* + y*-X* + 2g3t + 2/3y +c,»0 
Eliminating x’ + ^^-X*. y and x* + y^-X*, x in turn we have 


1 2^,x+ci /, 

»0 

1 gi 2f,y + Ci 

1 2g2* + Cj /i 


1 2/2y*‘Ci 

1 2gjX + cj /a 1 


1 6i ^jy + Cj 


Whence 
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1 

gi 

iy 

- 

1 


Cl 


1 

it 

ft 
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ft 
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The radical centre will be a finite point if the determinant 
I ii A 


1 




«3 


h 

A 


^0. 


i e.. the centres •/»)» i ■!, 2 » 3 of the tbree given circles are 
not collin^ar. 

( 2 ) Prove that if the point 9 in fvhich (he straioiit iine 
UX’^m^y + n 1^0 meets the circle x^*^* 2 i\x-^ 2 Ayi-ci ^0 
and those in which the straight line fj* ’►wijy +114*0 meets the 
<^YcU * + y* + 2 giX + 2/2y + Cj-0 lie on a circle then 
2(fii - - mjn,) +2(/, "AKrtifj- Wi/J + rc, - 

If S be the circle that passes through the four pcinta and 
N. S4 the pven circles, the radical axis of S and S, is the line 
fj*^M<iy + ni *0 and that of S and S* is IzX-^m^y^tti-O. The 
point of intersection of these two lines Itee on the radical axis 
2(/?i - + 2(/j-/4)y + c, -cj *0 of 8| and 8s, 


Hence 



CI-C4 

m\ 

"I 

Htt 

»2 


•0 


X ms sne necessary and sufhcient condition is that the 
WDcurreot axis of the given circles should be 

52 . Pencil of curves. Pencil of circles. 

Def. A system of curves of anv onler nAfiei.m. i 

rouuSrt'jf ** less ‘than the ilumlfel 

apScluf ™;” ‘ »■■■'"■ “ 

iufficiHit to’;iltermT„Prrirek‘’;n1queir T 

0,S4-0bQ^iwo given circles. The equation 

is saUsfied by the common pointH of S «bO — n 
‘^o-officients of and v* aiv m mil Tk the 

»oro. represents for <tiflfcrfiit values of 
liiuwiiiK through two Mxed oointH ? ';ystem of circles 

.■.11.1 . r„rrir"S 
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the circle : furX oc. tlic cii-cle forA*-!. 

the radical axis : and X^I. tli»* radical circle. 

Siinilarlv. tlic eqnalioH 

Sj + xr-O (2A) 

where U is linear in .r and y represents a po licit of circles. 

52.1. Coaxal Circles. 

Let Si *‘*XiSj«=0 . S, + X2Sj«0 1 h* two members of the 
IK' noil of circh's s^onerateil by the cli'clea S|=0. 82 «0. The 
co-erticieuts of -v’ +y" in the two equations being i*especttvely 
1 + X|. l + Xj. the rarlical axis of these circles is 

(1 + X«)(S, + X,S;I-{1 ^X,>(S» + X#S,i«0 . 

U., (Xj-A,)'S,-Sd»0 

or S,-S^*0. 

Thus any two members of the pencil of circles Itave 
the same radical axis. 

For this reason, a pencil of circles is called a coaxa/ 
sfffitein or coaxal family. 

Tlie same conclusion follows from the consideration of 
tlio pencil of ciix^les given by the equation S+XU* 0. The 
radical axis of anv two mcinbei's of the family is always 
U«0. 

Since the line of centres is perpendicular to the radical 
axis, it follows that the centres of all circles of the system 
lie on a st. line called the line of centt'^s. The result can be 
0 bt ai ne d ana I y t ical I y . Fo r if & » jt* + 'Za rar - 2b ty + ei • 0 
(i- 1, 2). the centre of the circle Si + XS^^O is the point 

( colli near with centres («i. ti). 

bi'> of the generating circles. Similarly the centres of 
ail circles of the family S + XU=0, He on the st. line 


X ^ y“b 
I m * 

where + my + n and ^ - 2by + c. Hence 

7Vte centimes of aU circles of a coaxal nystem lie on 
a st. line and any tico memhei's of the system have the 
same radical axis. 

52.2. A coaxal system may be generated by any 
two of iu members. 


Let Si + XS2*0 be the pencil of circles* and suppose 
and 2)2*0 are two given members of the system, 
where Sj=Si + AjS^ and 2^^=Sj + AsSg. 
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Lot S=S| + AS»“0 he another member of the family. 
We then want to express S in terms of Si, Sj. TIjis is 
easily done by eliminating Sj and Sa from the equations 
of til roe circles. AVe then have 


S. 

s 


1 


1 


v% A — Xj 
^■X,-A, 


i 

X I 


=0, 


i.e., Si'.A-A.)-Z:,U'-X,) 

+ £(As-Ai)=0 


A.-A 




523. 


X| ” x^ 

Degenerate circles of the coaxal family 


>-\ 

Let S.=,= ^-yU:^i, + 2/,-,4c.--0. .•=l.oi,othec>cju,.- 

flmTlyy Ptiiiation of tli.- 

ll+X.U* + y')+-2,(g, + A«j)4-2y(/, +A/,)+c.+Ac,-0. 

• ;<''Sr«"orate if its .liscrimitmtK is zoro. 

ll+Xj[(l+AJ(ci+Ac,)-(/,+A/,)*-(g, + Ae.)*3-0. 

<?<l«ntioii 

V I ’ ~ ' r^presonts the radipiil axis. Two 

other V. lues oi A are the mots of the rtniatioii 

<l + ^)(ci + Ac, + Xj,)*-(), (J}) 

wln.-hexpmssestl.e property that the li.lius of the eim).- 

•’“w *>>U8 prove.l that oi,<- ol lli.- 

lt Mmy b..poi,Pisl ,,ut thalacircloof zem nt.iitts cat. 
[»MMU.n.re.e.l as a pa.r of l,»es. For. any such cimlo is of 

... , . U-fl)* + (y-6)*-0 

Which can bci written as 

arr. ealiedlimUin'? pornte ofthe^y^Sr 

Phn et]iiatioii W) can l>e written as 
X'<i */2 -ci) + A(-2«,«* + 2AA-e,-c,) + -g2+/,r.^,,.(, 

'"’l jyX' + ‘^AR,R.eos« + K,*-0 tail 

« ia their hieSn"^ 

iho required oquatiou Ib 

lVS,^- 2H,Rj SiS^ cos u + R, 2 Sj** 0 . ( 4 ) 




>« 




-ta 


(4A; 
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From equations (4A) or from the discriminant 
— 4Ri^R2sin** of eqxtation (HA) it follows that limiting 
points are real if a is imaginary, coincident if a-Oor Jt, and 
imaginary- if a is real. 

Hence a CMxal s^xtein hax real, roincident or iniaginarij 
limfting poinh airording the cirvfeft S|. ^ do not interAecf, 
do touch or do intersect each other. 

It is easy to show that a common tangent to any two 
circles of tlie system subtemls a rijrht angle at either limit- 
ing point. 

Ex. Write the equatiou (8 A] io the form 

+ X(R|* + R/ — + Ri* = 0 (where d j$ the distance between 
the centres) and from its discriminant discuss the nature of the 
linntins: points. 

^ 53. The equation of a coaxal system in the simplest 

form. 

* Let the sr-axia be the line of centres, then the equation^* 
of any member of tlie system is of the form 

jpS -f 2Xx 0. 

If the y-axis be chosen as the radical axis, the line 
x^O meets each ctrclo of the system in the same two points, 
real, coincident or imaginary. The abscissa of each of 
these two points of intersection is zero and their ordinates 
are given by the equatiou 

y* + c“0. 

Hence if the points of intersection are the same, then 
c is the same for all circles. Consequently the equation of 
the system is 

x*+y*-2X.t+c*-0. 

where c is constant and X is a variable parameter. 

The circles of the system intersect in real, coincident 
or imaginary points according as c is negative, zero or 
positive. 

Evidently concentric circles from a coaxal system. 

33.1. Properties of coaxal system. 

Let the pencil of circles be given by the equation 

x*+y-2Xx+c^O (5) 

where c is a constant and A a variable parameter. 

The parameter X can be determined uniquely if one 
more point of the circle be given. 

Thus one and only one circle can be draicn through a 
given point coaxal loith the eystem. 

A circle of the syst^ will touch the line /* + «> + «•() 
if (/X+n)*f (/*+«^)(X*-o). 
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This is a quadratic in X and therefore jfives two values 
of X. 

Hence there are Uoo cin^ee of the eyefem ichick touch a 
given line. 

5J.2. An intersecting species of coaxal cv'cles has 
imaginary iimiting points, a nonuntersecting species ka^ 'lyal 
Ihniting points and a touching species has coincident limiting 
points icnich coincide tcith the point oj contnet. 

The equation (5) of the system of circles can he writteji 
as 

n-r-X)^ + y*«X’-c. 

This will he a circle of zero radius if X® i y/c and the 
co-ordinates of the centres of these circles are (±v/c, 0 
which are real, coincident or imaginary according as c is 
positive, zero or neffative. but with such values of c, the 
points of intorseetion of the radical axis z®0 with tlie 
circles of the system, wliose ordinates arc driven )>y equation 
are imaginarj'. coincident or real. Hence, etc. 
Also inf? point is the reflection of the other in 

tha radical axis. No centre of a circle of the system can lie 
the limiting^ points. 

^ 53.3. Tl^c polar of the limiting point (\/c. 0) ir.r. to 

the circle (5) is driven by the equation 

- X (ar+ Vri + c**0. c y 0 
i.a., U + Vc) (v/c- X)®0. 
or ir+v/c»0. 

The equation of the line is in<lepcn<lont of X. Also 
the line passes thnm^rh the other limitini; point (- Vc. 0). 
^/ience the polars of a limiting point te.r. to the family coin- 
ctde tcith a line through the other limiting point parallel to 
the radical axis. 

The limiting: points are therefore inverse points ic.r. t<» 
oacl^irclo of the Hystoiu. 

53.4. The polars o/ a point P te.r. to the pencil oj 
c»rc/ea pass through a point Q and PQ subtends a right angle 
at either limiting point. 

The polars of PU|. yi) ic.r. to the family are ffivou for 
dinerent values of X by the equation • 

, , j^*i + yyi'XU+*,)+c- 0, 

which always pajises through the intersection of the linos 

*»i+yyi+c«0 
x + »i*0. 

Hence the co-ordinates of Q are { ^xu \ . 

V * yi / 
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JfLbe the limiting point (y/c.Oi tlie slopes of PL 
aiu QL are respectively and •{xi-Vc)'Ty 

anil their pi'oduct is -1. 

It is also easy to see tliat the mid.-point of PQ lies on 
the radical axis. 

53.5. Every citrU through the /imiting points ofacoau'nl 
sysfein is orthogonof to each circle of the system. 

Let A=+y 4 D^O 

be the equation of a circle, whicli goe.s tli rough the limiting 
points ( z V C. ih of the family 

+ • 2Xr+c-0. 

Consequontly c*+'2Ax/ c + 1)-0 

c— *2 An/ c + D»0 
A*0. D - c. 

Hence the equation of the circle takes the form 

x*+y*-2^*'y-c-0 (G) 

Since is variable this equation therefore represents 
a coaxal sy.stem of circles, every member of u-liich evidently 
cut.s each member of tlie given family orihogopally. 

54. The angle of intersection of a given circle with 
a pencil of circles, 

Let the circle 

0 *,* f y* - 2M3t - 2vy + tf - C» 

Nvith radius P cut three arbitrary circles S|» of the pencil 
at angles P, 1. Let r* be tbe radii and A, B, 0 the 
centres of these circles 8). 8;. 8a, where 

+ 2Xir+c^U, (i*l, 2, 3). 

Then 2Pri cos « *P* — (w* + v* + c) e 2 mX| 

2Pr2 cos •P* - ill* + V* + C) 4 2ttX2 ’ 

2Pr3 cos “/“P* — + v* + c 2</Xj 
^-(Xi- Ai)ri cos <t*0. 

or BC.ri cos <* + C’A rj cos f + AB.rj cos ‘Y “ 0. 

If “*P — 3/2, then "i * — also. Hence, if a i'oriable 

circle cuts two ctrWes of a coarol system ortffoyOTiaUy, it cuts 
every circle of the system orthogonally . 

e 

If A and ? be constaots, V is also constant. 

PP e 

And ““2 If A# la determined from the equation 

(Xj -XO rj cos -^(Xs-Xi) rj cos 0 = 0 which gives a unique 
value of X'i. Thus a variable circle, which cuts two circles of a 
coaxal system at constant angles, cuts every circle of the S 3 *stem 
at a constant angle, and is orthogonal to one circle of tbe system. 
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If in HcltUtion to * nnd ‘i ^ j^iveu. X; is 

determined troiii a cjuadratic equatioo. Thus, if a vnnnlde nwW 
a eats two circles Ol a coaxnl system at constant angles, there 
exist two circles of the system* which are cut hy O at a given 
angle. In iiarticular, <5 will touch two fixed circles of the 
systeir.. 

Suppose that O touches S| and S> nnd cuts S. ctrthogonnlly, 

then 

BC.r,±<’A.r. = 0. 

TInis. the vnriahle circle hnving similar contacts with two 
given circles cut. nt right nnglea. the coaxnl circle whose centre 
is the externa) centre of similitude ; and, if the contacts are 
dissimilar, the coaxal circle whose centre is the internal centre 
of similitude, 

Again* if ® or “-*3 and ^ » IlC.rj 4 CA,iv“0. 

Hence a vnriahle circle which cuts two circles ofa coaxal system 
at equal angles cuts orthogoDally the fixed circle of the system 
having its ventre at the external centre of similitude and a circle 
wliirh cuts the given circles of the system nt supplementary 
angles cuts orthogonally the lixed circle of the system whose 
centre is the internal centre of similitude. In particulsr, if C in 
of infinite rsdius* / the circle degenerates into a line (and the 
line nt inlinityli the theorem becomes : 

The St. lints that cut two circles of the system at equal or 
supplementary sngles |Miss resi»ectively through the external or 
Internal centres of similitude. 

It is easy to show that t vsriuhle cirtde wJiich cuts the 
thr(M* given circles nt equal or suplemeotsry angles belongs to 
one of four conxul systems. 

f 55. Conjugate system of coaxal circles. 

A chrU which cut$ tiro ffiren circ/es orthogonnlfi/ Moagx 
fo (t fwiicif et'.ecf/ memfwr of which cutn orthog<tnatfff each 
memffer of the pctJciV of circles generated bi/ the given circUfi\ 

I*<*t s*+y*-2X,x + ib'^ = 0 

y -2Xi^ ♦ 

be I wo circles of pencil ^ + y* - 2Xx + **-<) (() 

tvliicli arc met ortliouonullv liv Iheciitdc 
x^ + y-2Ax-2By + C“0 
2A^,*(; + A* 

Iloiicc 2A(A,-Xj)*0. 

A*t)amlC*-fe*. 
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So the equation of the cii'cle takes the form 

{ii) 

As H- varies, it will repi-eseiit cij-cles belong-ing to the 
coaxal system \7ith the jr-.vxis as tlie ra<licdl axis and the 
y-axis as the Ime of ceutx-es. EacK member of the family 
passes through the points ( ± ft, 0) which are the limiting 
points of the system (i). 

Co/trew/v, every circle which passes through the 
limiting points of a pencil of circles belongs to a pencil 
and the two pencils of circles are mutually orthogonal. 

Now the limiting pointe ( t 0) of the pencil {i) are 
the points of intersection of the pencil (*i). If these points 
are real, the firs^ system is of a uon-intei-secting species 
and the second is of an intei-secting species and has there- 
fore imaginary limiting points, and rice versa. 

With each coaxal system of circles is associated an ortho- 
yonat coaxai sustem, such that the line of centres of one is the 
radical axis of the other. Each system passes thi'ough the 
limiting points of the other and if one pencil has real limiting 
points, the other has imaginary limiting points. Consequently 
if one IS an intersecting system the other t$ of a non-intersect- 
ing species. 

Illustrative Examples 

(1) Find the coordinates of the limiting points of tlie 
system of coaral etrcfrs determined by the circles 

ar^ + y*- 6x - 6y ♦ 4*0. - 2x - 4y + 3*0 

and find also tl^ e^ua^ions of the circles of this coaxal system 
which touch the line x + y - 6*0. [Math. Trip. 19.H1 ] 


The peocil ol circles generated by these two circles is 


8X“jp* + y*- 2x 


3+X 

l+X 


-2y 


3 + 3X ^ 4 + 3X 
1+X’* l+X 


This will be a circle of zero radius if 

(3 + X)* + (3 + 2X)*-(4 + 3X)(l+X)-0 
2X* + 11X + U*0 

■, X.-2,or -f . 

ITor these values of X, tbe ceotres of the circles are 

(i-iJ- 

These are the co-ordioates of tbe limiting points. 
Now tbe circle SX will touch the line x + y — 6*0 if 


(3 + X)+(3 + 2A) Ml*Xl ^ ^ (3 + x)» + (3 + 2X)^-(4 + 3X)(1 + W 

V2 
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1*29 


(1-2X)*»2(2\* + 11X+U) 
1 + 4X* “ 4X« 4X- + 22X + 28 
O.X^ + 26X + 27*0. 


/. \^oo or -- — . Hence ibe circles are 
26 

t ^2+y2^2^-4y + 3=0 and + y^ + 102* + 48y- 23*0 

(2) //'^Ae ciVcie *^+y* — 2tf*- 2by + c*0 JS a circle of a 

ral iystem having the orij^in at a limiting point, prove ihtfi 
the equation of the system i$ 

X(** + 3 ^) - 2<i * — 2by +c * 0 
find that the egnaiion of the coi\}ugat€ systeoi is 
(<r +1^6*)(»*+^)-*c<*+M'y) *0. 

Since ** + y^*0. ar* + y* -2tf»-2A>+c*0 are two members 
of the system, the equation of the s^'Sbem deterniiDecl by them is 
**+y^-2<T*-2by + c+*U*+y*J*0 
or X(*^ + y*l “ 2rt* - 2by + c* 0 

where 1 + ft is replaced by X. 


The radical axis of the system Is civen by the equation 
2tf.t + 2Ay-c, 

and it meets the axes in points whose co»ordi nates are 
» 0 j » ^0, j . Consequently the coordinates of any 
point on the iine can» by suitable cboiee of ft. be represented by 


(s 


2(ta+ft) . 26(1 


SL . \ 

i+ft) y 


The co-ordinates of the centres of circles of the orthogonal 
system are of thU form. Hence the equation of the system is 

**'''y* ” rt(l + ftV(*^ which takes the required 


form if we putM** 



Otherwise. Let the conjugate system be 
*^ + y* + 2g* + 2^ + ft*ii. 

Since it passes through the limiting points of the 
system and the limiting points are 



Ist con.Nai 


ft* 0 , 2g(j + 2/6 + c — 0 . 

The latter reauU followa alto froio the fact that the centre of each 
- on, ..Kate circle lies on the raJical axle of the given coaxal eyetem. 
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the equatiofi of tbe conjugate system takes the form 

b 

Thus the cod jugate system is given by the equation 
(<j y*) — c(x +f*'y) ^ 0 . 

(3) >Yh</ the littniing points of the system of circles 

J:^ + y^ + 2gAr +c + A{x***'y*'h2/y.+ 
and shoio that the sqatxre of the distance between them is 
( (c - ky - 4A* + 4 A +4g"ik ) -r (g* + /). 

Show also that the limiting points will subtend a riffht 
c h 

angle at the origin if —5“ + » 2. 

The circle *’ + y^ + 2x j^;^-+2y '’® 

of zero radius if 

g* + XV»-(l+X)(c + A<fei-u 
i.e. X*(/*— *)-X(it+c)4*g*— c*C». • 

if X}, X 2 be tbe roote of this equation, the co-ordinates of 
the limiting points Li. T «2 will be 

/ —t— r>iA ( ' ] 

\ 1 +Xi * 1 +x,/ i+x^ ’ i+x, r 

»"”■ (rw, - m-, )' +^’ rA. ) 

— 1^1 ~ __ 1.2 ■ /•, 

(1 + A,)*(1 + X^ 

[1+(X,+X*) + XiXlT" 

[/* - X + (* + c) + £* -cf 
which leads to the required result. 

The segmeat L 1 L 2 will subtend a right angle at the origlor 
if tbe circle 00 LiL^as diameter passes through tbe origin. Tbe 
equation of sucbis circle is. 

( '"i*r)(' '"£*.)+( 

* This passes through tbe origin if 

g*-hX,Xs/-0, 

or W +/*(g^-c)»0 
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Second Method. Lei ** + + 2Fy + C=0 be the 

circle which meets the generating circles orthogonally, then 
2gCi*C+c, 2/F*C t-ife. 

The equation of the orthogonal family is therefore 

or x**y^ + jx* 7 Y + c(^+^- +i)-0. 

where C is the parameter of the family. 

The circle 



8 S 

bclonga to the family of which the radical axis is the line 

^+^+J-0. 

8 S 

ThU is therefore the etiuatioo of the line LjL|. If H be the 
radius of the circle («) and p the pen>endicnlar from the centre of 
this circle on T«|fu» 

LiL4*-4(R^-#>*) 

- w..'-* [i (v* + 7;)-(v*iF“ /iW’] 

<ry' + *V Jc;^2**!-2g*/)* 

ef‘ «V‘(«*+y*) 

- eV - - •‘<V - 2c*/*«‘ +4c*V' + 4*x‘/ ] 

= g'^,|(c-*)‘-4/V+4/‘e + V* ]. 

The circle given by ef|untion (i) passes through the origin 
and the points Li, \^. If ZLiOL^ is a right angle, the line L 1 L 2 
will be the diameter of the circle and therefore will pass through 

the centre 1 of the circle. 


k 
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(4) Show that the co>idition that the two circles 
ttiai/ touch each other is 

(<J|/2-<7//|J(Cj/2-C2/i)+(aj|i-tf3^,)(c,i?e-C2^,)+(tf,C2-<T2Ci)* 

The equation of tbe rndical axis of the given circles is 

<T2g|)A' + {ai/i - <*2/|)y+(tfiC8 — fljCi)«0. 

If the circles touch, the radical axis will be a tangent to every 
member of the family to which the giveo circles belong. A 
member of the family which passes through the origin Is 
(a.e,-^?2CiHx2 + y*) + (g,c,-|jCi);r+f/iC2-/2C,)y-0. 

The lines which join the origin with points of intersection 
of this circle with the radical axis are given by the equation 

U*+y)(^|Cs-<T*Ci)* + [(cifij-Csg|)x+(Cj/2-C2/,)y] 

-Cjgi)]+y*[(ojC2-tf2Ci)* 

+ (ffi/i - aMicJi - Ci/i)J+x>{(c,gs - 1/2 - tTi/i) 

+ (« 1/2 “ Cv/i ) (tf igj — flsg i) I * 0. 

These tines will coincide if 

^ , i2f/ M “5e/i)(tf Igs - 

4(tfiC9 - -oaCj) + (tfigg - tfsgiKcig^— cggj) 

+ (tj ] 

- Cog,)f<T|/9 • ajfc/i) - (cj^5f - CaA)ftfig2 — 

- (<lj<^ - -/ggj)* 

and this leads to the desired result. 

(5) Show that the generel equation of a circle which touches 
the two circles 

;f^ + y* + 2*Jx + c«-0 
»* + V* + 2h;r + c*«»0 
may l>e written in the form 

U* + /+2A;r+c») 
+c{tfh''X*)^ (**+y* + 2#^y- 

+ + 2XAr + c^*sO is a circle of the co-axal system determined 


by Sf* + y* + 2fl* + c* = 0, r,» = a*-c* (1) 

and + y* + 2bx + c** 0, h* - c*. («) 

a:* + y* + 2^*3? — * 0 is a circle of the conjugate system. 

Any circle tbrongh their intersections is given by the equations 
*^ + y’ + 2X* + c’ + *(** +y* + 2H^-c^)-0, 

r*{l + fe)*=X‘+M^i*-<!*(I-**) («Vi) 


We have three variable parameters X ; Ir at our disposal. 
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(ill) cats (») nod (»i) ftt >h resiiectivelj- (say). 

Then c^ + c^ +2rrjCos^i- “<» 

i.e., c*-tfX + rr, cosfi (1 + A:)=U W 

and c*- i»X + f’r 2 cos ^2 (l +W*0 M 

For ^, = *2 = 0 or if, or or ».>• = ’’ or 0. 

c^-aX +c*-6X . (c *-oX)» _(c*-XX)- 

r, ro ’ •• a*-c‘ b‘-c^ 

i.e. (o + &)(X* + c*)-2X(c* + fli) M 

Tlius X is equal to either root of tbU equntion. 

From (iv) or (v) 

= + from (iiit 

a ^<r 


... ,s. e* r ., c(« + ft)(X^+c*) , • "j 
^2^^(x‘-2«x+<.*)— ^ rrp-Lx +a j 


Thua we have for the equation of the required circle 


from (v») 


W + 2i. . .■) V .IX-+,- 2H.V - -0. 

Common Ungenta to two circles. 

'' liOt the equntioiw of two circles be 
(*-<T,)* + (y-6,)*-R,*-0 
S,«(» - ai)^ btV - R,* * 0. 

Tlio lino (ar—oj) cos d + {y - 6,) sin iti , ,,.(j) 
in a tanjfout to the circle Si«0 at the point 
(Ri cos 6+tfi, Risin 0+6,). 

Paraliol tAUf^cnts toSj are given by the equations 
cos 9 + fy-6j) sin d* Rj 
cos 6 +(y- 62) sin 9 ^ -R^. 

If any one of those tangents coincnles witli the tangent 
toS,. the tangent will be a common tangent, and the 
conditionH for this arc 

008 9 + (6,-6J 8inO»R;-Ri («) 

or cos d + (6,-62) sin -R*-R, (m) 

Each one of these equations gives two values of cos 9 
and therefore two corresponding values of sin There 
are, there fore, four common taii^^nta to two given circles. 
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Tlie line (j)«nbject to the condition («) will be a direct 
common tangctit. For substituting the co-ordinates of the 
c entres of the circles in («). we find that the centres are on 
the same side of (i). Hence the two tangenta corresponding 
to the values of 0 given by (i7) will give direct common 
tangents, and the other two are the trausvei'se common 

tHjigents. 

^ 56. 1 Combined equation of pair of tangents 

Vl ' Taking the equations of circles as Art. 56 the line 
' (x- <Tii cos 0 + (y-6|) sin 6 ** Rj 

U a direct coininen tnngeot if 

-<7,) COS 6 +< 6 , - 63 ) sin R, 


cos 6 : Kin 0 : 1 


jiHi 


X - tf I R 

tf j “ j It.- • 1^ 1 


x-flj y-bi 

« 

x-ag y~l>2 : 

TDliininating cos 9» sin 0. we get the equation of the direct 
tangents in the form 


Hi j* + | 

y-5i 

R, 

t _ 

x + <ii y - 5) 

1 

( 

» 

bi-bi 

K,-R, 


x-nj y“bi 


The equation of transverse roninion iaa gents will be obtained 
by replacing by * 

56.2. Chords of contact. I,et T,T/, TzT/ be the direct 

common tangents and tit v< 
tzt'i the transverse common 
tangeots. It is required to 
find the equations of the lines 
T,Tv, T'jT'g, t'rt'f 

J/et (s, y) be the point of 
contact of a direct common 
tangeniwith the circle Sj» then 
+ Ri cos 6, +'Rj sin . ..h’v) 

and cos 0, sin 0 satisfy the relation (it) (Art. 56). ' Hence the 
equation of TjTj will be obtained by the eHmination of cos 
sip ^ between Uo) and (n). consequently the equation of TjTz is 
lx - rfj)f<Tj - rtj T (y -“5i)(6, - 6«)*Ri (Rj- Ri). 
Himiiarly we get the following equations 

T'lT'a (x - fli)(«i 6s)(6i - 52)“R2(R2“ Rj) 

fift (x— «j)(a| - tf J+(y -di) (5| - fta) — - R|(Rj •f’ly 

t^i'i (x— aj) +(y-di) (5j “ -R 2 (Ri + R 2 )' 
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57. Centres of similitude. The point <»t irUri‘s<‘('(ioit 
of direct common taufrcnt«i of two given circles is c*dl«*d 
the external centre of similitude. The internal ccntiv of 
similitude is Jhf point of ^intersect ion of transverse coiiunoii 
tangents- The circle on the join of the two centres oi 
similitude as diameter is called the circle of similitude. 

The co-ordinates of the centrea of similitude. 

Let 0 )f|) be the co-onlinates of the external centre^ 

of similitude. • Its polar w.r. to S|, rh. 

(x- tfj.Hjrj -<i|) + (y- "" ^i) 

is identical with tlie line T/r 2 wliosc equation is 

(x-ai)((ji - tfgl + ly- 6|)(y| (IL- K|). 


at - a> 


hzh 


_Ki 

H 2 -IL 


or 


. (7) 
centre of 

... . (7A) 

of centres 
As ATO. 


HrfI? - Rjtfj Hi A.* — Riri 

" H,-H, • ■R.rRp 

Similarly, the co-onlinates of tlie internal 
similitude arc 

Ki<ij *' U|6*+ 

H.+R, • Rj + Ri 

Or lot the common tangent 'l*V' meet the lin 
A A' in 0. Therefore from the similarity of 
AT'O' we have AO : A'0“AT : A'T'»R : R', 

Ifence the cettUfH of ftimiWude ofhro gtreit W/r/e# niu>f 
Of’dt'fint'ihaM fh*' pointM trhich divifU the lute joimng the 
venfreH of tieu curler intevnaity and txtentallu hi the ratio 
of the radn. 

From tiK* definition Arts r»(>, iVi,!. 5(^.2 follow once. 

. io on^ crotre of 

anrii itude and the lioee Pf^. P'Q in the other. PQ. P'Q' being 
narailet uiametera of the tiro circlee. 

• r ?*, MCADt drawn through either centre of similitude 
IS divided by the circles io the retio of their radii. 

57.1. Circle of * similitude. 

Lot Sj*0. S^»0 he the circles, 

the join of (lie i....ntrc.,< ,.f 

xiiiulituik- Kiven l.y n.latioiix 7 mid 7A aa dianx-ter is 

, \/ / Ria, + R.rt,\ 

R.-I<2 H' i R. , R, j 

+ { y. B. 62 .fK 26 .( „ 

^nfi’ ‘ h*' - “■‘I 

‘t'lHifx-Aj)- HiU-.Ai))(Rj(,- + da (t 


( 


or 
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or - a^f + (y - 6.)^ - R/] - R 2 ^(x -a,)* + <y - 6,)' -Rr] =0. 

( 8 ) 


s. - s, „ 

Ri* Rj* ■ 


which helongjs to t lie co-axal system generated by Si=0, 
S,-0. 


Thus the circle of similitude may be reganled as the 
locus of a point from which the tangents to. the two given 
circles or whose distances from the centres are in the ratio 
of their radii. 


Evidently the circles of similitude of thj*ee circles taken 
in pairs are co-axal. They» also, cut orthogonally the 
circle through the centres of 'the given circles. For if C be 
the mid-point of the centres of similitude 0, O' in virtu© 
of relation (00', AA')* 1. CA. CA'*C0^. f.e., the power of 
O w.r. to the circle througli the centres of the given circles 
equals the sciuare of t)ie ludius of circle of .similitude. 

The six centres of similitude of three circles ftaken two 
by two) lie by threes on four lines called the axes of simili- 
tude and through each centre of similitude there pass two 
axes of similitude. 

Let the ecuatioos oi the three circles be 

sDd suppose that li.;, El; are respectively the ioteraal sud 
external centres of similitude of circles St and S>. The co- 
ordinates of L,/ ^nd El,/ are respectively 
grR/ +gjRi 6>R > + 6/R^ 

R/ + R/ * " R> + Ri 
g iRj ~ g/iU b/R j — g j R. 

Rz-Ih • R/-R4 

IjOi the eepiatioD of the line that joins Eiz, and Eis be 

/ar + wy + «*0. 

Substituting the co-ordinates of the point Ej 2 in the equation of 
the line, we have 

l a\ 4- mbt y lat* mbt + n ^ 

Rj Rj 

Similarly, substituting the co-ordinates of Ejs, it is found 

that 

igi + wbi ^ lOi *mbi*n 

R) Rs 

Consequently — R, ^ m . . Ra Rj 


f, j-1. 2, 3 iVi 
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To find the equation of the Hoe put e«ch potio equal to X. 

• lx my^n =0 

l(ti + m6i + « - RiX**0 
laz + + « — RjX * 0 

7<ij + mbi + /I - RjX = 0. 

Heoee the equation of the Hoe is 

T.(R| R,, Rj)s X y 1 0 | =0 ('j) 

6] 1 Rf 

bj 1 

I 

«j bj I R, 

It is similarly found that the six |K)iota arranje tbemselvea 
on the four lines acPordiDg to the following sehcme. The points 

hjis E 23 Eu lie on the URi. Ri. Rt) ««0 
}-« In Kjt „ UR„ R,, -Kj) «o 

I>i M l-(-Ri. +R», Rj)«0 

^>2 hi hu „ URj. -R. hIIj) «o. 

It is seen from the table that while each line rontsina three 
points, through each point there pass two lines. The fact is 
pressed as follows : - 


points lines 
fi 4 

8 . 2 J 

McneUus'a theorem yields the above result at once. 


lllustraitive Examples 

( 1 ) iVntf fhe common tangents of tf4^ circles 

* ^y* + mr-GY + 26»0, + - lOy + 25-0. 

The erjuntions of the circles can be thrown in the form 

The line U + S) Ms © + (y- 3 )sid 9 - 3-0 
IB a Ungeijt to the first circle, and it will be a taneent to th# 

*oTto rXi* *' it* «utr6 i, equal 


4 COS 9 +2 ain 9 — 3— + 1 

Taking first the poaitive eigo. the condition ia 
2 cos 9+sin 9*2 


<i) 
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or 4((‘OS ^ 1 — oos^9 

ft C09^0 - 8 <‘09 0+3=0 
♦ (ft cos 0 - 3){ccs 0 - l) = 0 

3 

cos 0 = 1 or cosO= -- 

o 


4 

Hence SID 0=0. orsioO*^ . 

& 

f^onsequeotlj* the equations of two of the tangents are 
ar + 2 = 0 ar + 4y«12. 

Xow taking the negative sign in (i) the condition 
2 cos 0 + sin 0=1 

or 4tl — sin^0)= 1 - 2 sin 0 +sin^0 
or 5 sin*0-2 sin 0-3 = C 
or (6 sin 0 4*3)(sin 0 - l) = 0 


sin 0=1 
COB 0*0 


and 


sin 0 = 
cos 0 = 


H 

i 

4 

6 


l>ecornes 


Hence the equations of two other tangents are 
y = 6 4;v-d> + 14 = (». 

(2) Find tft4 common tangcnfs to the circles 

**-y*-2*-2y*'l-0 ;»^ + /-8x-8y + 28 = 0. 

The co-ordinates of the centre of the first circle are (I. 1) 
ahd its rodius is uni 63 % while the centre of the second circle Is 
(4» 4) and Its radius is 2. Consequent!}' the centres of similitude 
of the two circles are 

(2. 2X(-2. -2). 

The equation of the pair of tangents from (2. 2) is 

2* — 2y 1 = (i’ + y- 3)* (Chap. V) 

or 4 f = 2 »y = 2 . 

The equation of the pair of tangents that pass through , 
(- 2 ,- 2 ) is 

l7(** + y*-2*-2y+l)=(3*+3y-5)* 

or , 4 U^'^ 3 r*)- 9 -c^— . 4 arT 4 y — 8=0 

or 8z = (9y + 2)±(y+2)s/i7r 

' , '> 

58. Net of Circles. If S|, Ss. Ss are three circles not 
belonging to a co-axal srstem. the equation 1 

\S,+^S,+u? 5 = 0 . , .( 10 ) 

where A, M*. v. are variable pabameters, represents a circle which 
is member of the system with two degrees of freedom. This is 
called a net or trundle of circles. 
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A net of circles is a system with a common radical 
centre. 

I,et S, + v,S,=0 

X, S,+P-. Sj + v2S, = 0 

be two members of the system. Then the radicsl axis of the 
two circles is 

^ , S, 

X,+f*'| + 0| X.+1*2 + Vi 

or (M^j V 2 ~M' 2 Vi)(S»“Sj) + (vi Xj — VjXj)(8> 

+ (Xj l^j-Xi^l (S,-S.)»0. 

Unless ®“!r" » is the condition that circles 

X 2 Vt r*'i 

luHy coincide, the line always passes through the point of in* 
tereection of the radical axes S.<“S|»0. SJ-S 2 W 0 

of S|, S;, Sj and these Hues meet at the radical centre of the 
three circles. Thus the radical axis of an)* two circles of the 
system I laases through a fixed point. Hence any tnu of circles 
has the same radical centre, v is the radical centre of the circles 
which generate the s>8teni. 

It, therefors, follows from Art. ID. 2 that a net of circlet hax 
n cofiimon orthoffonal circle, which is cftIM fhc ortholoMie circle 
of the Af/alem, 

58. 1 . Equation of the orthotomic circle of the system. 
Now as all circles of the net have the same orthotomic circle, 
it is only necessary to Had the orthotomic circle of S„ Sj. 

Let S(*jf*+’y*+2tfi jr + 26r y I, 2, 3 
ha the e<|uations of the fundamental circlet of the systeni and 
Huppose that the equation of the common orthogonal circle is 
y + y* + 3A.s + 2IJy + C-0 
-c, + 2A<ij + 21«»,-C»0 

- Ci + 2 A<r 4 + 2B62 - C- 0 

- c.i ♦2.\tf) + 2li6j-C*0. 

Hence the required equation is 



X 

y 

] 

-C| 



-1 

-Cl 

Oi 

h> 

- J 



b^ 

- 1 


Adding the first row to the other three and in the new de- 
ter unnanft aubtracting the sum of * times the second column and 
y times the third from the first, we get 
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«i* + 6jY+c, 

x + at 

y + ^i 

»0 

(U) 

<^2 JT ^ bty ^ c * 

X +<Tj 

y +62 



a^x + biy + cj 

* +O3 





If the equation of the three circles be made homogeneous 
bj the introduction of a new variable =s, the equation of the 
orthotomio circle, after an interchange of columns, takes the form 


as, 

3jr 

3S, 

d» 

3$, 

3s 

3S^ 

3S» 

3S2 

ix 

dy 

3s 

3S, 

d.S, 

3Si_ 

3r 

d> 

3s 1 


The expression on the left is called the Jacobian of S,. S», S. 
ADd is written briefly as 


38.2. Properties of the orthotomic circle of a net of circles. 
The orthotomic circle of a net is the locus of a point whose 
polars w, r. to the net are concurrent. 

Let P(jri, 7 ]) be the point whose polars w, r. to all members 
of the net 

ASi + ^ vS$ “ 0 

meet in a point. The polar of the point Uj, yi) is 
xi X-^4. U.-^ +•* Ml 


dxi 


+s 


-ff- 






il- +3 

dyi dT, 


+ p- 4 ^ 


3s 


If (x 2 , yti es) is the point of concnrrence of the polar, 


xz 


3 Si 




+ y2 


3 Si 


+ *3 


as 

3 a 


{ 




3 Sj , 3S2 , 


dzj 


+ v( ;r 2 


dSi 


d$j 


L _i_ 3 Sa 

d... ■" ~d ^7 1 




Since this relation is satisfied for all values of A, M*, v, 


3S< . 


dSi , dSi . 
-= — -- — « 0 , 
dyi 3 »i 


f» 1 . 2 . 3 
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cular to CPP'. It alao paasea through Q. Hence 


Eliminating U:,, and chniging (xj, y\, t,) in {x, y, z) 

V e get tbe required looua 

3U. y. *) 

58*3. Let the polara of P meet at Q, then the polars of Cj 
meet at P, therefore P and Q are both on the q^'thotomic circle. 
Let C be the centre and R the radius ot the circle (C, R) of the 
net. and 0 the radical centre. SupjHMe CP meets the orthotomlc 
circle again in P'. Since the circle {CR)is orthogonal to the ortho- 
tonne circle. 

CP.CP'-R* 

POJot P' la. therefore, inverse to P tt». r. to the circle 
(C, R). Hence the polar of P passes through P' and is perpendi- 

Consequently PQ is a diameter of the ortliotoiiiic circle. Hence 
th€tx(rtmitit$of ant/ diameter of the oythofomic circle are^ 
cnmMyttle points tt. r. to ecery mernher of the net. 

58.4. The orthotomic circle is the locus of the point- 
circles of the net 

Ut lx, y) be the centre of the point circle 
, . XS, + l*Sw + vS,»0 (A 

of the net. Hence *' ' 

Xfar + o,)-1-M'(a+oj) + vf»+os)“0 Ui) 



Also the circle being a point circle, its centre lies on the 
circle. Subtracting * times (ij) and times {Hi) from ( 1 ) 
we Dave 

X(<Ti* + 6,y +C|) + tMo** + b.jy*c3) + vfflai + + c,)- o. 

EliininatioD of X, f*-, v Rive* the locus. 

■MS,, S., S,) = 0. 

drelfs® ^' ^*'*‘’"‘**' the equation of a net of 

Let 8i=jr*+y*- 2oiX^2biy + ei^0 
be the ec|uatios 0 / three circles of the net. 

Take the axes eo that the radical centre is the origin 

Since the lines meet at the origin c,«c,»c,*=c. 

+ ‘okes tbe 


or 


1 * -f y* - 2<7ar - 26y -I- e * 0 


( 12 ) 
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where a Aod h ere parameters of the system and c is the 
same for all circles of the system. 

The orthotomic circle of the system is 

+y--C = 0, 

and obviously contains the centres of the point circles of 
the net. 

The circle ie real If c>0. Ifc=0, the circle then represents 
a point circle and all circles of the net pass through the centre 
of this circle. If c is negative, the radical axis of the real circle 

jr +c=0 

and tlie circle (12) is 

which is the diameter of the circle + + 

Hence every circle (12) meets the circle jr*+y* + c*6 
at the ends of a diameter. 

Illustrative Examples 

(1) // Oi. Oj, Os. O4 are /he ceft/ret of four circles which 
haoe a common ortho/omic circle and S|, 83, S3, $4, ore the 
fiowers of a point 0 w. r. to the four circles, prove that 

S, iOi O3 (Oj 0, 04) + S, (0i OjOJ + S* (0, 0: Oil-O. 

The four circles belong to a net. since they have a common 
orthotomic circle. Let the equation of the circles be 

StS** + y*~2a.x* 26iy •f’c*0» < • 1, 2. 3, 4, 

where c is the same for all the circles. Now 

S, S2 S, 84 *0. 

<>] <72 ai <<4 

b/ 6j b* 

1111 

The result follows from the expansion of the determinant 
w. r. to the first row. 

(2) Prove that the equation of a circle whicii ciUs each of the 

three fjiven circles ** + >*- 2 a% x“ 2 b» y +c< “ 1, 2, 3 ot 

the same anple •P can be written as 



X 

y 

1 

+ 2r cos p 

0 

X 

y 

1 

C| 


bi 

1 

• 

ri 

ffi 

bi 

1 

Ci 


bz . 

1 


r2 


bt 

1 

C3 

tfj 

bi 

1 


• ri 


b^ 

1 


*0 
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svhere rt, r^. rj ore the radii of the (jfven cireles and r the rodinf 
of the required circle. Hence proi'e that all circles ichich cut 
three yiven circles at equal (not specified) angles form four co- 
oxal systems, the pairs of hasC’poinis Mng the points of infer- 
section of orthotomic circle tcith the homothefic axes. 

Let the equation of the required circle be 
X* + y* — 2(1* - 26y + e* 0 

ci + 2rri cos?5 — 2<Trti*2iA| + c»0 
c« + 2rr2 cos^ - 2ao9~2bb2*c“0 
Cj*2rri eos^-2tfflj-2i&3 + c»<b 


Hence the required equation is 



X 

y 

1 

Ct*2rr, cos ^ 

<»i 

bi 

1 

C8 + 2rrj cos^ 

Ot 

bt 

1 

C3 + 2rr3 eoa ^ 

Oj 

bi 

1 



or 


.r' + y* 

X 

y 

1 : 

1 

+2r cos ^ 

0 

X 

y 

i 

C\ 


hi 

1 

1 

ri 


by 

1 

Ct 

<fz 

bi 

1 

1 

1 



bi 

1 

C3 

Os 

by 

1 

1 

1 

1 

1 

rj 

<fi 

by 

1 




The first determinant equated to aero is the equation of the 
common orthotomic circle ; aod the second determinant equated 
to zero is the axis of similitude (Art 5U.2 (Olj. The equation 
(IH) therefore represents e co axal syatem for the different valuer 
of P, the axis of similitude beinR the common radical axis. Conse- 
quently the iMise |K)in6a of the system are the intersections of the 
orthotomic circle « it b the radical axis. If the angle f is not 
specified it can be replaced by its supplement which is equivalent 
to replacing cos ^ by • coe ^ or some one of ru Cf, rj by - ri, — r?, 
-rj. Hence there are fouraystems of co axal circles, cutting 
the given circles at equal angles, the radical axes of the lour 
systems being the four axes of similitude 

('(rurz, rs)*0. rj)*0, L (r„ -r^, rsl^O 

(Art. 66,2). 

The base points of the four systems are the four pairs of 
Intersection of these lines with the common orthogonal circle. 
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The centra of the circles of the system lie on four lines 
which are perpendicular to the axes of similitude through the 
centre of the common orthotomic circle. 

This result is obtained independently in the next example. 

(8) ^ind thelocus of the centre of o circle cutting the three 
given or dee at egnal angles. 

Let + 1=1, 2, 3. 

be the given circles andfa*. y) the c-^-ordinates of the centre of 
the variable circle and R the radius. If ^ be the angle of in- 
tersection, then 

Si-R*-2UR, cos i>. S 2 = R*-2BBjcos Sj»=R»-2RRj cos 

ElimiDsting R^ 2R cos 9>, the required locus is obtained in 
the form 


Ki Ri 



S 2 Ri 1 
Ss R, 1 


which is a sf. line through the radical centre of the three circles. 


This line will be seen to be at right angles to an axis of 
similitude. 

It is of course optional which of two supplemental angles 
we consider to be the angle at which two circles intersect. The 
formula used above assumes that the angle at which two circles 
intersect is measured by the angle which the distance between 
their centres subtends at the point of meeting, and with this con* 
ventiOD, the locus under consideration is a perpendicular to the 
external axis of similitude. If this limitation be removed, the 
formula we have used becomes Si*R*± 2 RRj cos or in other 
words, we may change the sign of either R„ R^, R) in the pre- 
ceding formulae and therefore the locus is a perpendicular to 
any of the four axes of similitude (Salmon). 

Inversion 

59. Let (O, R) be a fixed circle with centre 0 and radius 
R, and suppose P, P' are points collinear with 0 such that 

OP.OP' = R*. 

the points P and P' are called inverse of each other. The circle 
(0, RHs called the circle ofinverrion» its centre 0 is the centre 
of inverAion and R the radiue of inversion and R^ the con- 
stant of inversion- 

If R^ is positive, the circle of inversion is real and P, P' are 
on the same side of 0. If R* is a negative, the circle ol inver- 
sion is imaginary with real centre and P, P'are on the opposite 
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aides of 0. However, ioversioo w. r. to an imaginary circle cun 
l‘e avoided. Let P' be the inverse of P with R*as the coijslnnt 
of inversion and with - R' as constant of ioversioo, then 
OP.Oi“*R^ OP.OP,=»-R^ 

OP*=-OP,. 

Hence the inverse P, of P with negative constant can be 
obtained by first taking the inverse P' of P with the positive con- 
stant and the same centre of inversion, and then tsiking the re- 
flection of V' in the diameter at right angles to OP. 

59.1. Trarisformation by inversion. 

'*»uiipOBe P, P' are inverse jiointa to. r, p 

to u circle a:* and let the carte- ^ ^ 

siun und r>olur co-ordinates of the |»oinU Ik- \ 

lx, y) ] P'(V, y') >f \ 

(r. 6) ) {r\ e'). \ \ 

It is evident from triangles ON'P'. \ \ 

ON is that fT~ M/ M 


rr* 

0=«'. r'-Jii. 


OI",01’=R^ 


(I.H) 


(U) 


I"''!"* '■ O-'t " 

erwn lorus K, ita invorse i«int I' also tr«oe* outgone lorus K' 
wlm;li.gn«ll..dtl,e.avers«ofK. Tlie equstion of K' will l.o 
«lih.ineil from elmtof K by the trangformatioii (IS) or (U). 

59.3. The inverse of a si. line is a circle 

+ The cq„„. 

t(on of the inverse curve is * 

/KV ^ n.\iy . 




+ n-tl 


1 ^ JIultiplyiDB and drop,. io« the .|g*he., the equation of the 

4 [P(/z 4|,ry)«u 

™iMrr •* » 
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If n “0, tbe inverse of /a: + is tbe line itself. Further, 

when /“I, wi « 1 I. when the line is the circular line 
^ + iAr + n = 0. its inverse is the other circular line 

«(y-iJr)+K*=0. 

If R be allowed to vary, the inverse curs*es are coaxal circles 
which touch at 0, /jr + wy®0 being the common tangent. 

59.4. Tfie hiv<*rMe of a chxh i$ in general a circle. 


The inverse of the circle 

;t* + y^ + 2g;r + 2/y + c*0 (>) 

is the curve 

+ . 2/R*y . 

U’‘ + jV + ^ 

or c(**+y*) + 2R*(gx+/y) + R*“0 (») 


This is a circle if c = ?lO. If c^Oi.e., the circle passes 
through the origin* the inverse curve is a st. line. Further, it 
2 *.e.* if the circle of inversion is orthogonal to a given 
circle, the given circle inverts into itself. 

Subtracting (ii) from times (i) we get 
(R»-cHx*+y*-R*)»0. I.S.. + 

Hence a circle S, its i^oerse circle S' and the circle of 
inversion belong to a coaxal system. 

The centre of inversion is either centre of similitude of a 
given circle and its inverse. 

Hence it follows that any two circles are inverse with respect 
to either centre of similitude and with respect to no other 
point and tbe two circles of inversion sre orthogonal. 

Miscellaneous Examples XV 

_ 3 ■ Find tbe equation of tbe circle which has for its diameter 

the chord cut off on the si. line ax + by^c^O by tbe circle 
(n ® + b*} (** + y*) * 2c*. (Peterhouse, etc. ) 

— 2« Show that the condition that the circle 

+ — 2aiX‘- 2hjy + Cj"0 • 

should cut the circle 

+ 2<J2X — 2h2y+cj^0 

at the ends of a diameter is x ' 

2ir,a2 + 26>h2 = C| — Cj + 2(<» j* + h|*b 

^3. If Sx, Srf are two circles which cot two given circles 
each at the ends of a diameter, prove that every circle of the 
system Sj **XS2*0 cuts the given circles in tbe same manner. 
(Sommerville). 

4. Prove that there are in general two circles in any coaxal 
system which are cnt diametrically. (Sommerville). 
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>5. Prove that there ie in general just one circle of a given 
roaxal system which cuts a given circle diarae^ically. 
(Sommerville). 

The co-orilinates of any two points P. Q are (*i, yr» 
{x- 2 , y«»}i the origin being at 0. Circles are described on OP, OQ 
as diameters. Prove that the length of their common chord is 

v/ (»i (Math. Tip. 191D.) 

7. There are two segments on the line 3*-4y + 7*»0, 
each of length 10 units, which subtend right angles at the origin. 
Kind the co-ordinates of their extremities. 

(Math. Trip. 1924) 

— ^8, Show that the circumrircle of the triangle formed by 
the lines 

flx + hy+cwD, cx + tfy+6®0, bx*cy^a^O 
passes through the origin if 

(6^+c*)(c^ + a^){a*+6*)“o6c (6 + c)(c + <i>(a + h). 

Show that the length of the least chord of the Hr<'le 

/ ** + y''^2g* + 2/y+c-0 

which passes through an internal point (x), yi) is 

2A - W + y,^* 2 tx,^ 2 fy, +c)]. 

Kind the common tangents to the circles 

+ a* + y*-2U + 90»0. 

Kind the common tangents of the following pairs of 


.• 41 . 

circles. 

(i) 

Ui) 


,a + y*-by-2» + 0*0. **4y + 6.t-2y + l-0 (B. U.) 
x* + y* + 4r + 2y-4-0, a* + y*-4*-*2y + 4»0. (C. U.) 


Two circles of radii a and b touch the axis of y on 
the opposite aides at the origin. The axes being rectangular, prove 
that the other two common tangents are given by 

«.-«U12v'^y-2o6-0. 

13. Prove that the eipiat lone of tlie common tangents to 
the circle and the circle whose diameter is the chord 

of the firet circle made by the line x cos sin 15 are 

cos <* + y sin *) ± 4(y cos « • a: sin « ) « 85- 

*^A4. Kind the co ordinates of the Umlting points of the coav&l 
ay stein determined by the circles 

**+^-2* + Hy + ll-0.x‘+yH4x+2y + 5*a (C.U.) 

15. Show that the circles with res|)ect to which a fi.xed line 
ax* by * c is the polar of the origin form a coaxal system, and 
find the line of centres, the radical axis and the limiting points. 

(Peterlmuse etc., 19^16) 
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ciroJef ■ ^""'’“0'' “> the oom.uon tangents to «<,e 

.v^ + 2 < 1 X and + v^** 26 v 

can be e^jiressed iu i\w form 

- 26^*) *= (ar - />> +/l6)^ 

+ tlie circles 

ntid prove tliat they are conrurrent. =<i6 +c’. 

HrcIeSr"hogo''nnM;-'.'' " l-K outs the three 

eirele^"nd'i:o;e7:;:e 

hnd the e,,uat.on of the other circle uith the proper number of 
points “"d *'>o co-ordinates of the limiting 

19. ‘Sho«v that the limiting points of the circle y' + y’-n* 
aim An eqnul circle with centre on the line /x + mye«=0 lie on 
the locw ^ 

*y)(/jr + my + «) + <> *(/j' + Miy)»o, 

^ 0 . Show thet the sfiuare of the diameter of the 
circle of the trjencle formed bv the lines 

<7*H2/<jry + 6y^»0. f.r -fmy 4* | so 
)i9 f(r»-h)= + 4AfJ(^+m*) 

21. If the tangents drawn from a point to the circle 


circum* 


A*+>^ + 2<7.r + c^ 


'0 


are conjugate lines with respect to the circle 

, , *’* + y + 26jr + c»*o, 

show that the locus of the point is 

frj* + 6*- 4e*) + 3(ah - o') { y»+ (a + b)x) ~ 0. 

22. Show that the necessary and sufficient condition that 
our points (.Tr, yA r»» 1, 2. 3, 4 be coztcyclic is that the powers of 

the four points with respect to on arbitrary circle 
S(xe y)sA;^ + y* + 2gx + 2>^ + c»0 
are coDnected by the linear relation 

4 

5 Xr S(.Tp, yr)^0. 

23, If A. B, C, D sre four coocvclic points and 0 any other 

point, prove that • 

OA*(BCD) +OB*(CAD) + 0C*UBD) + ODVCBA)-sO 
where (BCD) represents the area with its proper sign of tbs 
triangle BCD etc. 
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24. Show tbAt the locus of a point wJilcIi so thnt 

X PA* ♦ li* PB* + vPC^=0 0 . . 

where A. M*. v are constants, is a circle which cuts the circmn- 
circle of the trianfzle ABC ortho^nnlly. 

2i>, If 0,, Oi. Oj, O 4 are the rentres and ri. r-j, rj, rj the 
radii of the cir^des BCD, <’DA, DAB. ABC, where A. B, C, D 
are any Four points in a jdnne, then wdll 

(AO,^-r,*)'*-{BO/-r,^J-‘+(CO,^-rr)-(D0,*-r4*)-*-0. 

2ti. Ii A, B. Care the centres of the oo*axal circles Sj,S|, .S 3 , 
prove that 

BC.S| + CA.Si + AB.Sj = 0. • 

27. If fi. r*. he the leriyths of the tangents /roin any 
point to three i^iveii circles, show that any rirrl^ or any st. line 
can he re|>reaeiited by no ef|uatioo of the form 

What relation will hold between^, b. c f®r<fr lines. 

2h. Show that the powers of n i>oint te»- r. to •five given 
ci redes S|, Sj, S 3 , S 4 . Sj nre coiioected by n lixed relation of the 
form 


rt| S^+4Tj Sj+rf* S4+tf5 8j»<h 

2ih Show that the |K)wer of a (•olnt to. r. to four given 
circles are connected by a relation of the form 
rtk S, + rrv Si +rtj S, + <t4 S4 = *. 

A variable circle is one of a deBiiite eo-axal system, ami 
« r^-rpejulinilur is drawn from a fixed jioint to its i>oIar with res- 
pect to the variiible circle. Show that the locus of the foot of 
tlx* perpendicular is 1 circle whose centre is on the common 
nidiCHl nxiH of the ayatem of circles. (Math. Trip. I. lOl.S) 

Bl. A vuriuhle choni PQ of a given circle subtends a right 
nngl© at a given jmint A. Find the locus of the pole of P<^ witii 
respect to the circle. Interpret the result when A lies on the 

(Downing 1B31) 

«2. The inverse of a co-axnl system is a co-axal system. 

I lit. inverse of a pencil of lines U a pencil of'circles. 

34 , Oencentric circles invert into co-axal circles with one 
limiting point at the centre of inversion. 


SO. A co-Bxal system having real limiting 
verse of a conceDlric system, and a system 
Iniutiiig points the inverse of a pencil of lines. 


|>oints is the in- 
having imaginary 



CHAPTER VII 

LOCI OF THE SECOND DEGREE • THEIR 
. CLASSIFICATION AND COMMON PROPERTIES 

60. First Definition. A conic is a plane curve which 
IS out by ail arbiti-ary line in its plane in 

two and only two points. Thus, the ^rcneral equation of the 
Kecoml degree. 

^{x. + + + + (I) 

or + +‘2fa-T + ‘2AA'y •O (lA) 

represents a conic. 

Conversely, the equation of a conic is of the 2n(l 
<legreo. • 

For. if possijjje, let th?iequation of a conic be 
Uft + U«-i + Ur + Utf + U| +Uo*0 

where Ur is a homogeneous expression in (r, y) of the rth 
degree. 


Tho intersections with the conic of any st. line 


y-/ 

t m 


(F + 


m' 


1) 


arc obtained by substituting + y' + «jr for x and y 
respectively. The resulting equation in r ia of the nth 
degree and it has only two roots if the co-eiHcients of 

r*, r* vanish identically, for they must be zero for 

all values of I : m. 


Tims the co-efiicients of the terms in Un. Un-j Uj 

are each zero. Hence the equation of the conic is 

Ua + U, + Uo-0. 

Again, there exist no functions of the variables x and y 
which when expanded give only second degree terms in 
the variables. Hence the equation of the conic .is 
aj^'^2hxy+ 6y* + 2g* +2/5r“hc=0. 

61. Second Definition. A conic is also defined 
to be the locus of a point in a plane whose distance from 
a fixed point bears a constant ratio to its distance from a 
fixed line. 

The fixed point is called a focus, the fixed line a 
directrix and the constant ratio an eccentricity. 

This geometrical condition is necessary and sufficient 
to generate a conic. 
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Xece.^>iihf. Let S(^,. yi) be tlie fise.l pomt an<i 
X cos « +j» sill « 0, 

the equation of the iliroctrix. Suppose that the ecceutri- 
citv is «. The equation of the conic is then 

U — arj)’ •♦'(y- cos 0+y sin 9“p) U) 

which is of the second degree in x and y. 

Stf/ficiencjf. Shift the origin to the point S(*,. yd then 
the equation ^ witli the notation of Art. GS.l. takes tho 
form ax'^+'lhxy + by^ + 2 jfXi +2yY , + *0. 

Assume that it can be written as 

cos « + > sin tt-p) , 

Comparing wo have „ 

1 - e» cos* <r * Xa. I - e* sin* <« - Xh “«* cos a slu a = X;. 
e* /» COS a - XX e* p sin « * XYi A * 

/. -e* cos 2«*X(tf-6) cos 2«*'X ^d • Yj ) 

— sin 2a •2Xft. <V* 2a*2X* X|Yj. 

T,„.. XtVi.-.f.*, 

a — o A 

.x,Y. ^ 

h X 

Hcnco Uj. yd is given by the equations 

_ XY 

li 


<r • 6 

TliW are four positions of 8. 
Further 

X cos a + y sin « 


0. 


(a) 


form 


^X,*+Yi* 

Consequently, the equation can bo 


(jpXi + yYj + 

(4) 

written in tim 




^ ^ L v/X,* + Y,- J 


The directrix, is. therefore, xX,+yY| + ^,*0. 
To detcnninc tlie eccentricity, we note that 
2- «*»X(a +6)i X*(a6“ A*)* I “e*. 

Tims tf is given by the equation 


a 6 -A* 

It follows that a second degree 
conic. 


.(r>) 


equation represents a 
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1 Ik* coiiic'^ crtlletl au ollipse. parabola or liyperbola 

according as «^l. Tims wlit^i C. 

for a 1 1 el 1 i pso ab - 

foi’ a puraliiilii ab- h^— 0 , 

foj’ a liyperboirt ob - ;>*<(^ 

for a 0 licit* c={). 4/,^ + (a - 

i.e., tf — 6. aiul /<'(). 


Tims tlie foci coiiivi^lu 
is Oic lino at 


with the ce*iti*e and the dii-ectrix 


If flic conic pusses llirougli the oi'iiriu i.e.. If tlio 
directrix passes tlirouKh the focus S. tlic conic will be a 
pair of at. lines which nrc real, coiiicidont {or purallel) or 

imaginary acconling as 

Remarks. The eq nation (2) cun be written as 

+ < (y-ydJ 

= e* {x cos a + y sin a - p)\ 

IjUcIi factor on the I<*fl equated to 5sero is an iso- 
tropic line through the focus S(^,. y,) which meets the 
ccniie in coinciilcnt points that He on the line 

ar eos a + y sin a -^«0. 

Til us those isotropic lines are tangents to the 
conic througli U,, yd. tlio Hi 10 X cos a ♦ysin ® - ^*0 
being tlie chon I of contact. • Henco the /oci of a vnnic (tre 
the four inferMecftoox, ofber tfmu the vhrular ^wiuU. of the 
ixoiropiv taugeut>i to the ronic. The polurti of three foci 
(tirecirivee. 

61.1. The equation of the illivctrl.x with tlie focus 
us tlie origin is a'Xj + y V, + ^,*0. Translating the axes 
back tlirough the ohl origin, tlie equation becomes 
(x-a:,) X, + (y-yj) Yj 

i.e.. xXi +yYj +Z|®0 

Note. The equatioo of the conic con U ins Hve disposable 
constants, tbe ratio of any five of <t, b, c, /, gy h to tb© reioaining 
sixth. Tbe equation of tb© conic is thus, in general, determined 
by five independent conditions. 

62. Centre of a conic. The centre of a conic, wlicn 
it exists, is A point C such that the segment made by the 
conic on every line through C is bisecleil at C. 

Let ^ *0 be the conic and {x\ y') the co-ordinates of 
tho centre. Translate tlie axes to the point (a', y'). The 
equation takes the form 

u.r* + 2iixy + 6y* 2:rX' + ^yY' + 56' * 0. 



CENTRE OF CONIC 




Now the centre being the origin, if (r, y) be a point on 
the conic, (-jr, -y) is also a point on the conic, for which 
the condition is 

ax^+2hxy^by^-2xX'-29Y'^^'^0 

*X'+yY'*0. 

This being the condition for all sets of values of x and 
y which satisfy the equation of the conic 

X'=0. Y'*0. 

The point (x', y') is, therefore, the intersection of the 
lines 

XSrtjr f hy 
Y^hx + 6y +/«0. 

Thus X y m y. ((.) 


Tlje centre is a finite point if C 0. If C*0 and G 
and F do not vanish simultaneously, the point isatinfinitv 
If C-0, G-0. F*0. its position is not defined. 


62.1. The line 


/X+wY^O 


(7) 



forall values of I arid w exceptiug;-,„,0, passi-s tlirouKli 
the centre of the come. The line w called a diameter. 

The equation of the conic when the centre is 
thelongui can bo roatlily obtained. For X'^0, Y'^i) 

^'-ar'X' + y'Y'+Z'-Z* 

fix'* by' +•/«() 

•►c- 

a k g »0 

h b / 

< / 

6 -0' CaO 


Hence 


or 


form 


Uonsequeritly, the equation of the conic takes the 


rtr^ + 2A4ry + 6y*+ -^*0 

V 


« « 4 » 


( 8 ). 
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63. Classification of conics. 

In Art 61. the ooiiics liav'e been classifie<l accoriliiiir 

as c ^ 1. The classification in the present article is based 

oil the fox*ms of their equations, and in later chapten? the 
intleutity of the two classifications will be establislied. 


63.1. 1st case : When C # 0. 

If C ^0. the conic has a finite centre. 

Referring? tlie equation of the conic to the centre as 
orii?in, the equation is of the form as (8) Art. 62.2. Now 
rotate the axes through an angle 6 by the traiisformatiou 

* *£ cos 6 - >1 sin 6. y *6 sin 6 + »» cos 0. 

The equation thus becomes 

<j{S cos 0 -n sin + cos 0— sin 0)(5 sin0 + 'rcos^) 

+ 6(5 5*in 0 + ^ cos 0)^ + 

The co-efficient of 5»» is 

- (a — 6) sin 20 + 2/j cos 20. 

If 0 be so chosen that 


tan 20 


2h 


tf — 6 


the resulting equation in 5* ^ contain the term 5^'* 

The equation will then be of the form 


5^ 




-L + J- 

A* 
1 


Aj 


A| A: 


If we set 1^1 


-A|/:i 

C 


+6 

* <*6 - h *. 

- A^^ 
C 


then 


^ (Aj + Aa) 


- (g + 6) ^ 

C* 




AjA^. 

C? 

and the equation of the conic assumes the form 



.U) 




( 9 ) 
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(,-) If OOancl (<*♦6)'!^ <0. are both positivo. 

the eciuatioii l9) can be written in the form 

= i ....(10) 

The locos repj'esenied by lliU eiinatiou is called an 
*'Uip>ie. 

(ul IfOO. (<j + 6)£» >0, •*! and are both uejjative, 
the mpiatioo becomes 


.(lOA) 


The loctjs contains no ival point and is called an 

Uii) When C<0 anil ^ 0. M-, an<l K* opposite 

sitfiis. tlie mpiation of the conic takes eitlior of flie 
forms 

X* )L^ ^ > 

Tin* loci of these mpialions arc called kupft'Mofi. 

(ivl If in addition to C<C). <T + 6“0. then X^*-M'^ the 
locus Ims for its equation 

S*-h^-±X* ....(llA) 

Hud is ea 1 1 Oil a rrvtitnifftlai' or equUutfra! hiipet'ftohi. 

, , u u. a •1'^' 

(v) if 

.. (rt + /))»-40»or Iff -6)* +4** -0. 

Thus b- The equation of the conic is of tlie 

form 

t^+*J*»X< 

which n* presents a circle. 

(vf) When (1>0. 6 *(1, X| and Xtf have iIjc same sij^ri, 
(lie liquation of tlie conic bceuines 

V 

V 

which repr»*sents a pair of imuginatt/ firten. 

(viO Wlien C<Ct. ^ X| and Xj an* of opposite signs. 
tli(» o(|UHti<»n of the conic* assumes the form 

.v.jli.o 

whicli represents n prtir f>f tliitiinvt 
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"'‘“C-O. The .t Ih. 

. i^/ + h)‘+2gx + 2/y + c‘=0 

where i.=p* i,=ap. Also, (hen -(a^-(ig)2. 

Shift the oriirin to a point {*'. y') on the curve 54 =0. 

The equation becomes 

, ,e, , (“■*'rey»*+2*X'+2yY'=0 

where X =a{ax’ ■^fiy')+g ; Y'-/3(a,' + (3y) + ^ 

. fix'. /)-0. 

It IS possible to choose (r'. y') uniquely, such that the 
lines aa:+Py_o aiul iX +yY'=0 are at rijrht angles. For, 
this requires 

aX'+6Y'-0 

or {a^+^‘)lax'+Py') + ag + fi/=0. 

Also 0-^U'. y')“(a»'+Py'J*+2«y'+^y'+c 


Hne» 


Thus y'J is the point of intersection of the 


(a2 + p2)(<i + py) + Q 

2.. + 2/,+ct 


The point of intersection is unique and finite if 
a/--fSg f 0 i.e., ^ 0. Having so chosen {x'» y') take the 

lines 

ax + Py-0; -*X'-yY'-0 
as axes of co-ordinates. Thus 

Py K- ->X'-yY- 
Vci*+p** v^X'^ + Y'* 

The equation of the conic becomes 

,a-g tX^-»-Yy g 

Also X' = ,.(ax'*Py')+e=-Oi^^f+g 

_ -P(a/-Pg) 

a'+P«^ ■ 

Y'=p{<x*'+M+/=-^^^^ . 

• • ^ ^ a* + s* a + 6 * 
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Consequently the equation of the conic takes the form 

S 




(12; 


{a-hby 

(i» The conic is called a parabola and is real if A <0 
and imaginary if 6>0. ’ 

(*) Let now C«0, 


< - / -X 

•• -J — -g -A, say. 

The equation of the conic becomes 

(aar+Py)*+2X(«*+Py)4C*0 
or («Ar + Py + X)2-X*-c. 

which represents a pair of parallel lines. 

The lines are real if X*>c and imaginary if X^<c 
a.id coincident if X‘-c. Since A-P«(c- X*)-6c -/» and 

u'MI^rAtT it follows that the equation $^*0 

rei C^Oalul these are 

real, comcidont or imaginary, according as 


A (or 0. 




oqualion represents a 
niiite straight line and the lino at infinit}-. 

the equation ^=0 

represents two coincident «t. lines at infinity. 
abovo^artiS,'^'"'' ‘he results of the 


of 

c 

Sigo of 

Additional 

criUrioQ 

Nature of the conic. 

o>o 

1 


(<T + 6) A <0 

The conic is a real ellipse. 



(a + 6) ^ >0 

The conic is an iroagioary ellipse. 



«-6, A*0 

The conic is a circle. 


& «o 


The conic is a pair of imaginary 




St. lines. 



ANALYTICAL PLANE GKOMBTRY 


lo8 


Sign of Sign of 

C 1 A 

' Additional 
criterion 

^ Nature of tbe conic. 

C<o 



The conic Is a h 3 ’perbola. 

1 



a 

1 

1 

The conic is a rectangular 
hyperbola. 

1 


1 

1 


1 

1 The conic is a pair of real at. lines. 

c-o 

^>0 

1 

1 i 

! 

The conic is an imaginary parabola. 


^<0 


The conic is a real parabola. 


0 

II 

o 

A<0 

1 

1 1 

1 1 

Tbe conic is a pair of real parallel 

1 St. lines. 

i 

1 

1 

1 1 

A>0 

1 

Tbe conic is a pair of imaginary 
and parallel lines. 


1 

fT, bf h^O 

Tbe conic contisa of a finite line 
and tbe line at infinity. 


1 

1 

t 

1 

/i-^O 

The conic consists of two coin* 
cident lines at infinity. 


1 1 
1 1 

1 1 

i A •’O 

1 

Two finite coincident lines. 


64. Form of th« ellipse. 



1. If (*. y) a point on the ellipse, the points (r, •J') 
{~x,y) are also points of the ellipse. The curve js» there* 
fore, symmetrical tr. r. to x-axis and y-axis. 

The point ( also belongs to the conic, which 
show.s that every choid of the conic through the ongm 
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I5<> 

bisected by it. The origin is thus the centre of tlie conic 
and there is a symmetry about the centre. 

2. Writing the equation in the form 
^— 1 . 

^ a 

it is seen that y is real only if As x varies from 

“tj to 0, y increases or <leci*eases acconling as + or — sign 
i.s taken before the radical: assuming its maximum or 
minimum value 6 when x^O, and it deci'eases or inci'eases 
as r changes from 0 to a. The lines ± a meet the conic 
in concident points and are thus tangents to the 
ellipse. 

Similarly, the lines ±6 are tangtnits to the ellipse 
and it lies between these two lines. 

The .shape of the ellipse is as .shown in the figure. 

Def. The lines which 
hii*ect the chord of the conic 
drawn perpentlicuUr to them 
are called axes of symmetry. 

In the pi'osont case r“0, y^(K 
are the axes of symmetry.^ 

If axd. tlien AA'«2a and 
IW*26 ui*e calle<l the major 
and minor a.xes which lie 
along the co-ordinate axes. 

^ 64 1 . Form of the hyperbola 



If (x, y) ho a point on the hyperbola, the points [x, - y) 
yJ, (-x.-y1 also lie on the hyperboln. Consequently. 
tJie x-axis ami yaxis are axis of symmetry of the conic and 
origin 18 Us centre. The axis of symmetry (y*0) whicli 
moeU the conic in real points is called the 'transverse axis 

1 1 aaI a A ♦ it in imaginary points is 

called the conjugate axis. 

For real points of the conic or and 

tlic linos are tangents to the hyperbola. Thus no 

point of liie curve lies within the lines 
Now 
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The first part of the equation shows that if -aO or 
*>«. /y/ increases as /.r/ increases and as 3 ,-»-t-oo 

Hence the curve exteiids to infinity and does not appear 
to be a closed curve. 

For given values of x, the ordinates of points 
on the curve lie between and and as *-*<», 

y__»+ A . Hence the curve lies within the linesy=± — 

X o 

arid approaches these lines as x-*ioQ, 


Y 



The lines y——x, y*-— * are tangents to the 

<3 a 

curve, the points of contact being at infinity and each may 
be regarded as touching this curve on either side of the 

origin. For, when ar or y-* - then 

; when + qj- then 

ar «* 

. But the positive and negative infinities of a 

X a 

finite st line coincide and a st. line cannot touch this 
curve at two distinct points. The hyperbola is also a closed 
ouiwe. 


64.2. Form of the parabola y^—4ax. 

If (jfi y) be a point on the parabola, (x^ - y) is equally 
a point on the conic. Hence the ar^axis is an axis oi 
symmetry of the parabola and is called the axis of the conic^ 


If X is negative, y is imaginary. The curve thus lies 
entirely to the right of the yaxis. The line ar*0 is a Co- 
gent to the parabola at (0. 0). The point is called the vertex 
of the parabola. 
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As X increases, />•/ increases 
jnul tends to infinity with x. 

The curve is thus an open curve 
and its shape is as shown in the 
annexed 

This curve will also be 
a rlosod cm*ve if we re|tar<1 the 
Ijosltive and negative infinities 
of file St. line at infinity also 
eoi!if*i<Ient. 

Wv will show later on that a parabola may !>•» regarde*! 
imlifferently as the limit of an ellipse or a liyperbola. Tin* 
parabola so obtained is ft closed curve, for c->\, and tins 
parabola does not appear to l)e the same ns the parabola for 
which b 

Illustrative Examples. 

(I) Find the eqnnftOft of t/n' conic ichicfi thnuiffff 

/he points (;ro yi)(i-b 2. X 4, 5) no tfiice of irhicft ore 

bet the ei|Uii(ion o( the conic he 

+2/y+c®0. 

sinoe it isoes thruui;h the ]s>int$ {xi, yd (t ^ I. 2, H. 4, 5). 

A fi^d + fty * f 4*2^r: +2^yi i“l. 2 , 8, 4, 5, 

The elimination of <i, 6. /i. f, c gives the required 

4 ’l|UUti 0 l). 



y* 

xy 

X 

y 

M 

X\^ 

y* 

'lyi 

X\ 

Xi 

1 



*>y* 

Xt 

it 

1 


yi^ 

x^y^ 

Aj 

7i 

) 

*4* 

y%^ 


Xt 

y» 

1 

1 V 

y*" 

xjys 


Xi 

1 


(2) Firul the foci and </i>ec/ricc< of the eom'c 
i s 3x* + 4xy - 2x - Gy — 4 » 0. 

The loci of the conic are given by the equntioDa 

XY . 

H a 

(8«+2y-l)"-(a«-3 )» _ Wi_+2y-l)(2*-3) 

« 2 

“,8** + 4yy — 2x - Gy - 4. 



• e , 
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Th« first |>;»rt of the er^ufttion gives 

(X->yV2X + Y)»0 


or 4r*=2y+5 and ar + 4v-5 = 0. 

Putting . 5 in the second part of the equation 


C^x-*2y - I J (2jr - 3) 
2 * 


* 3 4xy - 2x - 6y - 4, 


it is found that 


2y^ + 7y f6®<» 

**• y ^ • 2 or • 

The corresj^onding values of x are J. 2. Hence the co- 
ordinates of the real foci are (I. -21, (2.-1). The equation of 
the directrix is a-Xi + yV, + 

The equation in the present case reduces to 
2a* + y-3*0 and 2s + y f i-0. 

(3) .4 cr,jt/c is ffiven ht/ the equation 

ar^+2(2X-l)Ay + AV + 2Ax + 2X‘-^y + X*+}X- J«0. 

whe/'e X is a variable para Meier iMc/i takes all real mines. 
S'hoto that conic is f/hvaps rent anrl find the wines for which 
the conic deaenerates. (Kings 1912] 

In the case in hand 

c- -.H(X- l>X-i*. l)^X + l)(X-i). 

The conic degenerates into a pair of at. lines if 

X«l,- 1, i. 

For X“ — J. or J. c<0, the equation represents a pair of 
real at. lines. 

ForX^J, c^O. A»0 the equation represents a pair of 
coincideot lines. 

Suppose now ^ 0. 

If c<0, (X - 1)(X — i)>0 and X cannot lie between i and 1. 
the equation then represents a hj'perbola. 

If X*l, c*0» ^<0. the locus represented by the equation 
is a real parabola. 

The locus will be an ellipse if i<X<I, since for such values 
ofX, c>0 Also since (a -**6) A * - (I + A*) l+X)fX - i)*(X- i)<0, 
the e)]l])se is a real ellipse. 

(4) Discuss the natrire of the conic giten by the equation 

y^Xx •H-±(a,* + 2px + -<)^- 

We require the following lemmas • 

1. The sign of the expression E*«af* + 2psr + 'f, for all real 
values of at, is that of a except in the case when E^O has real 
and distinct roots and x lies between them. 
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2. If a— >0. the equation E=0 has one infioite root, an<] 
one Koite root. The expression E clmnges si^n os a: jmsses 
through the finite root of E*0. 

Cune I «<0. 

(0 Sapi>08e that 6* — the equation E*0 has real 
roots ^1, Xz. The expression K is positive or negative aeeordin" as 
X lies or does not lie het'veen ;ri and x *. Thus y is real only if 
X lies between X\ and Xf. The eurve is therefore a closed real 
curve. I.S., an ellifwe. 

(/i) If P* — a V <0 the equation E*0 has iinagloary roots and 
the expression E is negative, for all real values of x, since 
The lo<*us, thus contains no real jioint and consequently the equn* 
tion represents an imaginary eUi|>8e. 

(frV) P* — o'y = 0, then -X|i* wliirh is negative since 

tt<0. The equation which reduces to 

y-Xx + M-lU-Xilv/® 

represents a pair of imaginary lines. 

//. a>0. 

'tl Kupixpse it is positive and x^ the real roots of 
gag. All lilies x~k with the exception of those which lie 
lietweeii the lines x^xt meet the conic in real points. The 

pMinia is therefore a hyperliola with no |«rt of the curve between 
the lines x — Xt, x^xt. 

(it) bet P^**oT<0, then E“0 has complex roots and the 
expression H is |>ositive for nil real values of x, since 
Also, y tends to infinity with x. The cooir in this case also 
IN a hyperbola. 

(ii) II P^ — o’f^Oand X, ia the double root of the 

equation represnuCs the two real lines 

y*Xx*M*lU 

C*tse III. 01 *0, the equation of Che locus is 
where 2Px, + T»0. 

(i) P ^ O. The equation E»0 has one infinite root, hence 

every line parallel to + meets the conic in one jioirit 

at infinity and another finite |>oint. The line x^X| is a tangent 
to the conic and the conic lies to the positive side of the line 
X if P>0 and to the negative side of the line ifP<CU. 
The conic is, therefore, n parabola. 

(ii) Kor S — 0, the locus is a |»air of parallel linea 

j,«xx+^*'t x/*r 

which are real, coincident or imaginary according ns 
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65- Joachimsthars ratio-equation. 

points in the piano 

of the conic- .(la,,.! 1 ;,^^ PQ 

th rntfo {"• J " t'i' •'segment in 

ixK ratio A . i. I h<* 00-011111111 tes of R are 

/ -^i *• A y yi-^^y \ . 

' 1 -*• X ‘ I + X / * 

The point Uom on the conic 0, therefore 


.(13) 


' 1+X ’ 1 + X ) 


, 0*“ A'0-t2AT + ^,-O (14) 

iT+’^v + y"*’’; • T-xX, + yr, + Z, 

homogeneous co-onliuate.s will 
be wutteu as ArX.+y*^ , +sZ, or a-jX + yjY+a,2. 

The equation (14) ^?ives two values of A to 
uliidi con^spohiU 1^^. 

formiiJu (13). The points will he real, coincitlent, or ima* 
^inary acconhng- n^ the roots of the equation f 14) are real, 
equal, or imaginary. fhe roitic ^ meH$ event Une of 

irtc ptfute ttro potittK. 

65.2 Equation of the tangent at a point. 

Let the point P (a'j. y|) l)e on tlie conic ^•O, 

1 If intersections R 

ami wiJl fall on P. J he equation (14). tlierefore has two 
zero root^ since the point (1.3) will represent the point P 
It A *U. Consequent I V 

T-0 ^^,-0. 

Thus tlie equation of the tanpent is 

7W^X,+yY, + Z, 

— ;r,X+y,Y + Z-.0 (16) 

The relation expresses the condition that P lies 
on ^ • 0. 

In particular, the equation of the tangrent at (xi. y») to 
* « 


the ellipse 


The line 


1 is 


.££l + ^| 
a* 6* 


(16 A) 


-if-- 


a 


(lb B) 


is a tang'ent at (x\ /) to the hyperbola 


-i— *1 



CON'WTIOX OF TAXGEN'CY ; POI.AK 


while tlie Hue ) 

touches the purabola y“— 4 tx at (/». h). 

An alternative method of finding the equation of a tangent 
to a conic is given below when the conic is an ellipae given by 
the equation 

9 * 

rt- 6* 

The application of the method to the other two conics is left 
to the student. 

Let (*1, yi), {xz, y>) be two points on the ellipse. The 
equation 

fx“Xi) fr • T»)_ 4.fy • — n 

represents an ellipse whose axes are parallel to the axes of the 
original ellipse and which passea through the points tx^, yi). 
the centre of the ellipse beiog the inidqtoiuC of the join of 
yi\ ix'’ y?)- 

Of the four points of intersections of the ellipses, two are the 
| 4 )ints (xj. yj). {x^i and the other two are imaginary. The 
conic 

(x-xi) X fv-yi) fy-yP « n / * y* - i \ 

] Misses through the four intersections of the two ellipses and in 
particular the points fxu yi), U-* y*)* Kor X*J, the conic re- 
<luccH to a line which is therefore the chord of the conic that 
joins the |>oints {xt» yi), (jr^ and the equation takes the 
lunii 

X (xi ^ari^xy ^yi *':»l-*ia^i4.yiys* 1 

a* 6 ^ "a^ b* 

Iwt the point (x«, y^) moving along the curve approach 
(ri, yi) iin<l in the limiting position when .V2*^X|» y2~^yi. the eqna* 
tion takes the form 

Sr.r, + + l 


a:i.+ w>. = , r.- ->^^1* + yi*. 1 

r* ^ b‘ L- a‘ ^ J 


wliich is, therefore, the equation of the tAogent. 

65.3. The condition of Tangency. Tangential equa- 
tion, 


L('l the line 


lx ♦ my 
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be a tangrent to tlie conic i- at the point (x,, y.l. The 
IS theretoi-c. icicsitical with tlie laiigent at P ce=- 

xX,+j,Y, + Z.= 0 . ' 


Horjce 


^ m n 




(say) 


liitd 


'•*' +^0'j+5 

/rr, 

+ fy\ +c^kn -0 

IXi +myi + M — 0 

smcc (x,. y,) lies on the line. The elimination of 
xi - yi. -A jrives tile requiretl condition 


a h g I 

I 

' h b / m 

^ g / C n 

' / m n o 

i 


*0 


or At< + Bm* + C>»‘ + 2F»in+2U«/ + 2 H/»j =0 (16) 

whero A. B etc., are the co-factors of the correspomlina 
>:mail lottoi's in tlie determinant 



a h g 
h b / 
g / c 


Def. The condition of tan^^ency of a line with a conic 
IS called the tangential or lino equation of a conic. 

66- Equation of the normal to a conic. 


Let P(ai, yi) be a point of the equation of the tangent 
at P IS 


•*^X,+yY,+Zj*0. 

Consequently, the equation of a Hue thro ugli P at right 
angles to the tangent is 


X-Xj 

Xi 


y-yi 
Y, 


(17) 


67. Equation of the polar of a point 

LebP (a?!, yj be the point whose polar tc. r. to 0ns 
required. If Q be another point in the plane of the conic, 
the ratios Xj, Xj, in which is dividoi by the points hB 



CHORD WITH A OIVEN im>-P 0 JKT 


IG 7 


ami S of its intersect iotis with ^ are ffiven l>v tho eoiial it»(i 

(Ck), 14 ) 

X*^+*>A T + >i=0. 

If (PQ. RSi* - 1 . tho locus of Q is the polar of P. Put 
tlie condition that the se^rmeiit PQ be harmonicallv dividoil 
hy R an. S IS that A, +X.*0. or T«0. Thus tho* locus of 
Q IS tlie line 

Ts,X,+yY, + Z, 

'n .• • *‘*'1 X+y,Y-^Z «0 ( 18 ) 

IJie eriuation in liomostoneous oo-onlinates will be 
written as 

Tsx X| + y ^ » i X +ji Y + «|Z^O. 

The tollowing' partieular cases may be noted. 

riio polurs of tlie point {xj. jilwifh respect to tlie 
(oiiiex jriven l>y the equations 


n 




). 


_2 


HD* ivs)jec'tivr*ly 


y* 

6 ' 




4 . yyt - 


*1 


6 * 


a 


I 


yyi -' 2 a (x*x,} 


(IH A) 
(IHP) 

. ...(IHU) 

1 . If the point P Ih* «l iiifinitv Its eo-ordl. 

\v Im h passes tliroiiirli tlie centre of the conic. ^ 

2. Die reirnirks inmle ax reganls tho definition of n 
l-hir . e. to a cir<d<. equally apply to the presenl Z* 

0 /. I. Conjugate Points. 

Tjn;syinnietry in the oo-onlinales of P «i,.r tJ J,. 

Sueh hues arc‘ ealled conjugaU lines. 

67.2 The pole of a line. Conjugate lines. 

'i’lniK is.! - » 55, 

I m „ 
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or axi +hyi~ kl-^-g^O 

hxi'^byi^kfn +/«() 
fixi ’^fyi-kn+c^i). 


Hence .vi 

a 

h 

t 

+ 

g 

h 

^ ! 

1 

1 

' h 

b 

m 

1 

f 

b 

m 


e 

/ 

n 

1 ^ 

c 

f 

ti 

.Vi 

1 

1 ^ 

h 

1 

+ 

a 

9 

1 

1 


b 

fti 


h 

f 

m 


g 

/ 

n 


g 

c 

n 


Ai + H»J + Gri H/ > Bm F/i 

**“■ Gi + F«. + C« Gi + Fm + Cn 


If the pole (*i, yi) of Ix-^my^n^O lies on 

/‘A + w'y + «'-0, 

we have 

A/l' + Bwm' + Cnn' + F(mi/ + m'n) 

+ G(«/' + n'/) + H(/m* +/'w) *0 
which is the comlitioii of conjuftAcy of the lines. 


( 20 ) 


68. The equation of the chord in terms of the co* 
ordinates of its mid. point. 

Let P (ati. yj) be the mid. point of the chord R S of the 
conic f. If Q be a point collinear with P, R. S, the ratios 


PR 

RQ 



— Xt are the roots of the equation 


y) + 2AT+^(*„ y,)»0. 


Since 


But PR 


PR .. PS . 

RQ SQ 

PQ _ 1 + Xi PQ _ 

PR X, PS X, * 

-PS, 


hence 


H>X| _ ^ 1-fXg 
Xi Xg 


or Xi+Xj + 2 X 1 X 2 — 0 

I.S., T*9^(Ari, yi). 


Thus the equation of the chord is 
xXi + y Yi + Z| * , y j) 




OONJl'RATE PIAUETERS 


iCiO 


68.1. Locus of the mid-points of a system of parallel 
chords. 

Let Pixi. yj) be the mid- point of one of the chords of 
slope m. The equation of the chonl bein^^ 

A:X| + yYj +Zi — ^(ar|, yd* 



Thus the locus of (* 1 . yj) i« 

X+«iY-0. (2*2) 

which is a line through the centre. The line is callctl a 
diameter. 

Conjugate diameters. If ttco diumf (*•»'.•< av** nuvh that 
fkt> firM hinfcin ckortU paraihf to the Mfcond, thf'n the seroml 
hiKectH ckordn pnraUei to the ftrf<t. 

Ijet X + mY*0, X + m' Y«0 be two diamcleix. 

The diameter X + oiY— 0 bisects cljonis of slope m. 
If those chords are parallel to the diameter X + w' Y *0, 

tf m'h 

bmm* + A(f»i + »/) +(i •(), (2li) 

and since the relation remains unaltered if mi and arc 
iutcrchatifteil. the proposition is proved. 

68.2. (Conjugate diameterH of a rontc a re conjufufte 
itneH through the centre of the conic. 

1 X + Ml Y =0. X + »i*Y»0 he the diameters. Suppo.sc 

fho pole of the first is (ar . y'). therefore 

X + «Y-0aml .r*X+yY + Z-0 
a^^ identical, consequently 

y/ 

w and ce, 

'Ihis point lies on the second diameter, hcjice 

X' + miY'*0 

(« +/»m) + «'(A +6m)-»0 

bmm' ^hlm -O. 

This condition is the same as (23). He.ico wo inav 
also (lohiio a pair of coiiju(rato diameters as follows : — 

1 9*^' ^,I“'''of'*'an'c‘eM»orolate.l timt each bispcte 

chords parallel to the other arc called coiijn^'iit.. diameters. 



170 


A.N'AI.YTU AI. I'l.ANK <iEOMET«Y 


68.3. Axes. Perpeiulii-ulai* conjugate diameters are 
called the axes ol tlie conic. 

Let X + »«\= 0 . X + m'Y*0 be coiijugate diameters. 
The >jlopes ot these iliametei> are m' and m. Since they are 
at right aiigle.s 

tnin' + 1 * 0 . 

TIu* diaincter.«5 being conjugate, tlio condition (:23) i.s 
.'‘Utisfied which in virtue of mm' + l*U becomes 


m + in * 


b ~ a 


Tlie joint (Minatiou of t lie axes tlieix*fore is 

0-(X + ./,Y)(X+m'Y)-X^+ — XY-Y^ 

h 


or 


X* • 

rt - 6 


XY 


(241 


Tlie eqaatiou (3) sliowa tliat tlie foci lie on the 


axes. 


Exercises XVI 

1. Show that the abscissto of tbe points of intersection oi 
the line y^nix + c with the conics 

nrc given by the equiitions 

+ 2a^fi,cs + * 0 

(u^m^ • 2a^mcx + < t *( c * + 6 *) *0 

m^x^ 4 2x* me “ 2^1 +^'• 0 . 

(i) Show thst the points of intersection are in encli case 
ren), coincident and imaginary according as 

fc*<,“or >0, wc<,*or ><t. 


(ti) Show that the tangents to these conics l arallei to tie 
line y“ mx are 

y^ y** wx± v' a*m*- t*, ^ • 

(nV) Show that tbe lengths of Che chords interceitcd on 
the line y"^mx + c by these conics are respectively 

2a h [(l + »Wm* + 6*-c'))*/(aW + i') 

2a^ — 6*)J^,4[rt'l +«»*/(<» • 

2. Show* that the equations of tbe normals to the conics 


* ^ y . y 





I'KNCIL Ot' CONICS 


are respecCively 

AZJL « y "y> 






- y -yr 



y — * .vi 
•J»i ‘-i'* 


3. Kiod the ef(UAtion of the U&es which join the origin with 
the intersections of the line fx + my 11 ^ U and tli^* conic 
Deduce also the tangential equation of the couic. 

4. Show that the locus of the ini<U|ioint3 of the chords 
which pasi through the point (xi, y.) is *X| + y Y| + /C| = 


69. Forms of Equations In prc^nt siuition. conics 
will be dt»iiotoiH)y ^*0. and lines by Tin* 

Tangent to the conic at the point ( w. tvl will be denoted 
l)y 'I'l * 0 . 

Theorem. Ttro vonkt* inteiK^vt i$i four poiuh. 

To find the points of inlci'sectio i two conic^'i, we 
have to solve flie eqnatunH in k and y. To <lo so. wo write 


their oquations as quadratics in x 

«Tx^ + *2x(Ay +g) + 6y’ + 2/y +c»0 ... ,(|) 

+ -t-i/y + c'-O (ii). 


Wc then olimluatc x In tho usiiul way and get an uriua* 
tion in y which is of tlie fouilli degree. The roots of this 
equation anMhe onlinnies of flic points of inlersection of 
tlic conics ^ and '1'. Wo can eliminato from tlio above 
quadratics anti obtain a linear equation for r in terms of 
y. Thus tfic four coirespoiiding valnos of x chu ihirn he 
dot onni noil. Hence w« soe that lliero ai*o only four points 
of intersection. 


As regards the naturo of the points of intcrseijlion it 
may lie pointed ont that they can bo all real, two rea), ainl 
two iniagi nary » four imaginary ocemring as conjugate i) 5 iirs. 
two paii-s of eoineiileiit points, two coiiieident, three eoin- 
oident nr four coiiieident points. 

^ye now proceed to interpret the various forms of 
equations obtaine<l by the combination of the equations of 
two proper or degjmerato conics 

70. The equation 


t* + X *0 ( 05 ) 

i« nftho secoii;l (ie(rr,.c. «n.l is..atisfip,n,v tlip valiu-s .if , 

ami y which ainiultancousJy satisfy ^w(). •Jr.o 

'Ix-ourIi til,, four points of 
hnwotionaof^ Hml + Hml ilnsiuimlioris oiio loss tl,„n 
he number of points wliicdi determine a proper eonic*. The 
U'jiiation (in) lliprefoie rppr.-s,.nls ofrnnir*. 
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70.1. Let the conic '^-*0 break up into right lines 

L| and L*. The conic meets the line L, in 
A and B and in C and D. 

The equation 

^ + A L, (26) 

therefore represents a pencil of conics 
whose base points are A. B, C, D. 

if the lines 

L|*0, intersect on the conic 
then the conic 0 + AL,L,*O touches ^*0 
at the point of intersection of Lj*0, 
1 ^* 0 . 



^9*?* the line Ltf move up ami ultimately coin- 
cide with L, so that C coincides with A and I) with’B The 
equation 

( 27 ) 

A ® pencu ot conics whose base points aiv 

A. A. B, B. The conics of the pencil, therefore, touch each 
other at A and B and are said to have a double contact. 

As a particular ease, if L,-0. U*0. L»«0 be the equa- 
tions to the thvee St. lines, the equation L*L,-AL,* i-e- 
presents a conic to which Lg^O. Lj^O are tangents and 
A I*? fhe chord of contact. Interpret the equation 
+A u, where P^O is a conic and m *0 a st. line. 

70.3. The equation 9^ = A L represents a conic through 
intersections of ^-0 with the line L*0 and the line at 

Thus 9^«AL and ^*0 have their asymptotes in the 
same direction. 

As a particular case if ^«ajc^ + y*-r**0, the equation of 
any other circle *’+ y* + + 2/y+c -0 is of the form ^-AL. 
Thus (any two circles intersect the line at oo in the same 
two circular) points. 

The equation 3 ^= Ax represents a conic which touches 
the line at 00 and the line *=0 where they are met by the 
line 

70.4. The equation ^ = A represents a conic which has 
double contact with ^ *0 where the line at meets it; and 
these conics have therefore the same asymptotes. 

If^^O denote a circle. ^“A represents a concentric 
circle. 

Hence two concentric circles have double contact at the 
circular points. 

70.5. Suppose that the line Lj is the tangent Tj to the 
conic p at C, then 

<^+AL,Tj-*‘0 (28) 



PEKCIL OF COX ICS 


17:) 


is the equation of a pencil of conics which has A. B. C. C 
as base points. All members of the penciUhorefoi'e touch 
at C. and cut at two distinct points A and B. 

If the line T, is a tangent to P at A. the pencil of 
conics given hy tlie (oy) 

has three coincident base points at A. and fourth point at B. 
The conics of the system are said to have a <fof/hie co)}tavf, 
a contact of the 2iul onlen at A. 

Interpret the equation ^»XT. 

70.7. Tlie conics of the pencil 

0+AT,*-O ...m 

have four coincident base points. They are sai<l to liave 
‘four poiutic contact* or contact of the tliir<l oixlcr, 


70.8, Tlie equation 

^ + XTiT,»*0 
i.< another form of 170.2. 27) and 
conics having double contact at the 
flic tangents T|. Tj. 

70.9. Ii<*t P also break up into 

two riglit lines The equation 

L, U + X!i, U-0 . .m 

then repi'esent.s a pencil of conics 
witli A, B, (j. I) as ilic base points, 
since tlic equation is satisfied by the 
eo-ordi nates of points vvhei'e Lj and 
li* are met by L| and I... Hence if 
H conic circumscribe a quadrangle 
A BCD. tho proiluct of the perpendi- 
culars from a variable point P of 


... m) 

repi'esenis a pencil ot 
point. s of contact of 



Li 


the conic on tlie sides AB. CD lieai^s a constant ratio to tlic 
proiiuct of perpendiculars from P to the sides AD. HC 



70.10, A particular case of 
the above equation is when Li 
and Ijz coincide. The equation 

Wi4 + XL,*»0 m) 

i*epreseuis a pencil of conics 
whose base points coincide by 
two at A anci D. 

The conics of the pencil have 
double contact, the lines L). Lj 
being the common tangents and 
Li the choni of contact iv.f. 70.2). 
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Exercises XVII 

1. Prove that ftH conics through the intersections of' two 
rectangular hyperbolas are rectangular hyperbolas. 

2. If two rectangular hyperbolas intersect in four points, 
each point is the ortbocentre of the triangle formed by the other 
three. 

3. If a rectangular hyperbola pass through the vertices of 
a triangle, it will also pass through the orthocentre. 

4. Prove that two and only two parabolas can be drawn 
through four given points. 

5. Show that only one parabola can be drawn touching a 
given conic in two given points. 

6. Show that only one recLangular hyperbola can be drawn 
touching a given conic in two given points. 

7. Show that the eQuaiion of a parabola touching the axes 
at points A, B distant a, b from the origin nay be reduced to the 

d. Find the equation of a conic paasing through the point 
(2, - 2) and having double contact with cbe conic 
2*^-8xy + 6y^+jr + 2y- 1 --0 
where it meets the y*axis. 

9. Show that there are three values of X for each of which 
the conic P breaks up into a pair of st lines. 

71. Envelopes. Let P(x, y) be an arbitrary point 
of a plane which is siibjecteil to certain geometrical condi- 
tions. The point will trace out a locus whoso equation can 
be determined. If the number of conditions is not sufficient, 
the locus will not be unique and its equation will contain 
a number of arbitrary constants which can be determined 
by imposing the requisite number of conditions. Thus, for 
example, a st. line is uniquely determined if two points 
on it be given, If only one point {x\ y') be given, tho 
equation of all lines through it can be represented by the 
equation y — y' • m(* • x:'). By varying m we get different 
lines all belonging to a pencil and for a definite value of 
nt we get a perfectly definite st. line of the pencil. As 
another instance, the equation Cj + AC«*0, where Ci— 0, and 
Cj— Oare circles, represents a family of co-ax al circles whose 
equation depends on X. The quantity X is called a variable 
parameter and the system of curves is said to depend upon 
one parameter. The equation of curves* XCj +>**C 2 + vCj*0 
depends upon two parameters. Thus a system of circles 
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With a common i*a<Hcal centre depeiuls upon two jiaia- 
metors. 

Def. The envelope of mtijefem or famihj of vurrex is tf 
vurvp lor group of liner > irhivh touehe^ every meiuher 0 / the 
fainift/. ond tchivh. at each pointy ir touched htj sonte member 
of the famitff. 

71.1. I^t /(:r. j. a)-0 lie liie equation of a family 
of curves wIuelMlepeiicls upon a single pai*ain'*ter a. U 
wc give ro d a particular value u,. we obtain perfectly 
a (leliiiilc curve of the family. Now give to u the value 
«i +Sfli. Tlie coiTCspoiniing curve \» then iv])resont(Ml hy 
tlic equation /ir. y. + These I wo curves cut each 

other In a ocitain number of point.- atnl wlieri tlu'se 

points Brecalhnl the ultimate iutei sect ions of tin* two curves. 

Oonsiilertlic curve 
of the family which 
is met by curves (I)' 
arui (111 of the family 
in points P and 
respec f i V e I . Sn p jmsc 

tliat each oflliecun'es 
0) and (!1) uppi'OMcli 
itnlefinitcly close to the curve (*2). The poitUs P and H 
alsoAppi'fiuch coineidcnce. and lienee the curve touches 
the curve (‘2). 



Thus the /m-ns of the Hltimate interrevtioim of the eurres 
of the ft unit If fi.r, 1 /. <*) — #> /*. iu generaf. the enrriope ofthv 
ftiinilif. Kor the envelope may .•it ill exist when tin* neigh- 
bonring members <lo ucu iulerseet. and thus, tlierc Is no 
locus of the ultimate iiitei'scci ions of the members of the 
family. 

71.2. To find the envelope of the family of curves 
/(jr. y, a)«0 . .(34) 

where a is a parameter. 

Let/U. y. = be. a curve adjascent to /(r.y,ci)as(). 

The common points of tlie two curve's satisfy ihe equal ion 

fix. y, a + y. a) — (t 

. /tx. y. y. a) , 

it 

unci as S«"*n. this approaches 

' 0-0 m) 

where y. «) is the derivative of /ix. y. a) le. r, to «. 

The envelope of the family “will. theix*fc)re, be obtained 
hy the elimination of « betwemi the equations (ii4) ami (35) 
The eliiuinant is called the e •discrimioant. 

$ 

,r 
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Remark. The a-<liscriminaat of a family of curves 
may contain factors which equafo<l to zero will give loci 
which are not touche<l by the members of the family, and 
are not, therefore, envelopes. 

The complete rigorous discussion of the subject is 
beyond the scope of the present work. 

71.3. To find the envelope of the family of curves 
f{x. y, X«A*P + OXQ + R-0 

where X is a variable parameter and P, Q. R are functions 
of X and y. 

y. X)sXP + Q»0 

Elimination of X gives the equation of the envelope, 

VfZn 

Q'«PR (36) 

The result may be obtained otherwise thus For a 
given set of values of x and y. the equation X^P +2XQ + R*0 
gives two values of X. Xi and X^. which are the parameters 
of the curves which pass through the given point If the 
point is on the envelope, these curves are acQ ascent curves, 
and therefore. Xi-»Xa. Hence 

71.4. To find the envelope of the family of curves given 
by the equation 

fix, y, e)^P cos © Q sin e- R 
where © is a variable parameter, and P. Q, R are functions 
of X, y 

/^(x. y. ©)s - P sin © + Q cos 0« 0 


Squaring and adding we get tbe required result 

P* + Q*-R* 


Or, if we put t 


, © 


COS ©• 


illl 


sin 0— 


(87) 

2t 




tbe equation of tbe family takes tbe form 

/*(P + R)-2<Q-(P-R)-0 

and tbe envelope of tbia is by Art. 718. 

P^ + Q*»R». 

71.5. To find the envelope of the family of lines 

whose CO- efficients are connected by the relation 
o/^ + bin* + + 2/m« + 2gn/ + = 0. 

If we eliminate n between tbe given equations, then 
tff* + 6m* + c(fa: +«y)*- 2 (/ot + my) + 2 W w 0 
J.S., +CX* - 2gx) + 2lm{cxy + X -/x - gy) 

+ m\b - 2/y + cy*) «= 0. 
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For a (/iven set ol values of r and y, there are t^^*o values 
of I : m. *rhus, tbrou^b a point, two lines of the system can be 
drawn. If the point PU.y)is on the envelope, the lines approach 
coincidence, and therefore, the above quadratic in f i m has equal 
roots. 

Hence 

[a - 2 gx + c*% - 2 /y +cj^)» (cxj» + h -/* - 
which reduces to the form 

AA* + 2H;ey + lJy^+2G* + 2Ky + C*0 
where A, Jb etc., are co^factors of (t, b, etc., in the determinant 

I <t A g 1*0. 
b / 

I < / € 

Solved Examples 

(l) iinii ihf enrehpt of fAe famity of coitit's given //y the 
eq It at ion 


X 

r^ + X 


i 

•X 6* + X ‘ 


The equation can be written aa 

X* + X(a^ + 6'-x*-y') + (nV-6V-oV)-0 

The envelope of the family is aiven by the equation 
{x^ + - aVl *0. 

The equation ran be written as 

U1 v/4i»-6*y + y^*U 

wikich represents two psirs of isotropic lines throu^ch the jioints 

(2) Find the envelope of the system of lines 
ax cos 6 + Ay sin $ = c 
l)iffcrenliatin*i w. r. to B, 

ax sin d - 6y cos 6*0. 

SquarinK and addinp we lisve the envelope 

rtV + AV *0*. 

IH) Find the enveh/te 0 / the famiiy of lines + «jy + « •O 

when I, m, n are ronnecled by the relation + 

The equation aH^* 6W*c*(fx + my)* 
or fV- t^x^} - 2lm<^xy e - c^y**)- 0 

tfives two lines of the system that pass throufib (a. y). If 
the point U, y) lies on the envelope, the two lines will coincide 




178 


AKALYTICAL PLANE OEOMETRY 


Exercises XVill 


1 . Fiod the envelope of the lines = + where i 19 
the parameter. 

2 . Find the envelope of the lines y*= w* + when 
rn varies. 


3 . N is the foot of the perpend icuUr from P(<r/*, 2 (tt) on the 
ar-axis. The parnllelogram ONPQ is completed. Show that 
the diagonal NQ touches the parabola ISaar^O. 

4 . A line moves so that the sum of its intercepts on two 
fixed lines is constant. Show that the line always touches a 
para bo la. 


5 . A line moves so tliat the product of the perpendiculars 
drawn on it from the points ( ±ff, 0 ) is the constant k. Show 


that it envelopes the conic 




- 1 , 


X+a* 

6. Show that the Hoe that joins the points {aco$Q, dsln^li 
(*rr sin 0 , b cos ^), Q being the variable parametert is the conic 


a» 6* 2 • 


Exercises XIX 


1 . Discuss the nature of the following conics. 

U) 6js^ — 4ary + y*+2x-y*0 

( 11 ) 3s*-4sy + y*+2Ar- y = 0 

3ar’- 4ry +y*+ 15ar- 6y +7"0 
(iv) 2af^ - 7a:y + 3y^ — 9jr + 7y+ 4*0 
iv) 4s*- I2xy + 9y* + 4;r-6y + .H“0 
(vO — 12a:y + 9y* + 8jr + l2y-7*0. (Niewen glewaki) 

2. Discuss the nature of the conics represented by the 
following eQuations, X being a variable parameter which assumes 
every real value 

(1) »* + 2Xxy + X^ + 2Xar + 2y + X + l — 0. 

Ut) ar* + 2Xsy + y^- 2Xx + 2y + 2«0. 

Uii) Xx^-^s-y + Xy*- 2<X + l).s + 2y + 2*0 
(iv) *f-2X4:y +(X'**2) y*- 2 s- 2Xy-3*0. 
iv) ** + 2Xary+y*-2s + 2y— X“0. 

{ vt) Xx* + 2Xsy + y* - 2jr - 2Xy + X -» 0. 

(Anbert and Papelier) 

3. Discuss the nature of the locus of the following equa 
tions : — 

(t) 3 .= 2* + 1 ± V u* - 1) 2* (X +1) +' 12X - 1;, 

where X is a variable parameter. 
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it Find tbe envelope of the lines y + fa* = 2<Tf + where 
/ is a variable parameter. 

5. Show that the envelope of the circles 

where + is 2y* + 2fc*»0. 

6. Find the envelope of the poUn to. r. to the circle 
* +y + 2g4r+2/y + c*0 of points that lie on the parabola 
y—iax. 


7. Show that the polars of the points of the circle 

Hr. *"• Ar*+y*-6* is the conic 

rtV + y*)“(A* + *y-6*>* 

H. Show that the polars of the points of the circle 
x* + jr*6^ w. /•. to the circle (ar- + (y - = is the conic 

h*((Ar-/i)* + (y-W*]w(Mx-W + *(y-4)+a*^ 

9. Show that the poUrs of points of circle ar*+y^-2ii 
w.r.to the circle AT* + y**<H touch the conic + 

10. Show that the envelope of a st. line which is such that 
the circles ar' + y*-2X» + 5*-ir* + y^- 2X'* + S*-0 make equal 
intercepts on it. is the parabola y*-2(X + X')*. 

11. The centroid of a trianicle inscribed in the hyperbola 
Ay* a 19 at the point (aX. 0)* Show that its sides touch the conic 

dsy— (a+3Xy)*. 

12. Find the pole of the line y + 2-0 w. r. to the conic 

** + 2Ay-y*-4A-6y-l-0. (ifath. Trip. 1932] 



CHAPTER VIII 

ELLIPSE 


72. lias l>eeri Khowti in Chapter VIL that the 
equation of the ellipse can be mluced to the canonical 
form 



when the major axis anil minor axis be along the ar-axis 
one I y-axis respectively. Tlie two axes are the axes of 
symmetry of the ellipse ami the origin Is the centre. 

The present chapter deals with the properties of the 
ellipse. 


v/72.1. Geometrical Method of Generating an Ellipse. 

Ait et/ipue hfiett depited to tte the loeun of a point 
irhich move^ in a plane, ench that ifn distance from a fi.red 
point Hearn a vonntant ratio tenn than unity to itn dintnnee 
from a fi.red fine. 

Tlio fixed point is called foens, the fixed line the direc- 
trix ami the constant ratio the eccentricity. 

We proceed to obtain its equation in the form 



1 from this definition. 


Let S be the focus, MZ the directrix and 4 theeccentri 



citv. Draw SZ perpondi- 
ciiiar to MZ. Divide SZ 
in the i-atio « : 1 at the 
points A and A', so that 
SA»«.AZ, A;S*-e.A'Z. 

The points A and A' 
, are on the ellipse. 

A Let A A' and 0 

be the mid-point of AA • 
with C as the origin. Let the 
0) and the equation of MZ x + * 

•s of an arbitrary point P on the 

ndicularonthe directrix, the con-' 
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+ - x'^ 

Since y*0 cuts the cun-e in A ami A' wiiicii aiv cnui- 
(iustant from C. 

^Li ^ 

and «*- 

Til us tlie equation takes the form 

^ — - 1 


wlllH'C* 




Kvi<k*iitl>* OS* -<»«. OZ* - . 

Wo know tlml the focus of a conic is the intor- 
^^sottiou of tlie taujjouts DUO from oitlioi* ciivulnr i>oint ami 
the corresjjoiidins directrix is the polar of tliu focus ir. r. 

to the conic. Now the equations of thu four isotropic tun- 
ffimts of tlio ellipse iii que st ion ar c 
y *1* + iVtf*- 6* 
y« - ixti v'a*-**. 

The tii-st pair intejw't tlie other pair in four points 

wliioh are tlm foci of tlm ellipse. Sinw a >6. the first pair 
of foci is i*eal and lies on I ho x-axis and the second is iina« 
ffinaryt and lies on the yaxis. 

Since <«. it is convoident to i*opreseat tliis cx* 

prcsHion as a tract imi of tlie somi-inajor axis 'a. Aceoixl- 
iug:ly we set 

0 < # < I 

or 6**rt*(l“«*). 

The co-oixlinatfts of the foci are then (±aa. 0). (0. ± iae). 
The equstion *1 of the ellipse can then l>u 

written iu tlie form 




If PU, y) he any point on the ellipse, the leftdiaml side 
of t lie equation is the square of the distAuce P>S of P from 
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fociis S( - at. 0) anfl the right-hand side is e’PM^ where 
PM IS the measure of the perpendicular from P on the 

corresponding directrix x + ~=0 

€ 

It has thus been proved (hat ihe ratio of the distances 
of ani/ point on an from a focus and the correspondina 

dtrevtnx is a posit ire constant less than unity. 

A similar concKision can be drawn when the equation 
IS written in the form 

+ (2) 

Note. The equations of the two directrices corresponding 
to the real foci ( - ae, 0), {ae. 0) are 


'V. 


* + ^-0. 

€ e 

. 73.1. The points S(-*re. Oh S' {os, 0 ) bein? the foci 

and Fix. y) any point on the ellipse, it follows from equa- 
tions 


x-^ - - 0 , 

tf 


fT 




that. _ SP-4 + « S’P-a-« 

SP + S'Paa2a. ...,..(3) 

Thus the mm of the distances of any point of an 'ellipse 
from Its real foci ts constant and equal to the length of its 

major^axis. ^ ' 

The base of a triangle is fixed and the sum of the other two 
sides IS constant, show that the locus of the vertex is an ellipse 
whose foci are the extremities of the base. 

, , 73.2. Geometrical construction of the real foci. 


B 



LetAA', BB' (-2<», 26) 
be the major and minor axes 
of the ellipse. With B as 
centre and radius equal to 
, a describe a circle cutting 
A AA' in S and S'. Then&S^ 
are the foci. 

It is obvious that 

cos CSB®s. 


73.3. R^tuni. Dcf. The length of the chord 

drawn throngh the focus SorS' at right angles to the major 
axis IS caUed the lotus rectum. 



If LSL' be the latus rectum, the co-ordinates of L arc 
(- ae. SL). Since L lies on the ellipse. 

aV .SL*., 

6 * ^ 

SL^ = 4 


LL'=2SL = — 
a 


(4) 


'0 74. To interpret the inequation — • 1 < 0. 

Let P(r, y) be a point in the plane of the ellipse. Join 
P to tlie centre C to meet the ellipse in Q (.r', v'). Suppose 
CP*r, CQ-P and Z.A'CP«e. then 

cos 9. y»r»iu 9. x'^9 cos 9. >* *P sin 9. 

Now P is outside orinsiile the oilipse accord injj as 
But since Q lies on the ellipse 


PVos*© 

.1 


sill* 9 


/ 


or 


coh*9 . 
""13“ + 


a' 

siir^ 


i— »l 


J 

1 


^ if P is outside for thou r>P 
and < if P is inside the ellipse for llien r <P. 


Thus ( 


cos*4 ^ siii*0 




I* 6 * / ^ a* 6 

according as P is outside or in.side the ellipse. It is tlius 
seen that as • l®0 is the analytic representation 

of all points on the ellipse, the iiieouation 

«• ti* 


IS the analytic reDresentatioii of the region of the pla 
that lies outside tno ellipse, and the ineouation 


lie 


inequation 




"nCr"*" ‘*>“1 lies inside the 
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75. Auxiliary circle. The circle whose diameter is 
tlie major axis AA' of the ellipse is called the major au-vUi- 
ary vii'ch. or simply, the auxiliary cii-cle. 

If P be a point on the ellipse and MP be di*awn per- 
pendicular to A A', the point Q where MP meets the auxili* 
ary circle is said to convspoiid to P. 

l^imilavly. the circle drawn on tlie minor axis as dia- 
meter is called the minor anxfJiary circle. If P be a point 
on the ellipse and the perpendicular PN on the minor axis 
meets the minor auxiliary circle in Q'. then P and Q' are 
said to correspond. 

751. In an ellipse, the locus of tlie foot of the per- 
peinlicular from a focus on a tanpfcnt is the auxiliary 
ciix'le. 


The line y - mx^ 




touches the ellipse — , + 

tz 0 


for all values of m. 


Consider the focus (n^, <)). 


The line throuffh the focus and perpendicular to the 
tani;ent is. 


my + 


We eliminate by squarini; an<l adding the two 
equations and thtis get the equation of tho locus 

In like manner, the feet of the perpendiculars from 
the other real focus on the tangents lie on this cii'ole. 

But the feet of the perpendiculars from the imaginary 
foci on the tangents lie on the circle + 6*. 

75.2. Eccentric angle. Freedom equations of an 
ellipse. 



liet P and Q be two cor res- 

y ponding points on the ellipse 

^ sP \ find its auxiliary circle. If the 
//^n\ angle A'CQ**0. the freedom 
/ ^ equations of the auxiliary circle 

L X—4X COS 9, y^a sin 9. 
The^bscissa of P/is a cos 9. Since it lies on the 
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Hence the freedom equations of the eUipse are 

cos 0, y=6 sin G. (5) 

It follows that the ordinates NP, NQ of the correspon- 
ding points on the ellipse and the auxiliary circle are in the 
ratio oi b : a. 

The angle G is called the eccentric angh of P. Tlie 
point whose eccentric angle i$ G is called the 8-point. 

The eccentric angle of the other extremity P' of the 
diameter through P is 8 + *’. For the point 8 + w is 
(— ff cos 8.-6 sin 8) and this lies on CP as well as on the 
ellipse. 

The equation of the ellipse «1 in the para- 

a 9 

metric form may also be expressed as follows 

Writing the equation in the form “Jt “ "P" 



We have 


2bt 

1+/* ’ y* X+F" ' 


76. Equation of the chord joining the points a, o'. 
The equation of the chord is 
s - cos a ^ a(cos « ^cos ^ « sin i (<t 

y - 6 sin a Wsin « - sin «*) b cosTTcT+oX 
which reduces to 

* cos i (* + *') + *1 sin J(« +«')«C08 !{*“«'). 


76.1. Equation of the tangent at «. 

,v point moving along the curve approach d, 

the limiting position of the chord, m., the tangent at a has 
the equation 


•^008® + -^ sines]. (6) 

If the point of contact bo y), cos a, y' - 6 sin® 
the equation of the tangent is 
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; Cor If <» + the equation of the chord («, a') 

; becomes 

I cos sin ^ *coR i (a — a') 

r tr if 

i which vepivsents a Kystom of chonis paraHei to the tangent 
: at 

Hence /hr a of parallel chonh.fhe of fhe 

evcentric affglet of their txiretnitieft in crtfiaiafU, and ix equal 
to double the nxeniric angle of the point of contact of a tangent 
parallel to the chaf'd. 

• 76.2. Tangential Equation of the ellipse. 

•X' L>*t /.v + wy + u — 0 be a tangent t4> the ellipse. It is then 
for sonic a identical witli 


X 1 • - 

— COS a + T' SUl « 

a b 


co x a 
al 


Hin a 
bm 


n 




•h 


n 


(8) 

We give an alteroative method for findlog the conditioD tlist 


the line 


lx + »o +« ” ^ 


may toucli the ellipse ^ 


1. 


The lines joining the origio to the points of intersection 
are given by the equation 


X 

a' 


i.e.. 


r- 

(-^ — 5") 2 ^ (7*- " ^ 

If the line touches the ellipse, these two lines coincide. 

M _l I _ ^ \f I mM 

Thus the condition is 

76.3. The product of the perpendiculars from the 
real foci on any tangent of an ellipse is equal to the square 
on the semi-minor axis. 

(ae, 0) and ( - tre, 0) are the real foci of the ellipse 




1. 
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Any Undent i« x cos « + y sin V'^’ eos^a +6*siira. 
Let be th e perps. from the f oci on It. 
p\“y/a* cos* « sin^ « •<»« cos <*, 

Pz^ v/tf*co8*a^fc'sin*^ +«« cos « 

. '• P>Pi - (<** cos* « +6* sin* «) - (a* - z^) cos' « « 6*. 

In particular the line 

y^mX > / fl*m*+6* 

is a tangent to the ellipse for all values of m. 

76.4. The equation of the tangent at a point ^ is 


or 




*^cos0 + *L 

a 0 


>-.t + y 

l + H 6 


'It 

i+V 


0 

1 where /=tan 


i a., 6H(* + a) -2a/y + 6(<j -jr)— 0. 

Kor a tfiven value of x anci y. there are two valnea of 
t. hence from an arbitrary point two fanKfiiits ran be drawn 
to an ollipau whicli are real, coiiiculunt, or iinaf^inary, 
according; as 

aV-6V-*’)^) 

- . 

i.€.. accoriiinfl: as tho point (x, y) is outside, on or inside 
the ellipse. 

77. The equation of the pair of Ungents through a 
point. 

Let Ui. yi) )>e the point from whicli tho tanifojits uru 
drawn, then 

^'ix*a) - + 6(<»“*)«0 

brCxi + o) - 2a|yj + Ma " X|) ««0 


• •Xi)- yi(a-x)) 

_ 

6*1 (tf +xi)(«~- *) - (rt +jr)(o - ar)] 

^ 1 

- a6f^U +«) - y Ui i* a /] 

Aa\y(a - x,) - y,(<* - x)]|y,U + a) - yin + a)] 
* 6*t(« + *i)<a-x)-(tf ♦xKrt-xi) 
i. €.. (xy,-Xiy)*-4*(y-yi)**6*U-y,)* 
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It can be reduced to the form 


(9) 


Alternative method : — 

The polar of the point (arj yj) ia 


H. I 




The conic 


- 0 ' 

V* 

touches the ellipse ^ + - j- • 1 at the points where the polar 
cuts it. 

If this conic passes through (jr^ yj) it will then be a pair of 
tangents from {xi yi) to the ellipse. 

Thus the equation 

represents the required tangents. 

77. 1 . Orthoptic Locus or Director Circle. 

Def- The locus of the point of intersection of perptndi’ 
cular tangents of a conic is called its orthoptic locus. 

V* 

In tho ellipse the tangents from Ui, yi) 

are given by the equation 

If the two lines are at right angles* the sum of the 
co-efiicients of x^ and ^ is zero. 

i. -L-iJiL+s.*- 

or. on simplifying, *|*+ y !*•<»♦ +6*. 

Hence the locus required is the circle 

which is concentric with the ellipse. 

There are other useful methods of solving the foregoing 
problem. 
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We have seeo that the line + touches the 

— r “ 1 ^or all values of 

0 


ellipse ■ 75 


m. 


If the tangent passes through Ui yi)> we have 




or (y, - + h* 

or — jTj^) + 2m ATjy I + 6^ ^ y * 0 

which is 4 quadratic is m. 

This gives the directions of the two tangents from (,tj, yi). 
If the tangents are at right angles, the product of tlie roots 

"»i, 1- 

y.l _ , 

Whence the locus is the circle 

Or 

The line * «08<t + j,9inO-i/a‘^cos=« + 6»sin’a touches 
the ellipse for all values of a. 

The tangent at right angles to it is therefore 
4C0S (90 + «) + y sin (90 + a) = v/«»cos*(9d+a)+6W (90 +a) 
t.s.. - ar sin « + y cos « * . 

Squaring each equation and adding, we get 

78. Equation of the chord with the given mid-point. 

j*i‘ yi) the micl-poiut and «i. the eccentric 
angles of tlio extremities. The siopo of the chord m w 

^ ir «ilL£l^ , i cos i (« j + « d 

o(cos a^-cos «,) a 8inT(«i + «^) 

/ * - cos a, ■f cos g » . _ 

.. O / Oj, “ o* 

. / 2ri«e(cos Ui-^cos ad ^ 

' 2vi«*6(Hin Ai + sin ad- ; 

Helico tlie equation of the choid is 


or 


(yj'j)® (s-g,) 

a y, 


( 10 ) 


1 y K O’ 

W79.PoUrofapointP(x'/)with respect to-^! + ^! =» 
' mu • ^ . . . <r b* 


The points of intersection of any line 
*•*' _ y^y 
sin 0 


^ . . cos 0 

are given by the quadratic 
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cos*^ • sin^ ^ 


,/ ^s= 

\ a 


VW» ^ I 




:r + ir-i=0. 


/2 


If ri. rx be the roots. 


x' cos 9 j_ y* sin 0 


L + J 


-•2 




*2 


+ -1 


that 


Let R be tbe point on the line distant 9 from P such 


2__ i_+ J:. 

P r, r. 


x'P cos e , 3»'P sin 9 ^ *'* j. y'* , 
•• ? ^ IP ^ a« ^ 

Thus the locus of B is the polar of P 


a 

i,i.. 


XX 

a 


6* 

I— 1“ al -I* 


.( 11 ) 


If P be the mid-point of the chord, 

» y coeO . y' sin 9 

a* 6 * ^ 

Thus the chord which is bisected at (x* y) is fi-iven 

, , *• -i- (y^yO -p 

by the equation — ^ 


i.«.. 






It is parallel to tbe polar of P. 


If B be given, we get the locus of the middle points of 
parallel chords 

V 6* 


y* 


a*m 


'X. 


.{12) 


It foDows at once that if the polar of P(*i yi) pwses 
through Q(*a yj, then the polar of Q passes through e. 

P and Q are the cod jugate points. 

Pind the pole of the line lac + wy + «*0. 
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79.1. Conjugate Diameters. Two conjujrato <Iia- 
^ meters ai*e conjugate lines through the centre of tli«* 
conic. 

Con<lition for conjugate diameters. 

Let y—wix.ji—wjjr be two conjugate diameters of the 
ellipse. The pole of the diameter lies ony*wi,i. 

Suppose its co-orUiciates are (tj. tniX{). The polar of this 
point 18 


XX, j_ m,x,y _ 
a 


1 ft* 


A' . 6- 

or y- - — X + • 

^ a*»ti myXi 

which is identical with Thus x,—*^ and 

m2* - -5 — . Thu.s tlie condition of conjugacy of the two 
" am, 

diainetcvs y^Wjar. y — mzx is 

mpuj* • h^/a“, (h^) 

and the pole of the <iiHiuetcr y^tit^x is the point at ^ 
on tlio line y^m,x and Wrr rrmi. 

If ?{x, y,). DU, yd l>e the extremitic.s of the coiijugnte 
diameters CP. Cl). 

«ri- . wj* 

Xt Xi 

.. XtX^j . V, Vt 

<1* 

>(^79 2. Ia*t d|. $2 be the oxtremitios of a pair of conju» 
gate diameters. The equatioiiH of the diameters are 

y X tan 9j, y— tan $t and they will be conjugate if 


Hence 


tan tan - I. 


(14) 


79.3. fftico (liamefftK are conjugaff, then each hifificfM 
vhftnh pamlM to the other. 

First Proof. Ij#»t y*miar. be two conjugate 

dianieters. An arbitrary point on the diameter y = mix 
can bo taken as {xi, ntiXt). The e(|aation of the chord whose 
mni-point in U„ m,*,) is 


a 


^'L + ,. 
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The slope of the chord is - 


m virtue of wiW 2 ®-^r 

a* 

Second Proof. 

P. 


which equals 


liCt PCP*. SCS' be a pair 
of conjugate diameters and 
PjCjPj' a chord parallel to the 
diameter PP' meeting SS' in 
C|, then Ci is the mid-point 
of P,P/. 

Since CP', CS^ are conju- 
gate. the pole of CS' is the 
- , point at infinity on CP', 

the point be Q(<») which also lies on P,P,'. Since OS' 
IS the polar of Q(^), 

{P,P,',C, Q)=-l. 

Hence Cj is the mid -point of Pi P/. 

79.4. Thf. sum of the squares of two cortjugate diarntfeis 
U constant. 

Let P (a cos B, b sin 9), 



D j«cos( e±^). & 8in{e±|)j 


be the extremities of the conjugate diameters, this 
CP*«tf* cos^ + 6* sin* 9 
sin*e-i-6*cos*e 
•h CP*+CD*-a*+6* 


( 15 ) 


79.5. Equi-coojugate diameters. Conjugate dia* 
meters which are equal are called equi-conjugate diameters. 

The diameters being equal and conjugate, CP* CD 
hence from Art. 79.4. 

(cos* B - sin^) (a* - 6*) • 0 


or 


cos 29—0 




3ir 


4 * 4 ' 

Thus the equi*oopjngate diameters are equally inclined 
to the axis and are giTen by the equations 

(16) 


y - z 


X, 


The product of two conjugate diameters is greatest 
when theyve equal. 


EI.UrSB 


The area of a parallelogram which touches an 
t'Jlipse at the e.etremitU4 of conjugate dianuters is consUfot. 

Lot 9yB±^ be the eccentric angle of the extromi- 

ilaa of conjugate diameters, then 

CD* *4' sin* d+6* cos* 6. 

The tangent at P to the ellipse is * ^ ^ ^ — 1. 

a 0 

if ^ bo the perpendicular from the centre on this tangent 

ah 

[ 4 * sin*^ +6* cos* 

. - >.CD*rt6. 

pfence the area of the parallelogram is 446 . 

\y/ 797; To prove that CD** SP.S'P 
I Jr A. ^ ^ **1*1 ^)' D is ( - 4 sin 9, 6 cos 

/i^KACI)**rt* sin* 9+^* cos* 9*a*-4V cos* 9 

t *( 4 — a« cos 0)(a + 4« cos 9) 

^ > -SP.S'P. 

^,n> 80. Supplemental chords. Def. Two st. lines drawn 

y«^from any point of an ellipse to the extremities of any 
diameter are called supplcmcnial chonis. 

iSupp/ente/ital chor/ls art parallel to conjugate, dianieferf*. 
Let be a diameter. - P 

and R an arbitrary point on cs 

the ellipse, then Uti. RQ' are /^\ 1^ 

supplemental chords. / w/ / \ 

Suppose that M. jN arc the ^ r — 4- \ 

mid.points of Rt^', Rq. the 1 / ) 

CMP, CND are respectively \ / /^ / 

parallel to QU, ti'R and bisect >< ^ 

ri'Kpoctivcly the chorda Q'H. 

QR. Hence etc, 

^^j80.1, Equation of the supplemental chords. 

The equations ol two conjugate diameters CP. Cl) can 

bo taken a* X + H- 0 . ^-^=0. Ifli'bofbo 

Pmnt (a eos ©. 6 am 0) tho co-orciinalos ofl Q aro 

Lpoctiv^iy? ® “'•« 

U+4 COS B) +-Y (y + 6 sin 0)*0, 

— (»-o 008 0 ) - y{3>-4 8 in 0 ) = a 
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f vP® property of supplemental chords proved in 

(H enables iis to constract a pair of conjugate diameters 
01 an ellipse inchneu at a given angle. 

, Con.sfntcthn. On a given diameter QQ" describe a 
circle of file given angle. If the circle meets the 

ellipse m R. RQ. RQ' give the directions of the diameters, 

To def ermine the pmeihUUy of the construction. 

Tr between the diameters CP and CD 

It 9> be the eccentric angle of P. the slopes CP and CD are 


respectively -- tan —cot*. 
<« a 


hence 


tan 






cosec 2^. 


The maximum valiie*^ of the Kmaller of the two values 

of B is attained when or and the principal axes 

are the on Iv pair of conjugate diameters which are at right 
angles. The minimum value of the two values of B is 

reached when ^ • “J. f- «•. when the diameters are equi- 

CO nj ligate. Hence the solution is always possible if the 
given angle is not less than the angle Un“* 
between the equi-conjugate diameters. 

The result may be obtained otherwise as follows : — 

l^i the given diameter chosen be the major axis. The 
equation of the segment of the circle capable of angle B is 

cot0-a*»O, ± 2-^ cot d'*!. 

a a 

9 2 

This meets the ellipse + in points whose ordi- 

nates are given by the equation 

y I “ y ±2 cot B I *0. 

The value y*0 corresponds to the extremities of the 
major axis. The ordinate of the other point of iutei'sec- 
tion is 
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But since ' y 


Hence 


2ah^ cot B • ^ . 

!>t^ 


81. The equation of the ellipse referred to a pair of 
conjugate diameters as axes. 

r«ct the equation of tlic conic be 

ax^ + 2hxy + 6y* + 2 kx +2/y + c - 0. 

8lnce the centre is the oriprin. for every point (x, y) on 
the conic, there is also a point (-jf. — y) on tlie conic, there- 
fore 0. /^O, The cquHt ion becomes 

tfx» + 2;i*y + 6y^ + c«0. 

Fora ffiven y there aretwo equal aiul opposite values of 
X. This clemancls /»•(). If the (llainoters be of lentftli 
2a* . 2b* , the points ( ±a\ 0), (0, +6') are on the ollipso, 

Art'*+c»0. A6'* + O0. 

Hence the equation of the ellipse mluces to 

^ If the oqni-conjuirato diamoterKbc taken as the nxo.s 
a —6'. the ec|uation of tho ellipse becomes 

^ This equation shouUI be aistin^ulshed from tliat of a 

circle in rcctai)p:ular co-ordinates. 

^ Illustrative Examples 

/(I) Find Iht artaoflht iriunaU formed hy the points ?>„ 
f-i^^yottUe ellipse =1. Jfence find the triangle 

c/ maximum urea itucribed in the aOooe ellipte. 

The irea of the triangle formed by the points 
[a cos h. b sin ^t) i-l. 2, 3 is given by 

*1 ’ <j cos & sin 5^1 1 
a cos ft b sin f, i 


a CCS fi 6 sin ^3 1 


^2ab sin 




2 
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The area of the triangle formed by the correapondiDg 
points (<z cos 01 . rr sio 0«) on the auxiliary circle, is similarly given 
by the equation 


sin 


02- 


— Sin 


2 
_ h 


SID 


0J“ 02 


A 

’a’ a 

Thus the ratio ^ is coostani. Consequently if A' is 
maximum, so will* be A. But the triangle of maximum area in- 
scribed in a circle is equilateral, hence 

2s 

02- 0J = 03 -*l*0i“02 “ “5“' 


Thus the eccentric angles at a triangle of a maximum area 

2t 

inscribed in an ellipse differ by ^ , and Its area A is given by 


Sv'S 


ab. 


(2) If iht tanotnH to - 1 - 0 <i< rte ezlTemiUti of 

a o 


a chord meet ot rifffu anrjlee, ihoiothai the locus of the mid^poinl 
of the chord is the curve* 


\ <j* 6* / o* + 6^ 


Since tbs tangents drawn at the extremities of tbe chord are 
perpendicular, they intersect on the director of the elMpsei vis. 
+ + chord is the polar of the point to. r. to 

the ellipse. Let (c cos c sin 0), c* v*a*+6*. be a point on the 

director. Its polar io. r. to tbe ellipse is 


cx cos B j. cy BID 0 _ - 

— P 1. 


If (*j, yj) be the raid -point of the chord, it is identical with 
Xiix-Xj) , yi(y-yil 

. c cos 0 _ c sin 0 _ 1 


Thus 


tf 


yi 


Xi 4.yi. 

A* 9 ^ ^ 


xi^+yi* / *1* 
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Hence Uj. y^) lies on tbe cim'e 
I I a" 6*) fl‘+6*' 

Oneoflhfbiteclortoflhtantiltshtluten the tangeuU 

fromapoini P ontheeUipee ll‘'■0"ah " 

gieen point {d. 0) on the 'najor axis. Proce that P lies either on 
the mnjor ffxi$ or on the circle r . . 

4lJ*-^}-x{a^-b^*d‘}fd(a^-b^)^0 [Math. Trip. 1922] 
Ut the co-ordinates of P be (r„. yj. The equation of the 
pair of tangents from (xo> yo) ie 

TranaforminiJ the a\ee tlirou^U the |»oiut (.to. yo) the equa* 
tioa takes tbe form 

b* \ ab I 

or + 2ln + n* («'- ro*)*(^ 

Tbe equation of tUe bUeetora of tbe angles between the 
linea ia 

_ h 

Tranaforming back to the old axis, tbe equation takes tbo 
form - - , 

[(x- Xe)*-(y-ya)*] xoyo*(* -Xo)(y -ya>W- yo* - « +h ) 
Sinc*e (^, 0) lies on the locue, 

[U-xo)*-yo*l ^oyo^ ~yo (rf-ara)(»o*-yo*' + 

Thus either i. e., I* lies on the major axis, or 

d (xo* + >0*) - + ‘f*) - f»*) *0 

^ or (xm yo) lies on the circle 
^ <i(** + y*) - x(o* - 6* + <^*) + rf(«* - 6*)*0. 

^ * (4) 77irou(/ft the poitUe ViUi« yi)» FjU:?, y.l aredtuicnpanil- 

let cAorrfa PjQR, v<tnaMe directiotn. Show that the 

radical axis of drctes on t^K, Q'H'oa diet met srs pass throttf/h u 
fixed T>oint. 

I^t y •yi-mix ** X|) be a chord through PU|. yi). It meets 


the eliipae >o points U and their absciaau* are 

<1 0 


given by tbe equation 


X* . Xvi**J*^X^£j)]^ 

V 6* * 
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or + + = 0 {fl 

U x.x be the roote of this equation, it is identical with 
{x-x‘)(x^ x'HaW f 6*) = 0- 

Similarly, the ordinates y', y' of the points Q and R are 
iriven by the eqtkation 

yHa-m^ + b') - 26^^, - mx,) + - tnxi )^ - Ui) 

i. c. 



Hence the equation of the circle is obtained by adding 
(i) and (ii) and is found to be 

+ 6^)U* + y) + 24*«i(y, - mXi)x - 2b^y{yi - mxi) 

+ (yi - + -tfV(l + w*)*0 (mV) 

SiTnlUrly the equation of the circle on Q'R^ as diameter is 
(<7*w* + +y) + 3<J*Mi(yj- - 26 Vy: — mrt) 

+ (y 2 -m-rj)* (ff*+6*)-aV(l +w^)-0 [tv) 

Now the radical axis of circles (iiV) and Uv) is 
2d*mx((yi - mXi) - (yj — wsj))- 26V((yi " «*i) "(y*~ 

+ (a^ + 6^) ((yj - »j4fj)*-{yj— w4r2)*]=0 

or 2a*mx - 26^ + («* + 6*) [(y* + y^) - »i(Ari + y^)) * 0 

I. 6., m[2<i^x - («* + 6*)(xi +xj)] - (26^y - {a* + 6*){yi + yj))® 0, 

and this line for all values of m passes through the intersection 
of the lines 

2 a* 4 f-(<i* + 6 *)(ari +*:)* 0 , 26*y- + 6 ^){y,+y 2)»0 

i. e-i the point 



(6) Apair of conjuQoie diamtUrt of an xUipse, whose centre 
is 0, are cut bp a fixed si, live in points P and ¥*. Prove that 
the locus of a centre of the circle circumscribing the triangle 
OPP' is a st. line. (Selwyn, 

Let the equation of the ellipse be 



and that of the given line be y^mx+c. Suppose that the equa* 
tion of the circle is 

** +y* - 2xxo - 2yyo« 0. 

The equation of the lines OP, OP' is therefore 

o 

u e.t y(c - 2yo) “ 2jsy (aro “ myo) + **(c - 2»iyo) * 0, 
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If m" be the slopes of tbeso Hoes 


m fh 


2mxo _ _ b 


a' 


c • 2yo 

Heoce tbo locus of (x^ y,)) >9 

aHc - 2mx) + 6*(c - 2y) » 0 
J.C., 2a^mx + 26*y - c{f** + 6*) *0. 

Exercises XX 

1. Prove that the Oktremities of tbe Utera recta n 
ellipses bavins a giveu major axis 2a lie on the |iarabola 
.t**» •-o(ya) or 

series of ellipses are described with a ^iveo focus and 
a correspondiag directrix, show that the locus of the extremities 
of their minor axis is a parabola. 

3. If Q and Q' are the points which rorrespond to P (l.vin^ 
on an ellipse) on tbe major and minor auxiliary circles respecil* 
velyi show that QQ' passes through the ceotre. 

^.4. Show that if the line meets the ellij^se 

6* * 

in real points, tbe co-ordinates of the tnid-point of the iutercepted 
portion are 

b^m 

5. If V and D are extremities of conjugate diameters and 
tbo tangent at P out the major axis in T and the tangent at D 
cut the minor axis in T^ prove that TT' is parallel to one of the 
eriui'ConjugaUs. 

, 1 ^ / •dy^f P and D are extreialties of conjugate diameters of tho 


»i+y 


1 . 


show that tbe tanKenta at 1’ and D meet on the ellipse 


»’-+ >1 .2 
«.» 6* ^ 


r>Be 


nod the locus of the inid-poJDt of PD is the ellip 

-s 

b* 5- 

8bow that the eauation of tbe tangents to the ellipse 

i 


fl* ^ b* 


'200 


AHAI.YTJCAI, n.AXK GKOMETnY 


at the points of intersection with tbe line lx ^ my ^ n “0 is 

r ^ )( ^ my + » ) , 

H, Show that the area of the tnaoi^le formed by tbetangeota 
at the points whose eccentric angles are Pz, ^3 respectively is 

ah tan tnn — - — - tan • , 

C 6 '2 


Deduce that the area of minimum triangle circumscribed to 
HU ellipse touches the ellipse at the vertices of maximuin inscribed 
triangle and the area of such triangle is 3 v'.H ah. 


'' 9. Prove that a tangent to the ellipse 


X' 

ti 




meets tbe ellipse 


a 



^a + b 


in 


points the tangents at 


which are at right angles. 

10. Show that tbe maximum rectangle circumscribed about 
an ellipse is a 8<iuare of area 2(o^*f 6‘). I Hint. Such a rectangle 
is inscribed in the director circle]. 

11. Show that the sides of an inscribed parallelogram of an 
ellipse are parallel to a pair of its conjugate diameters. 

13. Show that only one square can be inscribed in an ellipaei 
and its area is 4rtV-r(4^ + 6*). 


IS. Tbe points M and N are the projections of a point P 00 
the axis of an ellipse, find the locus of P it MN be a tangent to 
the ellipse. 

14. If the at. line meets the ellipse + 4y^*^4 

in P and Q. show that tbe equation of the circle on PQ as dia* 
meter is S{ar* + y*) + iS.t — Sy - 15 “0. 

82. Equation of the normal at ^ to the ellipse 



The equation of the tangent to the ellipse at ^ is 
X cos P ^ y mil P , 
a b 

The equation of tbe normal at P is. therefore. 

/ jv sin ^ cos P n 

{x^acosP) ; -(y-58mp) *“U 

o a 

or. ax sin P-by cos ^ (a^ - 6*1 cos ^sin P 


(17) 
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The equation may be written as 
ax sec ^ “by cosec ^ 6* 


.(17A) 


If be put equal to /. the equation of the normal 


in virtue of the relations 
cos ^ 




7 

-a* + h^)r- bv^O 


takes the form y 

iy/‘ + 2(ax + fl*-fcV + 2(fla'-a* + 6*)/*-6y»'0 (17B) 

82. 1 Condition for the concurrence of three 
normals. 

Let the equations of tlie three normals be 

— l) + *2(o* + a** — + *0 

byUt* *“ l> + 2(tfx +-a* — +2(aar - + 

byiti - 1) + 2(ax + a*- 6*)f.‘i' + '2(tfjc 

The nitcfjptarij ami sufficient condition that those nor- 
mals may meet in a point is 


//-I 


h 


•Q 


tf-i /)’ /j 

The cletcrm inant can be written ,as 

mO 


or 


/i ft 


t.* ».* t, 

• 

t>* h 1 

It tt‘ t, 


lt‘ t» 1 

1* tj’ <1 
/•’<.* 1 

— 

<J* t» 1 

<l*t, 1 

1 


/l’ /. 1 

t/ /,* 1 


f»* f, 1 


0 . 


Ewh one of these two determinants vanishes for f,-/,. 

factor of each 

•letorminant. Since the first determinant is of the fifth 
possible factor of the first determinant is 
'T5 s’lnilar reason, the other factor of the 

Urm. 1. Aco“P»n8on of the leading 

- (<1 - fiXt.- tjKf J- /i)(f - S/|] »0 
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t. e,. 




1 




=0 


( 18 ) 


since /i“/: ^ 0 0. 

82 . 2 , Burnside's condition for concurrence of three 
normals. 

The necessary and sufficient condition that the normals 
at t\. N. tj may meet in a point has been found to be 




The condition can be tvrltten as 


.2 






COS • cos 


i- 


^2 • 2 
snr sin* 


0 


or 


,()8A) 


co8-^ Sill 2 coa sm -rj 

£ coaj^s + 008 
sin sin ^5 

or S sin 5^1 (cos ^2 + cos 
which is equivalent to 

sin {^2 + W+sin (^j+^j)+sin 
This is Burnside's necessary and sufficient condition 
for the coneurrence of three normals. This condition w 
necessary and sufficient, since ( 18 A^ and ( 18 ) are equivalent 
conditions and wo can pass from one to the other. 

L ; ! 82 . 3 . Conditions of concurrence of four normals. 

'' ^ Tbe necessary and sufficient conditions that the Donnals at 

ti and ft may concur with the normals at t| and tz 

ii) 


Thus tj. ij being given, I 3 , are tbe roots of tbe quadratic 

or tUi ti (fi + ^s) + /(f,V-l)-(<i+t 8)*0 
1 


.(j>> 


h - 




or ti ti -1 


and (/5 + f 4 )“ 
or 


ti faUi + /J 
(/i+/s )(<3 + <,) 


-ij-hiz 

•1*2 

— — #3#4 — /i/a 


Xl 9 ) 
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The condition reduces to H* ... (i^^A) 


Thus the conditions tbst the normals at fj. ^ 2 * hi h :^eeb 
in a point are 

These conditions are necessary and sufficient, for they at' 
once lead to the conditioos (i) and (ti) which are necessary and 
sufficient. Thus : 


82 4. From a point, four normals can be drawn to an 
e/lrpse and their parameters satisfy the equations (ID). 

A necessary coodition for the concurrence of four normals 
can be deduced from conditions (ID) Art. 82.3. 


tan 


\ „ 

2 2 2 2 ^ 

i(^i + + + 1) 2 


or + + + ^ 4 ® + 1)*^ (20) 

82.5. The result of Art. 82.3 can be obtained directly as 
follows. 

If the normal at a point V’ passes through the point (x, y), 
we have 


This equation is of the fourth degree in i, and has therefore* 
four rootSi and corresponding to each root, there exists a normal 
given by the equation (i7B). Thus through an arbitrary poi>U 
four normals can be drawn to an ellipse. 

If tu ti> h» h ^1^^ roots of the equation (l7 B). 

f,f-i/jf4*- 1 (21) 


Thus these conditions are necessary for the concurrence of 
four Donnals. These conditions are also sufficients. For, let the 
normals be 

U»^hy(/x*-l) + 2(<jx+«*-h*)r|’ + 2(<ix-aH6*)/i-0 
Ua»fry{/j*-l) + 2Ux + a*-6%* + 2(tfx-a* + h%*0 
U,as6y(r/-l) + 2(flX+fl*-6%*+2(tf*-a.*+6%-0 
U4s5y(<4* - 1) + 2(ax +«* - + 2(<ix - a* + h")/* ■» 0 


U|, Uai Ua will meet at a point if 

h^ - 1 h 

fr‘-l ts h 

f/-l fi* h 


wO 
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1 

1 

1 

t: 

] 

' />’ 

ix 

1 



1 

r- h' 

h 

1 1 

I '' 


1 


h 

1 


'vhicb holds by virtue of (21). 

Siniilurly Uj, lf», U4, meet at a point. 

Thus all the four Dorinals meet at a point. 

The condition (18) of concurrence of the three normals at 
ti Pan be easily deduced by the elimination of f« from con- 
ditions (21). Burnside's condition of concurrence can then be 
deduced as in Art. 82.2. 

Note. 1. The sines and cosines of the eccentric aoi^les of 
tJie feet of the four normals that pass through (sr, y) are the roots 
of the equations 

sinV +2(tf* - b^)by ain^# ♦ [dV + 6y - (a* - sin* 0 
-2U^-6*) sin 0-6V-O (22) 

(a* — b^)^ cosV - 2{fl* - b^) ax cos* 0 + [a^x^ + hV - (n* - 6*)*] cos* ^ 

+ cos (28) 

Exercise. Obtain the condition (20) from the equations (22) 
and (23) 

Note 2. From tlie equations (22) and (23) 

(n* — tySsin sin + 6y — (o* - 3*)* 

- 6*)* S cos Pi cos 02 

^ cos {^1 + ^2)*0. 

This is a necessary condition for the concurrence of four 
normals. 

Kole S. If the normals at 0j. ^ 2 * 0s» “Cet at {x, y) 
have from equations (22) and (23) that 

* “ — S cos Pj ^ ^ ^ ij sin (24) 

y=i 2 

Note 4. The necessary and suiBcient conditions for the 
Concurrence of normals at (t«” 1. 2, 3. 4) are 

Dsin 0j ^Ssio 0] sin 02 sin 03^0, Scos + Sees 0^ cos 02 cos 03*0. 
These follow from (22). (23). 
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^ 82 . 6 . joinl equation of the four normals that pass 

through a point. 

Let he a oormal through (ar|. y,). then for 

some values of m. thU equation will be identical with 

^ •a*-6* 

cos ^ eio ^ 

. m cos 0 « sin P _ mxt^ yt 

b 


(X 


. a m xi“yi 

cos .8 

m a ~b 


■ ^ ~ y\ 

sm 


or ( m a: I — y j )*(n * + b*m *)-(«*- 6*)* rii* . 

ElimiDatlng »i between this equation and mix^ Xi). 

Uo equation of the four normals U obtained in th® »orm 


( 


83. If the normal at PCj-i yx) on the ellii>«e 


a 0 


maVe an acute angle ^ with the a-sxis and p be the perpendi- 
cular from the centre on the tangent at that point, prove that 


cos 


9 


X^ Xj 

cos 9 


PX\ 

y i 
ein 9 


sin ©- 


and 


X'^ X 

0* 


represent the normal at P* 
yi 

6‘ 


Comparing, we have 
cos 8 _ sin 9 


1 


ti 

.i 




_yi 
a- 

Hut the perpendicular from the centre on the tangent 

x.vi ^ yyi _ , 




ia given by -7 — ± \/ ^ 

p y 

Hence, as 0 is acute, 

cos 9~ . 


yi 

b* 


sin 9' 


py\ 

6* 
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83.1 . If tbe norma] at P meet the axes in G and F, 

PG-^, pp,£! ^ 

P P 

The co-ordinates of a point on tbe normal at a distance r, 
measured inwards, are 

Since 0 lies on ^*0, 

• I. e.. PG= . 

Since F lies on 

PF=-^. 

83.2. If PQ, PQ' be tbe lengths along the normal at P 
measured outwards and inwards, each e<]ual to CD where CP and 
CD are conjugate semi •diameters then CQ“a + 6, CQ'*<j - b, 
and CQ and CQ' are equally inclined to the axes. 

Let Q and Q' be (a. ; («', P') ; let CD-r. 

But pr^ab 


<. = -^ U + 6). P= f{a + b) 

CQ«=«»+p‘={fl46)*(-^' = + 

CQ-«y + 6. SimUarly CQ'*<s-^. 

P P' 

Since ^ , CQ, CQ' are equally inclined to the 

axes. 
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Exercises 


84. The student is expected to establish the followiug 
exercises i — 


1. Id the annex- 

1 



ed figure AA' is the 
major axis, 13B' the 
minor axis of the 

/e 

• 


ellipse. The major 
axis meets the direct* 
rices in points X and 
X' j S, S' are the , 


/SJ" 

/ /ill y\ 

/ / / <1/ i 


foci. The tangent at H 
y*) meats the 

A'^5' C 

N,VS y. 

T'^ 

axes in T snd /. The 
normal PO meets the 
axes in G and g. The 
Hoes CK, CF are the 

8' 




perpend ioiiUrs from the centre C of the ellipse on the taoj^ent and 
nonnn) at P. while SY, S'Y'are the perpendiculnrs on the Undent 
at P. PX is the ordinate of P. Prove the following 
(i) CS. CX-CA* (ji) AS. A'S-C»*. 

(in) 8X : ox - CB* : CA* (iv) CB** CA* - CS‘ 

(v) CS»e*. CX (vi) CT. CX»CA*. (vii) Cf. C«-CB* 

(viii) The subtangent NT“ , Ux) CN. 

(*> The sub-hormal NG«(l-e*^CN. (»i) NO : NC=6^ : aK 

\xtt) Show that SO •«. SP. Deduce SO : S'O ® SP : S'P. 

The tangent and normal at P bisect the angle SPS’. 

(arm) Show that the points Y and Y' lie on the ausiliarv 
circle. 


ixip) PF. PO^CB* 



PF. Pg-CA* 

2. In the Annexed 
figure P is the pole of the 
chord ]{/OQT and the line 
through P at right angles 
to KT meets the axes in 
G and g. Prove the follow- 
.ing 

U) 

Ui) 

(ill) 

(ivl 
where K 


|•erpeodicular 

RQ. 


CN. CT^CA-^ 
NP. Cf-CB* 
CO = e'CN 
KC. PO*CB^ 
is the foot of the 


from C on 
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Illustrative Examples 


Find the locat of the point of intereection of 
nor mah to the ellipse — 1 at the eitremitUe of two 
varialle conjugate diaineien. 

r^et tbe eccentric angles of tbe feet of tbe normals be 

^ -V* . Tbe eciaatioDS of tbe normals are therefore 

(tx SJD # — 6y cos ^ - (a^ • cos ^ sin ^ * 0 
bp $10 # +ax cos ^ + (<»*— 6*) cos ^ sin ^*0 
sin ^ ^ co s ^ ^ cos ^ sin 0 

ax “by ^hy“ax «**’* + by 

{rt ^ • b*) cos # * (a V + b*y* )/ (<» x “by) 

{a"^ • b^) sin - (a^x* ♦ bV)A<»Ar •»■ by). 

Souarioff and adding we get tbe required tocua viz.j 
(a* - b')*{«V - b*yO*- 2(<rV t b^y^)\ 

(2) A^ormnfs to an ellipse are drawn at the extremitue of 
<i chord parallel to one of the e^ui»eofijugate diameters, prove 
that they intersect on a diameter perpendicular to the other 
eyui-corifugate diameter. 

Let tbe eccentric angles of tbe extremities of tbe chords be 
“ 7 “^ a, Tbe equation of tbe chord is 


X ^ “9 ^ 

- • COS — + -f- sin 4 • cos 2« 
a 4 b 4 


or 


X 

a 


H=v.' 2 cos 2e, 


which is parallel to one of the equl^conjugates 

a b 


ax sm 


Tbe equation of.tbe normal at +ct j is 

in j cos j ® 4(tj*- b*) sin^-^ +2« ) 


i{o*“ b*) cos,2u, 


Also tbe eqaatioo of tbe normal at * ct is 


ax sin j •* by ooe^— — a j e J(a^- b^ cos2«. 
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Tbe Uoe given by the eqaatiOD 

ax[sm(-J + «)-sio(-|- ] 

+ 63. [ cos (-^- “ )-cos(J + a )]=0 

is a diameter through tbe ioteraectioo of tbe given normaU. Tbe 
equation reduces to 

fljf cos -/ ein « +6ysin -7- sin a “0 
4 4 

or ax'^by^O 

X y 

which is perpendicular to the diameter - — • * “0. 

a 0 


Take tbe equi«conjugate diameters as axes. 

Tbe equation of tbe ellipse is of tbe form — c^. 

Normals at tbe points (c cos c flin f**), (c cos 1 ^, — c sin M-) 
are given by tbe equations 

y (cos • sin cos w ) • ar(sio M* — cos I** cos w ) • c cos 2** cos 
and y(cos V* 4 * sin M* cos w) *f zfeinM' *hcos cos w) cos 21^ cos w 
Subtracting* we get for the required locus tbe line 

y cos e» + x®*0 


0. 


0 : 


which is perpendicular to y 

^ (H) Fregier s Theorem. A chord of an ellipf<e ichich Huh» 

a riffht angfc nt a giccn point J* of the cifioHe pa/<xcs 
through a fij:rU point F on the normal at P. Find me loctta of 
F tvhen P rarien. 


r 


lyjt a chord 1*4 wy— 1 subtend a right anglo at P (*V) 
oflhcolHpso 


Shift the origin to (*^y ) and the equations of the chord 
and ellipse take the form 

lx + my — eiy' 

1 *" + y* +‘^+?Z2'-n 

Tho lines through t lie origin to the extremities of the 
cliord are represented by tho equation 

+ +9/££l + y>'\ u-¥my \ ^ 

They are at right angles* 


0 
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*• «•» Oar* - my*)[a* • 6*) + if\ 

the chonl lx ^ my -I passes tbroug:^ the point 

( * ^2+^2 ' "^'a^-i- 6 -)’ evidently lies on the aormU 

If P varies, let F be (*, y), then 


x^x , 




llius the locus of P is a concentric homothetic ellipse 




i 


85 Intersections of a circle and an ellipse. 

Ltet the eciuation of the circle be 

a:*+y+2«^+2/y+c*0 

** 

This meets the ellipse ^ “1 or x •a cos 9. 

o b 

y^b sin 0 in points whose eccentric angles are given by the 
equation 

cos*0 + ^* sin^ +2tfg cos 0 + 26/ sin 0 + c®O. 

This can be written in either of the forms 
P* cos* 0 +4tfg P* cos^ 0 +2(2«V+(c +6*) cos* 9 

V +4aplc + 6*) cos 8 + {c +6*r“4/V“0 .....(25 A) 

P* sin* 0-46/ P* sin^ 9 +2l6*/^-P*{c+tf*) +2(»V] sia* 0 

+ 46/(c+a*) sin 0 +(c +<»*)*— 4tfV«0 (26B) 

/(a*-2tfg+c)+46^*+(46*-2o*+2c)/^ 

+ 46// + (a* + 20g + c) * 0. (25 0) 

where P**o*- 6*. /=fan-^. 

\ ^ 

85.1. Condition that four points of an ellipse may be 
concyclic. 

If 01. 02, 03 , 04 be the eccentric angles of the four points, 
/jstan-^^ , 3 • J , 2, 3,4 are the roots of the equation (250), 


/ 0, + 0»+ 0,+0* \ 2/, - 2/./«f3 

•• *^"1 2 — ) — r = 




'0 


01 + 02 + 02+03 


nv, ft being an integer. 


or 


01+03+03 +04“2«^. 


.(26) 
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This is therefore a necessary condition that four points 
of an ellipse be concyclic- The condition is also 8uffici<*iir. 
For let the circle through 0} meet the ellipse again 

in 0\, 

Hence 04'N^0'4=an even multiple of v. 

The points 04, and 6\ therefore coincide. 


85.2. The co-ordinates of the centre of the circle being 
( -/) and since cos 04*ccs (0|+0* + 0j) and 

sin 04= " sin (0i + 0:»+03) 

it follows from (25 A) and (2o U) that the co-ordinates of the 
centre of the circle through 0]« 0j« 0^ are given by the equations 


I li COS0, +cos(0i+02 + 0j)| (27) 

y= “^46 ^ |l sin 0j-sin (0, '♦•02 + 0>) | 

IbS.B. Suppose that the noimala at 0^ 0s« 0i are con- 
current and 04 ^ ia the foot of the fourth normnl from the point of 
concurrence. r,/et 04 l>e the fourth intersection of the ellipse and 
the circle through 0|. 02 . 0a. 

01 + 02 + 0, +0*4 •(2« + l)» 

0,+02 + 0j + 04*2n» 


Hence 


0*- 0%»odd multiple of 


Thus the points 04 and 0% are diametric ally opposite points. 
Hence the theorem : If P, Q, R three eo~nortnal poitU$ of ni$ 
ellipse the ci>c>w»ciVcfe o^I’tJR tneete the eltipMe affain in a point 
ujhieh IS diamelricoUif oppoeiie to the point witich is co* 
tiorrniiif teilh P, Q, R. (Joachisthal) 

/86. Let the circle 

! A:* + / + 2gAr+2^+c = 0 

moot the oDIpso " 1"^ 

a O 

in four points P, Q, R. S. The equation 

** +-^‘ -l + XU* + ,» + 2ff*+2/y + c)-0, 

represents for different values ofX, an infinity of conics 
nassing through P. Q. R. S. The condition that this may 
break up into two right lines gives a cubic in X. Hence 
three pairs of rt. lines helong to the sytiUm, as is otherwise 
obvious from the figure, viz., (PQ, BS), (PR, QS>, (PS. QR) 
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For any one of these three values of A, the parallel pair 
tr^rougu tlie ong'm is given by the equation 

)+,^(-^ + A )=0 

which are equally iuclinerl to the axes. Hence three pairs 
of coutfffon chorf/fi of on ellipse and a circU are equaUu in- 
c/tneff to the major {minor} axis. 

Ex. Deduce the condition of Art. 85.1 from Art. 86 
and conversely. 

86.1. Nature of the points of intersection of acirclc 
and an ellipse. 

The equAtioDS (25 A), (25 B). (25 C) are all of the fourth 
degree with real coefficient®, hence their four root® and the corre®* 
ponding four points P, Q, R, S fall in the following clasae®. 

]. All the points P, Q, R, S are imagiDary. 

2. (i) Two real and two itnaginarT. 

(it) Tw'o real coincident pointaaod two imaginary points 
which cannot coincide. 

S. (t) The point® P, R. S are all real and distinct. 

(ti) The points P, Q concide and R and S are distinct. 
(tiiJ The points coincide in pairs, e. g.. P "Q. R— 8. 

(ivl The points P, Q, R coincide and S is distinct. 

(v) All the four points coincide. 

The cases (l], [2 ($)], {3 (i)) offer no special interest. We 
pas® on to the cases [2 (iV)], [3 

Suppose P and Q coincide, 

2^,+6, + ©4»2«s. 

The equation gives two values of 6,. vu. + 

2^ —^(61+6*) when ^3 and 84 are given. These values of 
differ by Hence if R and S be given there exist two circles 
which touch the ellipse and the point® of contact are at ends of 
a diameter. 

In case 3 (ill). hence Bi'^Bi“n^. The 

common chord is thus, perpendicular to one of the axes and the 
centre of the circle lies on one of the axes. 

86.2. Let the points P, Q, R. coincide and S be distinct. 
The circle is then said to have a contact of second order. Since 
four points, in general, do not He on a circle, a circle cannot have 
a contact of order higher than the second. If, however, P« Q« R« ^ 
all coincide 4^. — 2nw and the point 'therefore, must be the eX' 
treinity of one of the axes. 

Def. The circle which has contact of the highest order with 
a curve at a given point is caUed an osculating circle. 

Consequently the osculating circle of a conic is, in general, 
one that has a contact of the second order. 
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Suppose P, Q» R coincide, the eccentric angles of the poiuU 
satisfy the relation 

e,-J(25-e*), 4(4*-^*).i(6n-04) 

Thus given 9*, there are three values of 9,i hence through 
A given point on an ellipse, there pass three osculating circles. 
The three points at which the three circles through a point 8. 
osculate are the vertices of a ma^'iiDUin triangle inscribed in sn 
ellipse. Also these three points are coney die with 0^, since 
4l2ir-9J+4(4ts-64) + 4l«^-d*)+^4*4*. 

86.3 Def. The point of intersection of the norrosls at 
V, and u henM^-*P along the curve, is called the centre of 
curvature at ?. 

The distance of the centre of curvature from P is called the 

radius of curvature. 

The circle of curvature is the circle whoso centre is the 
centre of curvature and radius is the radius of curvature. 

T/ie otciifaiina fireU uhe79 it ej'ia/a m irieutiral uith fh« 
circU of eurvuturt. This will be verified for the ellipse later on. 
The proof of the genera) statement ia beyond the scope of the 
hook. 


Illustrative Examples 

( 1) .1 riVc/e ^ y* + 2g * + 2/y + c • Cf it<jn$€s th ro U{/U i h e 

erirtmititn of fftree of the eUtjtsf *2 


prove ihal the circle 

X - -— *• y — (o^ ‘t* h* +c) * 0 
a h 

;/«r«es//*rwMf//< the ej'/rerMiri’ei 0 / three conjugate eemi'diutneier^^ 

Let 8). 6« he the eccentric angles of the points which 

lie on the circle 

x* + y* + 2gx + 2/y + c*<i, 


m 


|s^COs8|+C08 I 

I 2 sin 9,- sin (9i + 8240,) j 

If f be the centre of the circle which passes through 

the extremities of three conjugate se to i -die meters whose eccentric 

angles ere( 1 « I, 3 3. 
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j -28ine.+sb(e,+0,+e,)| =-M. 

~ f* ^ 

[ Scoa^i+cos (0i + ^2+d3)j = -^ 

Thus the equation of the circfe is of the form ^ 

-^,+c' = 0. 

This circle passes through 9,+ Vaod 6, lies oo the 

a 

first circle 

• • ein^ +6* cos" 0i - 26/ sia Oi“2ag cos + c^®‘0 
o*cos^ 6#, + 6*«iD*e, + 26/ co$e,+2a£ cosd,+c*0. 

Thus a*+6^ + c + c'“0, or c'* - (a^ + 6*+c). 

Hence the equation of the circle in the above form. 

(2) A circle passes tl^roitffh the focue (ae, 0) of the ellipse 

t 2 

louches tlse ellipse at the point whose 

eccentric angle is Prove that the line joining the ollser two 
points o/ intersection of ti^e two curvet is 

('f'-'7) cos •^siD !»- (St. Cstherioe, 1928] 

As tbe circle meets the ellipse in two coincident points at f 

one of the com toon chords is the tangent ^ cos ^ 4 >-^siQ 0 * 1-0 

a 6 

at 0> Since tbe pairs of eominoo chords are equally 
inclined to tbe axis, tbe equation of tbe other common chord is 

of the form 0“ ^ sin 0-A-«O, where A is to be 

determined. Tbe conic given by tbe equation 

+ -^“I+X 0-h — sin^-1 ) 

meets tbe ellipse in two coincident points at 0 and two other 
points. This will be a circle if 
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Wi 6 b this v&lue of X. the drcJo will paas through (< 7 « 2 , 0 ) if 
e* - 1 + X (« 008 — 1 )U cos ^ - W *0 

. . 1 . . 

• • « *• — cos r + 5^ • 

$ er 


Hence the equation of the chord is 

("" - — ) cos 0 - ^ sin . 

\ a / b 6^ 

(3) Mnd the etjualion of the osculaiing circle of the ellipse 


2:+ic= 


C 


^ ® 1 ai the point 
By Art. 85.2, the centre of the circle is 


^ ^ [3 cos ♦ - cos 3 ^ ^ cos* ^ 


4a 






[3 sin 5^ •sio 3 


*-62 


sin' 




46 r - r j ^ 

The equation of the circle is therefore of the form 

x^+y^~2x ^ ^ - cos2^ + 2y —7^ sin* 9i + <fe-0. 
a o 

This passes through the ftoint (a cos 9^, b sin ^), 

o* cos* 0 + 6* sin* 0-2 (a* - 6*) (cos^ ^ - sin^ 0) + 6*O 
or a* ros* ^ +6* sin* 0 - 2 {d* -6*) cos 2 0 +Zr — 0. 

Hence the eejuation of Uie circle is 

+ — 2**^ — cos^ 0 + 2y ^ ^ sin* 0 
o 0 

•a* cos* 0+6* sin* 0-2 (a*- 6*) cos 20 

Aiternrttit>e method 

Lot the osculating circle at P (a cos 0, 6 sin 0) cut the 

-i II* 

cllipw — j + '. *1 at (}. Then the tangent at P and PQ arc 
equally inclined to the axis of the curve. The conic 

^-0 


( 


* . y . 

-- COS 0 - -':-sid 9 - cos 

a 0 


2^)=0 


has contact of the 2nd order at P with the ellipse 

This conic will he a circle if the cO'efUcient of ar*— the 
cO'Offioient of y*. 
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X . cos^ ^ X siu^ ^ 

V-'T’-'" 'b~ 

. f ^ _ <i“ sin* 0 + &* cos* ^ 

Thus tbs osculating circle is given by the equation 


( X- ^ *^-- cos^ y+ ^ sin^ ^ j 

(a* sin* ^ + 6* cos* f)* 

(4) Find ihe equation of the circle of car oalure at the point 

. V* 

P of the e//i^se — r + «* 1. 

Tbe equation of tbe normal at P is 

K(^)sas sin P^by cos P ~ i aV sin 2P U) 

Tbe equation of a neighbouring normal at ^ is 
F(0+f^H<x* sin (^+S ^i-hy cos +5 
-JtfV8in{2# t-2 J0)«O. 

Tbe point of intersection satisfies the equation 

FiP-^Sf) -FW-0 
fiP^SP)-'PiP) . 

or ^ -0. 

If be made to tend to sero, this approaches the lioe 

F'W-O 

or a* cos ^ + by sin P - aV co8*2#*0 

The lines U) and (rV) are easily seen to intersect at 

i o*-h* « . . 1 ^ ^ 

I cos* P, 7 — sin P I 

\ a b ' 

The distance of this point from (a cos P^ b sin is 
radius P of tbe circle of curvature. 

. a* — 6* t ^ ^ . . A.'\ 




P*-i 


?P- 


a cos 




»(a*sin*^+h* cos* ^)W6* 

The equation of the circle is therefore 


(x- 


i*- 6 * 


,. . )V( 


. o*-h* . 1 
y+ — : — sm 
0 


.)■ 


(g*8in*^4-h*cos*»)*. 

Tbe identity of the circles of Es. 3 and Er. 4 can be easily 
verified or inferred from the fact that both the circles have tbe 
same centre and pass through tbe point (a cos P, b sin P)- 
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It follows that the locus of tba centre of curvature is the 
curve (called the evolute of the ellipse) 

(«)* + (M* 

which is evidently the envelope of the normals of the ellipse 
since the eliminatiOD of ^ between l!'(0)*O and — Ogives 
this equation. 

(5) A variable rtetanijle FQRS hoe its tidet parallel to 
fixed direcfioTie, Q and S lie respectively on the lines x^a, 
* - — fl and P lies on the line y—0, Protfe that the locus of R 
IS a st. line, and for all c/i>erf<ons of tlte sides of the rectanyle, 
this st. line always touches a fixed ellipse. (Math. Trip. 1917) 

Let the co-ordinates of P be 
(xq, 0) and m the slope of P(j. The 
equation of PQ is therefore 

The co-ordinates of Q are there- 
fore [a, 

Hence the equation of QR is 
y-w(a-aro)« l^(x^a) (i) 

nt 

Again, the equation of PS is 





1 

m 


{x - arj. 


Hence the co-ordinates of 8 are 



1 

Ml 





Tbs equation ofSRie therefore 

y (« + arg)»w(* + tf) 



Multiplying (li) by iii* and adding to (i) we eliminate ;ro and 
get the locus of ii» vis., 

1 ) or w*tr+«)- (*- a)-o. 

which Is a St. line. The envelope of the line as m varies is the 
ellipse 




(6) A variable tangent to the ellipse - i=o meets 


the lines in points V and Q. The other two 

tangents from P and Q meet in O. J>\nd the locus of 0. 


Let 


X V 

- cos « + Y sin 


« — 1«0 be a variable 


tangent. 
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The secood ta'neent to the ellipse through P is of the form 

a b 

where (X<f— 1 = — + X j + sin*®. 

One vnliie of X is zero which corresponds to the tangent 

“^ros ^ sin ® - 1 *0. and the other value of X is given br 

<1 h 

, 2ia cos « 

So the equation of the tangent is 

.rro8»^jlsin_a _ ^ 2l« co«t (* + rf)-0 (0 

a b 

Similarly the equation of the other tangent through Q can be 
obtained from this by replacing <f by — rf. The equation is 

ycosa ^yaina _ 2(acoga-rf)^^_^j,Q (,•,) 

a b 

The locus of the point of intersection will be obtained by 
eliniinatiDg «t between these equations. Subtracting, we have 

<T cos « +4r»0 

Substituting this value of cos a in (i) or (ii) we have 

1- 

A* b <r-o* 


or 


y SID a {**-a*) + 

b * aV-tf*) 

Squaring and substituting for sin‘ 

aV 

So tb© locus consists of the lines x—ia and the conic 
V aV-a*)* 

(7) A parallelogram Cireumsoribes the ellipse 


TT “1 — 


0 


and two of its corners move on As*+2Ha'y + By* !• Show that 
the other two move on the conic 

B6V - + A<,V=fcV+<,"y*'oy.; 
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Let o. « P. 3 be the eccentric angles of the points 


'iJ vUMbUCVi uuviJ 

a + 3 
ncof, 2 

View ^i*r 

o +3 

t SID .y 


a •v 3 

a cos 2 _ 

tsin 

a 4* i 

2 ! 

a — .J 

0-3 


^ a -i3 

cos 

a ti 

A 4 

ros 2 

cos 2 


».*V» 


2 



a +3 + * 


rt + 3 ^ 

n cos 

■y 

0 Sin 

2 


a +s • li 

cos 

a +ir - H 

008 

•a 

2 


aJ-S-f:: 

t sin 

a 4-S ••' V 

(t cos 

2 

2 

cos 

3 + ^-0 

cos 

3 + I5 — a 

2”^’ 

2 


Suppose the first pair liea oo the loons A*- + 2Hx'3'+ By** 1. 


^ * lit* »ln* ^ ' + Htf6 sin (^+3) 

n ^ 


.*. Ao*C 08 * "2^“+ lit* am ^ 


cos* 


*3 


Art*^ 


SIM — 


+ Bt* 


* cos* — 

. * « +3 

sin- ^2 - 


sin “ 


2 


a +3 

cos "“a S*” 

+2 


a + 3 

2 ” 


sin 


sin 




-3 


cos 


sin* 


2 , fl-fi 

— - COMC - 1 


<r) 


? • * 

a siu 


0 


cos* 


^ a +3 


K 


OW, A* — 


Sin 


(T 


+• = ro«c- 3 


oTr^ 

2 ' 


, >^» 5 ^ 


BJ II 


2 


a -0 


Hence sunatituting in '<)> hnvo 

An* - 2 Ha 6 -f . — = *j +-J, - 1 

t* o* t <1 t* 
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or Hb'x^ ~ 2 MaVxy + Aa'y- = i V + a‘y^ - a^bK 

91 o/'A* eccentricity of an ellipse exceeds 

^Wj-l).proi^ that there are eight normal chords each of 
which meets the ellipse at the ertremitUs of a pair of conjugate 
diameters and the length (Dof any such citord U a root of the 

fQuatiofi. ' 

l'-W*b'^)P + 2aV = 0 [Jiatb. Tip. I, 1928] 

The e4)uatioD of the oormal atP(^) ia 

ar — a 0 _ yb ain ^ _ 

P coa 0 ^ 

a 6 


The co'ordioatea of an arbitrary point on the normal are 

coa 0 , u Pr . . , 

— +tf cos 0, ^r“sin 0+6 SID 0. 

0 o 

If the normal passes through D(*<i sin 6 cos 0) ; then 

•^cos 0+<j COS 0- -a sin 0. sin 0 + 6 sin 0-6 cos 0 
" 0 

. cos 0 ^ ^ COS 0 +SiD 0 

•in 0 6* cos 0-sin 0 

i.t.. (<iH 6*) + (<»2-6*) sin 2 COB 20-0 W 

Now (cos 0+siD 0)H6^ (sin 0-coe 0)*»(a^+6*) 

+ (<?*- 6*) sin 20 W) 

From (») and (tt), 

1.5.. ;*-(a* + 6«)i* + 2oV-0. 

The roots of this quadratic in I'* wiU be real if 
(a* + 6^J^ >b<iV 

1.5., (2-s»)« >8(1 -a*) 

i.e., e* + 4a*-4>0 or (a* +2)^ >8 
t.aM a* >2(i/2-l) 

The roots in f* are then positive and hence all the fonr roots 
are real, two being positive and two negative. The two positive 
roots give the lengths of the normal chords. Let them be luU' 

IJL- 

a*- 0 - 

i.a., cos 20 — cos Gi or cos 

■■■ ± i 

Thns tbere are eight normal chords, four being eqaal 
and four equal to /> 


From (i) cos 20— — ct 
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Miscellaneous Exercises XXI 




1.' .Show from deRnibion that the st. lioee 
X *1' 17y * 0 rep resect a pair of coo jugate diameters of the cooic 

2^ The polots A. A' are the ends of the major axis of n 
cooie and PAQ. P'A^Q' are taageots to the conic there ; if 
PP'. QQ' are two other taogenta to the conic, prove that 

AP.A’P-AQ.A'Q' 

and the PQ'. P'Q intersect on AA'. [Math. Trip. 1918] 
conic Ax’ + By" = l and a point P(A, k) being given, 
prove that the locus of a point Q. whose polar makes a constant 
angle with i)V is a conic passing through P and through the 
origin. What is the nature of the locus when the constant angle 
is (0 s right angle ? [Math. Trip. 1916] 

4. ^Two chords of an ellipse are draw'o parallel to (he minor 
axis, and equidistant from it. Any tangent to the curve meets 
the chords in P, Q. Prove that SP’^ + SQ* is always proportional 
to P(j^ S beiog either of (he foci. 

,y Trip. 1937) 

nnd Q are extremities of two conjugate diameters 
un ellipse of minor axis 26. and ^ is a focus. Prove (bat 

P(^»-(«P-SQ)*^ 26 '. 

the points of intersection of the ellipses 


of 


n ellipse o 

v'Xf 


6^ 


1 . 


a*' 


y , 


prove 


are at the extremities of conjugate diameters of the former, 
that, the point * n» lies on the curve 

I 

7. Prove that the length of the normal chord of the ellipse 
of a.xfls 2a, 26 which makes equal angles with the axes is 

^ 4y/ 2 a^b* U*4*6*)"*. 

8. 8P, S'P' are focal radii of an ellipse drawn in the eame 
direction, and the tangents at P and P' meet S'P' and SP in Q' 
nnd Q Respectively. Prove that QQ' ia parallel to PP'. 

9. If P, Q are the extremities of conjugate diameters of nn 
ellipse, and ?P . QQ' be chorda parallel to an sxie of the ellipso : 
•hy^st PQ' and FQ are parallel to equi-conjugatee. 

QQ' is any chord of an ellijiee parallel to one of the equi- 
conjugaUe. and the iangente at Q. Q' meet ia T ; show that the 
oirole QTQ passes through the centre. 
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11. A t^Ds^nt to nn elU])ise is a chord ot & coDCentric circle 
whose redius is eqonl to the distance between the ends of the 
axes of the ellipse ; kIiow that the $6. lines which join the ends of 
^the chords to tlie centre are conjugate diameters. 

V *12. If ^ .'»iid 6' are the eccentric angles of the ends of a 
^ ^cal chord of nn ellii'se, prove that 

tan i 9 tan J | or “ \'Z^' * 

Distinguish the two cases. 

I.'i. If PSQ, PS'R are two focal chords of an ellipse and the 
eccentric angle?* of (J and R are 9 and 9': show that the ratio 
tan T ^ : tan ? d' is constant for all |>oaitions of P. 

If V be the |K>lnt (rr cos 6 sin &). show that the 
/ npintion of QR Is 

r ^ , V Ms* .n- 
cos 9 + • “ z — T 1 

and it touches the conic 

*•< + (il:i6irr=, 

If the tangents at Q and R of the last exercise meet ir 
T. show that the locus of T as P moves on the curve is 


(l+e»)- 


X ... a.o V 


+ (Me*)*-p -(!+<•)*. 


1(). Show' that the locus of points, the tangents from which 
to the ellipse “^v ^ contain a given angle « is 

+ un* a.4 + 

.u ' The locus Is called the isop^ic Iocu9» 

J*^17. Given the base of a triangle and the product of the 
tangents of the base angles, the locus of the vertex is an ellipse. 

Given the base and the Sum of the two sides, tbe locus 
^ot the io^centre is an ellipse. 

Prove also that the locus of tbe centre of the escribed circle 
which touches' tbe base externally is also an ellipse. 

[Hint, PSS' be the triangle, prove tan |S ten iS' is con- 

Tbe tangents AP,. A'Q at the extremities A, Aitbe 
major axis of an ellipse, (centra C) are met by an 
tangent PRQ at R in tbe points P end Q. If CP, CQ meet t e 
ellipse in P', Q'. prove that 

(i) AP.A'Q*b*. - 



EUAPSE 


ffj) CP', CQ' nre seiui coo jugate diaixieters of the ellipse. 

Hii) PR.RQ ^square of the parallel semi-f on jucftte diamett-r, 

(iv) The circle ou PQ as diameter passes through the foci. 
20. If the chord joining two points whose eceentrie angles 
are a, P cut the tnajor axis of an ellipse at a distonre rf from the 
centre, show that 



21. If any two rUorcUbe drawn through two points on the 
major axis of nn ellipse equidistant from the centre, show that 



(<i^ - cos a c oa cos -P) 

a cos P 


(fe*-rt*>ain ct Bin fa + P) ain (a - P) 

^ b cos P 

vis. The normal at a point I* of an cllipao meets the major 


axis in 0, show that the I<m us of the mid*point of Pft is an ellijisc 
whose eccentricity «' is connected with that of the given ellipse 


«i by tlm equation 

,y. 24. Show that the line my 4* 0^0, is n nonual to 



2&. Show that iho locus of (be iioles of the nurniul chorda ol 



£1* a b'B . 

2V-vi ’ 


27. If F is ft focus of an ellipse and the normal at V meets 
the tuajor and minerr axes in <•. g, and CT) is conjugate to CP 
JIIOVO that KG : CF*FP : AU and Kg : CT^CD : UC. 
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28. A triangle is inscribed in tbe ellipse + and 

has its centre of gravity at tbe centre of the ellipse, show that tbe 
locus of the circumcentre la 

29. The locus of the centroid of an equi-lateral ftriaagle 
Inscribed in the ellipse + 1 , in 


The centroid coineides ivitb tbe circun 'Centre.] 


30. If P(*,. yi), Qixi, y^) are tivo adjacent yertices of a 
parallelogram circumscribed about the ellipse 

SU3.)--^-+ |^-l=0. 

show that S{*i, yi) S(arj, y^l"l. 

31. If PCP', DCD' are conjugate diameter of an ellipse, and 
9 is tbe eccentric angle of P. Prove that iv - 3^ is the eccentric 
angle of the point where tbe circle PP'D again cuts the ellipse. 

(Hath. Trip. 1910) 

32. Prove that tbe tangent and normal at any point of an 
ellipse cut the minor axis at points which subtend a right angle 
at either focus. 

33. If tbe normals at the extremities of the polsrs of 
Pi (xt, yi\ Pi Ui. yil meet is a point, show that 

siX9+a^*0, yiy8+6**0. 

34. Prove that the enyelope of the chord of contact of two 
perpendicular tangents to an ellipse is another ellipse. 

35. Two lines are conjugate to. r. to tbe ellipse 

a 0 

and always pass tb rough the ends of tbe major axis of tbe ellipse* 
show that they intersect on the ellipse — 

•^36. Prove that tbe length of the perpendicular from tbe 
tbe centre on tbe chord joining tbe ends of two conjugate dis* 

meters Lies between and where a and b are tbe semi' 


axes. 


{Math. Trip. 1923] 
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\ 

'S7. Fiod tbd equations of the four at. lines other than 
axes wbicb are nonnal to both of the ellipse 





the 


H 8 . T is the pole of a ehord PQ of ao ellipse whose centre is 
C and CT meets the curve in R. Prove that if eccentric angles 
of P and Q are a and « •?, the eccentric angle of R is a. 


A9. Prove that the circle whose diameter is the chord 
X o +6 , V « +0 <1—3 

cos ■ T L — *r SID --“=C 08 — ** — 

a 2 b 2 2 


cuts the ellipse 6 ^ 4 :^ M ^ a^b* in two other points whose join is 
the line 

*- cos i («+ 0 ) - sin i (a + P) - cos }(“ ^ 0 )^ 0 . 

4<i. The tangent at one end P of a diameter PP' of an 
ellipse and any chord P'Q through the other end meet in If. 
prove that the tangent at Q bisects Pft. [Math. Trip 102lj 

41. OP. OP', CQ. CQ* are pairs of conjugate diameters of an 
ellipse ; ehow that V^<4* either parallel to PQor to the diameter 
which bisects PQ. 


42. Prove that if 

hnci the ellipse ”“t *•' 

d* o* 


the circle 3if ^ ^ + 2 c*+a ^*0 
^ 1 are so related that the polar u>. r. 


to the circle of any point on the conic touches the conic and the 
polar w. f. to the conic of any point on the cirri© touches the 

(Downing 1929) 



CHAPTER IX 

HYPERBOLA 


87. The equation of the hyperbola whose transverse 
axis is the x^hxis and conjugate axis is the y-axis has been 
reduced to the form 



a* ? 


1 , 


( 1 ) 


This equation can be directly obtained from the follow* 
ing deft nit ion of a hyperbola 

A ht/perbola is a curve traced out by a point moving ni a 
plane such that its distance from a fixed point (calUd (he 
focus) bears a constant ratio greater than unity to its dis- 
tance fi\>iii a fixed line {called the directrix). 

The constant ratio is called the eccentricity and is 
denoted by e. 

Let S be the focus and UZ 
the directrix. Draw SZ perpendi- 
cular to MZ. and divide ^ in the 
ratio s : 1 such that 

SA=e-AZ / s., - 

A'S«sA'Z) 

Thus A and A' are on the 
curve. 

Suppose that the mid-point 0 
of AA'(*2tf) is the origin and A A' 

is the rv-axia. The co-ordinates of 8 can be supposed to be 
{p, 0] and the equation of the directrix MZ can be taken ss 

x“ k^O, The condition SP»<,PM gives tlie equation 

U-p)* + y^-<*(ar-Ar)* 

The line meets the conic in points A {st 0) and 
A'(— » 0). This requires 



whence k— — , p^ae^ k *» , p*^ —ae. 

s s 

Thus the equation'of the conic takes the form 
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Its real foci are 0). S' { - ae, 0) and thecorrespoiid- 
inR real directrices are x— x + — = 0 

87.1. The lines 

y^ix±i v/tf*+6* 

-IX t» v/a*+fr* 

are the isotropic tangents of the hyperbola. 

These lines intersect in six points two of which are 
the circular points at infinity and the other four are 

0). (0. ±i 

The first pair of points is real and the second imaginary. 
Since + <»• + — <!« whore 

e > 1, then The ec|uation of the^hyperbola 

can then be written as 

fl* flV-1) 

or (x— as)*+y*»«*(x - U) 

Thus the distance of a point P(x. y) of the curve from 
the fixed point S 0 bears a constant) ratio greater than 

unity to its distance from the fixed lino x-— * 0. A 

similar iaforonco can be drawn when the equation is writ- 
ten in the form 

(x + tfe;* + y*«#*^ X + (,7) 


3^. 87.2. From the equation of the directri- 

ces» it follows that 

SP«€.PM“sx - a 
S'P-s.PM'-«* + tf, 
since x > a 

S'P-8P-2rt. 

Thoe the difference between the focal distances of a 
point P on the hyperbola is constant. 

f The length of thei latus root urn which is a 

focal chord of a, hyperbola at right angles tp the transverse 

axis is easily seen to be 2 — »2<r(«*-l). 
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88. To interpret 


To 




6 ^ A < U. 


interpret it. we may use an arjrument similar 
to that for an ellipse, but it will be instructive to use a 
different method. 

JjOt PUi, y,), j.j) be two points in the plane of tlio 
hyperbola. The Jaochimst liars ratio equation is 

^ A^+2AT+Si*0. 

where ~ 


y?* _ I VI — 


1.2 A. 



m_ Xaz_ ViVt - 

If the line PQ meets the 
hyperbola in points R and S 
and Xh X;^ be the correspond- 
ing values of X for R and S, 

XjX8^Sj/S2. 

It will be seen that if the 
points P and Q he in the 
region in wliich the centre C 
lies» the points R and 8 are 
either both real and external 
to the segment PQ (line 1 ) or 
both conjugate imaginary (line 2). In eitlier case XjXy is posh 
tive. If P and Q both lie In the region in which the centre 
C does not lie, the points R and 8 are either both internal 
or both external to the segment PQ (lines 4 , 8). In either 
case XjXs is positive. If one of the points P and Q is in 
the centre region and the other in the non*centr$ regioin 
one of the points H and 8 is internal and the other external 
to the segment PQ. The product X|Xj is therefore negative. 
Tkm if the points P and Q lie both in the centi’e region or 
hon-centre region, the eajiressions Si and S3 are of the same 
sign, and the eitpression 8| and 8* are of diffsi'ent signs if 
P and Q lie in different I'eplons. 

Now for the centre C { 0 , 0 ) the expression - 1 . Hence 

“ I is negative for all points on the centre side 

and positive for all points on the non -centre side. Thus 
the inequation S <0 represents the region w ichick the centre 
lies and 8^0 is the ana/g/ic expression of the region in ichich 
the centre does not tie. 

89 . Asymptotes. A line which meets un alg^aic 
at two points at infinitg but is not whoUg at infinity is called 
an\asymptote. 
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Since there is only one point at infinity on a line, the 
points of intersection of the asymptote with the curvo 
coincide. Thus a rectilinear asymptote is the Umitiitg position 
of it tangent when its point of contact moves aJong (he curve to 
infinity. 

89->- I-t 

be the equation of a line. It meets the hyperbola in points 
whose distances from (* 0 . yo) are given by the equation 
J eos't^ sin’d \ ^ I Xf, cos 0 Vo sin 9 S 

A"? 6 *^ ) — 


) 


)="• 


008^ sin^ 

-0. 

xo COS 9 va sin 9 

“7 — 

»0. 

4 

e & 

tan’© • 

+ t 

a 

(.) 

and 


^ cot 9 

(.•<•> 


xo 

a 

+ ^ 


*0 

a 



nil 


X 

a 




. ( 2 ) 

a 0 

Cor, It is thus seen that the pair of asymptotes are 
tangents to the hyperbola through the centre. 

Js^xercise. Fiod (be wyiaptotea of the ellipse 


-1-0. 


!>• 

^*^*90. Equation of a hyperbola referred to asymptotes 

(flj The linos *“0. y-O are 
by Bapposition Ungents to the conic, 
its oquatiuii is tliuroforo of the funu 
*y — + »ny + «)*. 

The lijm y*0 meets tJio conic 
Hi points whose absciesie are thcr 
roots of the equation l/x+«J*»0. and^ 
since the point of contact is at in* 

Hnity, this equation lias i infinite 
roota, Thus /*0. b’er a similar 
reason, m»0. The equation of the 
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conic 18 therefore of the form 

xy^H^. 

Let AN be parallel to CY. The co-ordinates of A are 
(CN, NAj. From the isosceles triangle CNA, in which 

CA=«, ZNCA=a = tan-‘-^ 

a 

<.*=2CN*+2CN* cos 2a 
= 4 CN« co8»« = 4. CN' , 

CN-NA- 

2 

Since A lies on the hyperbola, 


Thus the equation of the hyperbola is 

* + 6* . 

ary- — -z . 



90. 1 . Second method. Let P(r, y) be the co-ordinetei of a 
point on the hyperbola when the axes are the transverse and 
conjugate axes and ((. the eO'Ordinates of the same point when 
the asymptotes are taken as the axes. Suppose that pu Pt sre the 
measures of the perpendiculars from F on the asymptotes, 
than 


or 


n cosec 2« — 


X 

a 


h 




i 


cosec 


2a 




i^Pt cosec 2a 


i 


cosec 2n 


!»?• 


4l<i* + 6*) sin** cos* a 


a* + 6‘ 


tan a — 

a 


It should be noticed that the axes are oblique. 
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90.2. Def. If the asymptotes of a hyperbola be at. 
right angles, the conic is called a rectangular or equilateral 
hyperbola. 

Since the angle between the asymptotes is 2 tan”* ^ . 

it will be ft right angle if 0 — 6 . The equation of the curve 
is then or jy-c*. according as the ftxes or tho 

asymptotes are the axes of cOH>rdinates« 

90.3. The similarity of the equation of the hyperbola 
with that of the ellipse suggests that several results proved 
for the ellipse will give the corresponding results for the 
hyperbola by a change of 6 * to ~bK In the following 
articles, some of these results will be obtained by a different 
method which is also applicable to an ellipse. 


91. Equation of a tangent. Let P[x\ y'), Q(x^^ y**i bo 
two points on a hyperbola, therefore 

Also the equation of the line PQ itt 




- X** 


y -y 

which iu virtue of relation (4) becomes 


(4) 


(5) 


Lot tho point y'*) moving on the curve approach P 
indefinitely. In the limiting position the equation of tlte 
hne becomes 


x'iM-x') _ v*(,-y) _ 


or 



( 6 ) 


which is tlierefore the equation of the tangent to the hyner- 
bola at U*. yO. 

91.1. The equation of the normal. It can be easily 
proved that the equation of the normal at P (y. y') is 
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91.2. The following' rejfiilts arc left to the reader as 
exercise. 

The line Ix-^my + n—0 is & tangent to the hvoerbola if 

( 8 ) 

In particular the line • 

y = m*+ (9) 

is a tangent to the hyperbola for all values of tn. 


The equation of the pair of tangents from (*'. y') is 

-n.... 


££: .^5L_l Y.l 

I A 




a* 0* /K a 
and the equation of the director circle is 


6* 


( 10 ) 




■a 


L'i 


The polar of the point U'yO is 

. >y « 1 


( 11 ) 


( 12 ) 


If the pole of a line ^ lies on the line q, the pole of ? 
lies on p- (13) 

If the polar of P passes through Q, the polar of Q passes 
through P. (U) 

Exercises XXII 


]. Tbe taagentat any point of a hyperbola cuts o^ a 
triangle of coDStaot area from tbe asymptotes and tbe portion of 
it intercepted between tbe asymptotes is bisected at that point. 

2. Any st. line cats a byperbola in Q, and Its asymptoirs 
io R’. QQ and RR' have tbe same middle point. 

S. Tbe mean centre of 
byperbola and a circle ia tbe 
centres of tbe curves. 


tbe intersections of a rectangular 
mid>pt. of tbe line joining tbe 


If a rectangalar byperbola xy^<? passes through tbe 
vertices of a triangle* it passes through tbs ortbo'centre and its 
centre lies on tbe nine-points circle of tbe triangle. } t \J . i ^ ^ ^ 

conic circumscribing a triangle pass tbrongb the 
must be a rectangular byperbola. 

6. In a rectugnlar byperbola, tbe angle between any chord 
FQ and tbe tangent at P is equal to tbe angle subtended by RQ 
at tbe other estremity of tbe diameter tbrongb F« 


centre ites on c. 
B. If a CO 
;^VBrthO' centre, it 
Ci' ' 6. In a r( 


7. Any chord of a rectangular byperbola subtends at 
ends of any diameter equal or supplementary angles. 


tbe 
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92. The equation of the chord with a given mid-point. 
Let (xo. yj be the mid-point of the chord whose en<l- 
points are U', 3»0. (*"» 7 ^) 

2y^^y'+y". 

The equation of the chord is 

x-fQ _ y-y.* 
cos B sin B 

wlicrc in virtue of equation (4), 

x' - *“ a *(y' y''j a^yo ’ 

The equation of the chord thus l)e comes 

x.>( jr-0 _ Wy-yo) 

■^5 6 * ^ 

It is parallel to the polar of {xa y^). 

93. Locus of the mid-points of a system of parallel 
chords. Conjugate diameters. 

As in the case of an ellipse, we obtain, that two clia- 
meters y • aro conjugate tr. r. to the hyperbola 

A* 

if (K;) 

The result may )>e obtained as follows 

If m be the slope of the system of parallel choixU and 
uo,yo) the mid-point of one of the chords whoso extremities 
are (*', y'h U . y h wo have in virtue of equation (15) 

Thus (xq. y«) Hos on the diameter x 

a*m 


since m 


y^-y” 


If wo call this diameter wo have wim'® 

a* 

It IH, couveuiont to lake the equations of two coiijuirate 
4liameters in the form 

6X b 

y-— y. y- -^x. (j7) 

The slope of the diameter which is conjugate to itself, 
ifl given by the equation 

o 6* 
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Since 


+ if 
— 

a 


xMf. 


Tims eath asymptote U a Mameter which is conjugate to 


93.1. Let PU|. y,) be an extremity of the diameter 

-\x and D(x 2 , yj) that of the diameter x. 

dX 




a ^ _« 

1-X^’ 


X2* 


X*-l* 


If C be the centre of the hyperbola. 




^ a" 
1-X** 

•*d*-6*. 






(18) 

77it« /Ae of the equat’es of tico coi\jugate diameters 
of a hypoMa U conetant. 

93.2. The values of xi and in Art 93.1 show that if 
one diameter meets the h^erbola in real points, the other 
meets it in imaginary points. If x, be real. | X | <1, tJie 


diameter y • — x for which I — 
a I a 

in real points and the other in imaginary points. lf« however, 

I X I >1. the second diameter y = for which 

meets the curve in real and the other in imaginary points. 
If a be the acute angle at which the asymptote 

y ■“ X is inclined to the x-axis. then every diameter 

which lies within the angles— « and a meets the hyperbola 
in real points and its conjugate meets the hyperbola in 
imaginary points. 


6X 


< — meets the curve 
a 


94. Conjugate Hyperbola. The equation 


b* 




m 


represents a hyperbola whose transverse axis is along the 
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y-axis an<l the conju^te axis is along the x^axis. This 
hyperbola is called conjugate to the hyperbola 

^ _ y* 




1 . 


and the relation is mutual. The two hyperbolas have com- 
mon asymptotes. Since the ratio : 0 ^ is the same for both, 
a pair of diameters which is conjugate for one is conjugate 
for the other also. 


95 . Let a pair of conjugate diameters CP, CQ of the 
hyperbolas be given by the equations 




X. 


X* 

if 


Suppose that the first diameter meets the hyperbola 
in real points P(xi,yi), P‘(x'i, y'l), so that 


XKly and 




by (Art. 93.1) 


ThuH CP*=*.‘+», 1 + *,-) 

_ »«+Vfe» 

The second diameter meets the conjugate hyperbola 
in (iixt, Vi), whore 

_ >_ 


1-A‘ 


and 

The point Q is real if P is real and conversely. If X*-»l 
the points move along the curve to infinity and the 
conjugate diameters approach the position of the asymp- 
toteHk Thiu the cotijugaie diametere of o hyperbola and its 
eordugate are teparaled by (heir common atympfoiee into two 
eeixt oneofthem nieete one hyperbola in real poinU and the 
other meeU the tecond hyperbola in real pointe. 

Also CP*- CQ** X* - (20) 


Hence the differene of the equaru of ttco coniuyate dm- 
metere of a hyperbola and the conjugate hyperbola ie eonatant. 

If the diameter CQ meets the hyperbola — j- * 1 

a ft* 
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ill an imaginary point D. 

r*n- — 
CD .. 


(c./. (93.1) 


CQ2=-CD* 

Thus if CPaudCD be conjugate diameters of the hyperbola 

b' ^ 

CP*+CD* « 

Exercises XXI 11 

1. Id a rectangular hyperbola, conjugate diameters are 
equal and are equally inclined to either asymptote. 

2. Any diameter of a rectangular hyperbola is equal to the 
diameter perpendicular to. it of the conjugate hyperbola. 

3. If a hyperbola baa two perpendicular diameters equal to 
one aDother. the ope belonging to the hyperbola itself and the 
other to its conjugate, the hyperbola must be a rectangular one. 

4. The Hoes joining the extremities of conjugate diameters 
of a reclnogalar hyperbola are perpendicular to the asymptotes. 

6. The circles described on psraJlel chords of a recfangular 
hyperbola are co-axah 

V'-6. The base of a triangle and the difference of its bise- 
pefbote »be locus of its vertex is a rectangular by 

96, Tlie equation of the tanyent at Pfi,, y,) or 

D t . ® hX \ . 

^Y^f^j^othehyperholi. 

X ^ Xy 

and the equation of the tangent to the second hyperpols 
at q ( — ^ 

^--2— - 
a b 


b* 


JS 




v'l-X* 


b \ ■ 

r^) ** 


These tangents are parallel to a pair of coujagate 
diameters and intersect on the asymptote. Hence, 
the tangents at the real points where the tioo eonjugoit diameUrs 
cut the two conjugate hyperbolae farm a paraHelogram whose 
vertices lie an the asymptotee. 

The area of this paralMogram is constant. 

To prove this we notice that 

• 
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If CK be the measure of the perpendicular from the 
centre on the tangent at Q 

\/6* + a»X> 


. . Area-4. CP.CK -4 o6. 

The mid-point of the segment PQ is 


X 



1+X 

1-X 


y 


111 

1-X 


(2U 


and it lies on an asymptote. 

96.1. Tlic polars of P(*i. yi) ti»- r. to tlie two liyper- 
Ijolas arc f^iven by the equations 


XX I ^ yyi ^ - xxi ^ yyi ^ , 
fl* 6* a-' ^ 

and tliese arc parallel ami cqubdUtant from the origin. 
Lot P bo a point of the hyporbola 



The polar of this w, r. to the conjugate liyperbolu is 


rt* b* ^ 

O' 

and this is a tangent at (*” A|.*yi) to the original liyperbola. 
Jluncc, the potor of ony point of a huperttola u\ r. to the conjit- 
gate hyperbola louchet the original hyperbola at the other en<l of 
the diameter throuyh the yiten point. 

97. Freedom Equations. It can easily be seen that 
the point {a coah 9. b sinfc 9) kies on the hyperbola 



Thus tlie freedom equations of the hyperbola arc' 


conh 9, y^b sin A 9. (22) 

Ah 9 varies from to tho point describes the 
whole of one branch of the curve, the other branch Is ex* 
presMcd by the equations 

X* —a coeh 9, y* — 6 sinX 9. (22A) 

Since cos/i {9 + i*)« -cosfc9, sin/» (9 + »*)- - sin/i9. 


the parameters of tho cxtremitica of a diameter of a hyper- 
bola differ by i«. 
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. To interpret 0. Jet AGP be a sector, 
* ^ (a cosh e. ft Bin* 0) 

J.he area of tlie sector AGP is 


. , ^ 3.V » point of byp< 

that Q(a ainft ft cosA ♦) is a point on the conjuj 
and if C be the common centre/ then CP, CQ conetl 
cooju^ie dUmetera. 

2. ProvethatCP*-CQ*-a»-ft». 

S. Show that the mid-point of PQ lies on an a 

97.1. The points on the hyperbola 
. <* 
be expressed by means of circular functions of 
the equations 

x^a sec y»h Un 9 
P be a point on the hyperbola. 

$*on M on the ar-axis draw a tangent 
Ml to its auxiliary circle. Join the 
centre C to T and LAQT^O, Obviously 
*“CM«tf8ecd. 

Since P lies on the hyperbola, t 


From its projec 


As 0 varies from - to , one branch of the 

curve is described and as $ varies from 4 to , the 
other branch is described. 

Exercises XXV 

\ that the equation of the chord joining the point) 
9i and 9z ts 
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Deduce that the ertuaiiont of the tangent and nor mat at Q tire 
respectively 


X 

a 

bv 


*C08 d + ^sln0 

0 


ax + — — 


+ 6* 


si (I B cos B 

2. Show that if the normals at ^ 2 * Bj are concurrent 
ain (^2 + 9j) + din (dj+dJ + sin ( 6 , +© 4 ) — 0 , and conversely. 

Tbe equations of the Dormsis st Bi ($— 1, 2, 3) can be written 
in the form 

6y(/i*-l) + 2/i(a* + 6*-tf^) + 2/r*(«* + 6*)-0. 1 * 1, 2, H 

Q 

where /j»tan . The necetsnry and sufficient condition 
that these nonnals may meet in a point is 

.0. 

It-ih 

This reduces, after discarding the noD*?:ero factor 

- faJCfs - fj, to 

1 ' hti ^ 

which can easily be put in the desired fomt. 

H, Show that from an arbitrary point four normale can be 
drawn to a hyperbolti. // U (i-l. 2. $. 41 be the parameters 
of the feet of four concurrent normals, show that 
l\ t'shU^ — i and conversely, 

4. 8 A 0 W that a necessary condition that the nor mo/s at 
6 it 9^, By, 8 * may be concttrrerU is {Pn + /) s. 

6 . S},oiolhatll,tneeeMara and $ufKcient condition that 
(he points Bi, B^, dj. B^ may be concycUc is ^Bi~2nif. 

97.2, A third parametric representation of tbe hyperbola. . 
wbcch IB most workable is • 
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This can be <1 educed by writing the equation of the 
hyperbola in the form 





^ J_ 

a b t ' 

from which the required freedom equations follow. 
The equation of the chord joining iz is 


The equation of the tangent at t is 


— (1+/*)+ 
a 0 

and that of the normal is 

2at (1 - + 

Exercises XXVI 

1. Show that th4 necessari/ and iufficittU condtiions that 
(ht normali at tg* ti may bt concurrent are 

ti^Of ti /$ t) #4* ^ 1* 

2. The necessary and sufficient condition for the concur 
rence of the normals at /j. t} is 


S/rf f>— S"' . • 

Is ts 

8. The necessary and sufficient condition that the points 
ti. ti, ti fnay be coTscydic is ti it ts — 1. 

4. If we write tbe equation of the fayperbole id tbe form 





show that x^a—jT" 


y— 


2 bt 


\ ar< 

''S% 


are tbe freedom equations of tbe hyperbola. 
97.3. The freedom equations of 
c* are 


jr 

c 


—t 


the hyperbole 
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x-ct, 


that jolius the 


7“ 


(rio) 

points 


i.e.. 

The etjuution of the Hue 
ti and t-j ia 

*+/| 3»-C (#l+/2)*0y 

from which can be easily deduced t« e<| nation of the 
tanirenf at 't' J 

x + /-y*2c/. 

Exercises XX VII 

1. Show that the polar of (x|, yjl u>. r. to xy^c^ ia 

2. ^ Show that the normal at U* to the rectangular hyperbola 
4'y" c" ia given by the equation 


xt 


/y-C/^ +C«*0- 


1 


^9 9 m V* 

OeJure the necessary and aufficieot conditlona 

, , £<. /i-O -1 

for the co'jiorinality of the four poiota f\, /•. h* 

Illustrative Examples . 

(l> .SVrotti that tht tommen tantjentt of tht elh'fise 

u‘ * 

‘in, I the reelanaular huptrbola ru=e' are the Ihm 

{ ic‘x^ + a\^x, - 4c’) } { 4 cy ♦ 6^(2ry - 4 c-) > + ^ o V'a « n 

The line 

- , , * + <V-2c/-0, 

IS for all vniiiee of /. e UnReot to the hyrierbola »y = e^ 

This will l>e a tanRent to the Riven ellipse if 

(a’i’ + h'm'-n') 

B‘ + 6V = 4e»«* 

The equation of the tsnRenta can therefore be obtained bv 

,iV-4cV + o''-0 

• l'_ ^ t‘ 

4cV + o*(2*y-4c^) 4V_„Jy 

— 1 

• { ^/+V{2xy-4c'^l } 
t e 9 Thua the equation of the tangenta ia 
{4cx +<1 (2xy-V) ) {4cV + fc^(2xy-4c-)} +(6V-aV)=0 

. ww,; 
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Let ibe equation of tbe hj'perbola be 


b‘ 


1 . 


The polar of the point (jr*. y') w. r, to tbe hyperbola is 


XX 


a\ b* 

Shift tbe origin to the point {A. k). Tbe equations of the 
hyperbola and the polar take tbe form 


^.A+^x . 2ky 
a* 6* *-5-+X-0 


where X* 


iL 


/f 


XX 

- 1 , 


a« il£l- 1 

^ a* h- 


The equation of the lines that join tbe new origin with the 
intersections of tbe polar and tbe hyperbola is 

'*■; i ){^- (f -^T-» 

These lines will be at right angles if 

(?-i) 

Hence tbe locus of {x't y') is 
a 0 


Remarks. Tbe equation can be written in tbe form 

( - J ^ - 1 ) (A‘ + + &*) + U - A)* + (y- W‘= 0. 

If the point (A, it) lies on the director circle of tbe byperboUf 
the locus breaks up into circular lines through (b* A). If« bow' 
ever, tbe point {h, k) lies on tbe hyperbola, let h^ast^O^ 
k^b tan 0, tbe equation of the locos becomes 

AiA ^ ge(.a 0. y* Un* ©-2« •ec 0 * - 2b tan 0y 

a* b 
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ar* j 

or — f sec 


^ sec ^ 26y 

0 - -^ tan 0 + tan 0 


a* + 6^ ” 


wbicb is sUo a pair of lines. One of these lines is the tangent 
at tbe point a sec Q, b tan 6. It is only in these two cases when 
tbe locus breaks up into a pair of lines as can readily be seen by 
writing the discriminant of tbe locus, vig,, 

(8) X fr»onf7f€ if circumfcri^<f about the «Vcf e x‘ + * i* 




* -J':. 


ond tu)o of itt angular poinit lie on the hyperbola *• 

a o 

prove that the third angvlor point liee on the ellipse 


..i 




r* 


(aV + 6V-ff*6¥" * ■{?r‘ + 6’r’ + ~ 

Let tbe equations of the three sides be 
* cos a + y fin « - * cos P +y sin P - r*0, 

ecos*f *y sin f — r»0. 
The cO'Ordinates of tbe three vertices are 


r «+B 

r C 08 2 

r..n- 2 1 

1 t rcOS 
^ ^ 

(«+•<) 

. o + 1 

o 1 ei I 

2 

2 I 

1 a 


1 ^ 

ft 

1 


2 

cos 2 J 


fr 

J. _ 


W9 

S+*( . P+-< ' 

cos — r sin 


i 


cos 


2 

JZy’ 


COS 




2 2 
Suppose that tbe brst vertex lies on tbe hyperbola, 


6V 


COS 


a + 


" flV sin ' ^ 


a*b^ COB 


2 


2 " • — 2 
or + cos(« +P) — tf^6*cos (ot -P)*<,V — tV + rt^6* 
f. f. X cos a cos p — M* sin « sin P • v=0 (i) 

where X®'<iV + 6V- ^r^6^ 

V » o V - b V + a^b*. 

Similariy the second vertex lies on tbe eaiue hyperbola if 

X cos a cos 1 -P* sin <* sin 'Y — v = 0 
From equations (i) and (ri) 
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A co$ a 


sin o. 


or 


sin — sin 1 
_A_cos <*> 

(3 + i 


_ V 


cos - cos 1 
sin « 






COS 

1 


cos 


P + 


“Sin 


1 


P + -/ 




p + -f 


cos 


cos 






•• X* 2 2 V* 2 

Thus tbe locus of (bs (bird vertex is tbe ellipse 


»• . y' _ r* 


-T A. — 

•. ♦ • ..4 


X* ‘ 


(4) /Vom variabU pcfnt on the ellipse^ + ■ 1, two 

lines tire drawn ionehinf/ Iht rectangular hyperbola 4xy — c^ 
and meeting the ellipse again in Q and R. Prove that the en» 
rehpe of QK is the conic 


^ (c^ + a-b*) - 4cVy-a*6^. 


Let (a cos 6 sip be (be co ordinates of P. Tbe equ»- 
tiOD of tbe pair of tangents from P to 4xy^c^ is 

(4xy-c*)(4o6 cos f sin f-c^)*(2(6.t sin ^+ay cos^)-c*P 
Any conic through (be points P» P» Q. R is 
(2(6jr sin ay coo P) • {4xy ~ c^(iab cos ^ sin ^ - c*) 

This will break for some values of X into pairs of st. lines, one 
such pair will consist of the tangent at P and tbe line QR, the 
equation of which we assume to be Ix’^mj^n^O. Thus the 
conic for i<ome value of X is identical with 

4 — ^—r — 1 I (U + wy + rt)*0. 


a b 

Comparing tbe co*efBcients of jr, y, xy, we have 


“ - 4c*rt cos Pf 

- // sin P cos ^ ^ 

P f — g — + j = 4c — sin f cos P. 


b a 

\ p;ss4b(c* sin P -«?6 cos P), P»«*4a(c^ coe - <i6 sin P) 

-4aV. 

Thus the equation of QR takes tbe form 

s d cos P - c*y) + b sin P (fl*y “ <fx) + o*b*) *0. 
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SquBriofl: and adding we g^t the required envelope 
rt* (6*r-c*y)*+6* - c^ar)* ® a*b* 

which can be pot in the required form. 

Remarks. 1. The equation of the eoveloi>e cho be obtnined 

thus Write tan . The equation of the line takes the 
form 

(6'x-c*y>] + 2d/ (a^y — e^x)'^[a*b’*a (h*.v - 
from which the equation of the envelope followsi by equating to 
Kero the discriminant of the equation in . 

2. The equation of the env6]o|>e can also be written in the 

form 

jV - I ) (c* + n'ft’)-c’ I4*y-e’)=l' 

which shows that (he conic passes throtigh Ute intersections ot the 
given conics. 

Miscellaneous Exercises XXVllI 

1. Show that the eccentricity of a rectangular hyperbola 
is v'2. 

2. From first principles, find the diameter conjugate to the 
dincueter y“x with respect to the hyperbola x^-4y*»4. 

8. From first principles, find (he diameter conjugate tu 

yi -X* ^ V* 

x«2y tt». r* to the hyperbolas ii^ 9 * ** 

4. Find aO initio the asymptotes of the conic 
26x*-18r'-40O. 

. b. Find the foci and directrices of the rectangular liyimr* 
bola 2xy *•<**. 

U. From deKnition only, show that the lines ^ 3y — 8, 
4r’"8y»6 are coo jugate lioes tc. r. to (he hyperbola 

9 4** 

7. If the two hyperbolae 

* -y_»i 

eccentricity, prove that a : 6|. 

cuts an hyperbola at P and and the asyiiip- 
ehow that FQ 

9. Show that the line y — mx + 2c v/ '•m alwnys touches the 

hyperbola at the point ( , cv/ • m J 

' V -#« /• 

I • 


> = , ** 
• 6* • a,* 


hav^^qsaine ecce 
A et. line 
'^<o3e At Q end q ; t 
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10. Show tbat» \l perpendiculars be drawo from each 
poiot of tbe line x — k to its polar with respect to tbe conic 
ax^ 1, tbe locus of the feet of the perpendiculars is a circle, 

which passes through the pole of the line and tbe intersections of 
the line witb the conic. 


11. Show that the locus of tbe poles of tangents to the conic 
o + hjy* * I w. r. to tbe conic ax^ e* bjf = 1, is the conic 

ai 0 | 

a r . - 


12. Show that tbe polar of any point on 


i w. r. 


** V* x^ , 

to “ *“ ~TT ” 1 ^lll touch — p + “ !• 

0 a o 

Id. Prove that the locus of the pole w. r. to the hyperbola 



— 1 of any tangent to tbe circle, 


whose diameter is 


the line joining the foci, is 


tbe ellipse— 
a 


i 

T 



1 


14. Show that tbe polars of any point w, r, to all conics 
<?x^+Xy^— 1 where X is a variable parameter pass through a 
fixed point. 


lb, F is any point on tbe line lx 1 and tbe polars of 

P w, r. to the circle and the hyperbola 

a D 

meet at Q. Prove that the locus of Q is tbe conic 


16. From points on the circle tangents are drawn 

to tbe hyperbola ; prove that tbe locus of tbe mid- 

points of the chords of contact Is the curve 

17. A straight line has its extremities on two fixed at. lines, 
and passes through a fixed point, show that tbe locus of tbe mid' 
point of tbe line is a hyperbola. 


IS. A St. line bas its extremities on two fixed st. lines and 
cuts off from tbem a triangle of constant area, show that the locus 
of tbe mid'pointof the line is a hyperbola. 

19. The lines x — n =0, y8^0 are conju^te w. r. to the 
hyperbola xy— c*. Prove that tbe locus of (a, p) is tbe hyper- 
bola xy*2c . 
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20. If two vertices of a seU-conjupate triangle w. r, to the 

conic — r V,' « I lie on the lines ix. show that the third 

a* 0“ 

vertex lies on the conic 

^ y' 1 . J_ 

<T* h- a* b- ' 

21. Show that the i>oles of the Une Ix ^tny w. r. to 

the conics • X where X Is a variable parameter lie 

a* 6* 

on the diameter conjugate to Ix + my^O. 

22. Show that the points of incersection of the polars of 


all points on the line v. r. to the hvperbolas 

**— lie on the line l(x ~ fn{x + y''. 

23. Show that the points of intersection ol the polars of all 
points on the circle *’ + y**r*, ur. r. to the byperliolasx^* 
24ry“a* lie on the circle 



24. Show that the inclination ^ to the axis of x of the tan* 
gents drawn from the point {p» q) to the conic ox^-^by*^ 1 are 
determined by the equation 

+ l)(a + 6 tan* 0)*(a^ + 6q tan 0;^ 

2&. Four pointa are taken on a rectangular hyperltola xy^cK 
Find the condition that the r'hord joining two of the points 
shall be perpendicular to that joining the other two. Prove that 
this holds good for all the three pairs of chords if it is true for 
one. fMath. Trip 1 ]9lf^) 

98. Apollonius Hyperbola. The normal at the point 
(^ii yil to the conic 



I 


*1 y\ 

This passea through the jioint OUo* ya) if 

yi 

which shows that the foot (x,. yi) of the normal 
hyperbola 

* y 


L lies on the 


(2b) 
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or H=la'- + (27) 

This is a recUagular hyperbola o( Apollonius which cootaiDS 
the feet of the normals that meet at Oixa, since the feet also 
lie on S, and the two conics J> and H meet in general in four 
points* it follows that there exist four normals to the conic S which 
pass throuirh a point 0. 

The hyperbola H passes through the centre of S and also 
through the point 0. 

98.1. Suppose the normals at the intersections of the 

lines 

Ui=/nr + mfy + ni = 0 1» 2 

with the conic $ meet at the point 0(x^ y^). Then the 
conic 

— tfV +'A(/,3f + mjy + rt|)(/^jt *»-m2V +«i)*0. 
which passes through the feet of the four normals through 0, 
will, for some value of X. be identical with the conic H 

6*+X/if«*0» <»* + X«im2»0, + X«j«8®0. 

Thus 

(2d) 

are the necessary and safHcient conditions for the concurrence of 
the normals ac the extremities of the chords Uj and U^* 

98.2. Let {xi. y\), (xt, y^) be the poles of the lines Ui snd 
The lines U| and Ujare therefore identical with 


Thus 


xxi . 

6* * 




^1 a yi - - -L ; - - -L 

o’*/ 1 n| * v/fti m 


The conditions (28) become 

TiAr2+a**0, yjy2^ 6*»0. (2d) 

98.3. Suppose that the normals drawn at the intersections 
of the polars of (ari, yi), (xz, y^} with the conic S meet at 0(arQ, yc), 
then with conditions (29), the feet of the normals lie on the rect- 
angular hyperbola 






or xyixiVz'^ xzyi) — h*(*j *x3)x— aHy: + yt)y — 0. 


This hyperbola is, therefore, identical with the conic H. 
. *1^2 •I’ any I _ yi+yg 


(m) 
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Thus 

^ - ««) 

aW*bW aW + bW •• 

The equatioae (dO) and (81) coooect the tangentiaf poles 
with the normal poles. 

98.4. Joachimsthal's Theorem. The normals at Ote 
pointsA,B,Cj D meet in 0(xo» yj. SItow that the circle 
through A, B, C meets the conic oi/ain in a point diometricullt/ 
opposite to D. 


Find also the equation of the circle ABC if the co-ordinates 
of D are (xu yi). 

The theorem has already been proved. For an eUernative 
proofs we notice if D and D' are the extremities of a diameter and . 
B a point on the conic, the chords BD, BD' are supplementol and 
therefore parallel to a pair of conjugate diameters and conversely. 

If the equation of AB be lx + my*)^ 0 . the equation of 

*• aH (equations 28). Since ABCD' are 


concydic, CD' is parallel to Ix-my^O, for AB and CD' are 
equally inclined to the axes. 


But f*-my Oand +-^.-0are conjugate diameters 
of the conic S. 

Thus CD and CD' are supplements! chords and consequently 
B, D are the extremities of a diameter. 

To find the equation of the circle ABC, we notice that it 
leases through D(-jrj. -yj. Thus if the equation of the 


**+y*+2gx+2/y + c-0, 
then *i* + yi*-2gxi-yy,+c-0 

Thus the equation of the circle becomes 

\x + a*,)(*-ar| + 2g)+(y + y,)(y-y^ + 2y)aO (32) 

The equation of the conic being 

Jx-x^Xx^xt) X (y-y.)(v-fv.) ^ 

fl* f,* -0 

..I., a' S L‘.raS/" 
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* \ Xi{a ^ - 6 • J - 2a^e =* a^x ,> 

and (a^ - b')xiyi-^2b^/x, - yi • 0 

b^ 

Hence 2g-ari«-x<,- 

2/-yi« - y^- 

The equation (32) of the circle ABC becomes 

»,) + (y+j.,j JP-J-O- y,) =0 (33) 


98.5. Second Proof of Joachimsthars Theorem. 
Prom Art. 98 (21\ 


a^Xn ^ _ b*yn 


a^x. 


y *1 yi 


X 

we get g»».(x - «.) . £ yJi iZ. y .[I 

yy\ 

The equation of the conic can be written in the form 

(x ^ l y~yi) ly'*‘y\) 

a* “ 6* 


h eay 


since D(ar|, ^i) is a point on the conic. Division by the corres' 
ponding members gives the equation 

X _yyi(y.*yt) 

<»*As 

of a conic through ABC but not D. Thxis the general equation of 
tbe conic through ABC is 

*1+^1. i+x r 

o* 6* L a*x^ b*yo J 

+ • b^)xy + 6*^Qjr - a**oy] « 0. 

This will be a circle if and 

. 1 + — 1 ^ Ayi 

o* a*Xo b* 6 Vo 

1 . X 1 1 . X 

a* fc-5* 6* bHh-a^i 

{fi-a*HA-fc*)«-XA. 


With this value of X« tbe equation of the circle becomes 
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vbich assumes 6he form 

*"+y + **,+yy,-k(-^+^?‘- + l )=0 (34) 

The circle obviously passes through D'(-ar,, -yi). 

If the normals at A. B» C meet at D oo the conic, 

Xj • yi~ro> + h*, 

the equation of the circle becomes 

a.2 + - A XX ^ u yvo* ^ 6^*0. ^36) 

O 0 


Illustrative Examples 
(0 From any point on the hyperbola 


£L-Z 


1, three 


nor male other than the one at the point are tirawn,''^ show that 
the centroid of the ^rian^rfc formed by the feet of the three not^ 
mall lies on the hyperbola 

Let (he Dorroal at a point t 

meet the hyperbola at a point (xo» Vo) ?”ffo ^ 

^ ' tf,^ 

parameters of the feet of the 
^ormala are the roots of the equation 

(fl* + 6V - 2r^(axg + hyj + 2r(tfXo- 6yo)- (<i*+ h*) •O. 

If f j, t^, f), tc are the roots of the equation 


f, ♦/l+fj+fg 


2(<iX a + byp) 

a*+6* 


i 


— + i + -l+ 1 — 2(tfXo~6vo) 
t| tz is t0 ?+P 
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Siioilarl}* 


-♦ + /i 


h f, I 


- a -b‘ ! _ i \ 

(^. y) be the co ordioatee of the ceotroid, 

o' + 6^ 2 r* t, )• a‘ + b‘ 2r“ " ) 

Hence the locus of (ar» y) la the hyperbola 

( 2 ) I$nif /he e^NaUon of the ehord$ through (h, k), 
the normaii at the in/ereec/time of which with the conic 

. y* 

**’‘^“1 = 0 ore coftcitrrtni. 

Let the joint equation of the chords be 

/(*- h)* + 2ff»(j:-h>(y- h)4'«*(y- A)*«0. 

The conic eiren by the equation 
6*’+oy-flV + X [/U-fc)* + 2»,(*-A)(3.-i) + r.(y-i)*J = 0 
passes through the feet of the concurrent normals, and is thua 
identical with the Apollonius hyperbola, hence 

6* + X/ - 0, «• + Xn=0, - aV + XUh^ + 2mhk + n*0 • 0, 


and 


Xf » — An* — o' 


- 6*/i*-oV + 2»i*hA. 

Thua the equation of the chords is 

6*(* - hy hk - (flV+6V+oV))U-A)(y - k) 

+ o*(y-«* AA»0. 

The reanlt can be put in a simpler form 
h*h(»-h)(h;r — Ay) — oV(x- A)(y- k) - a*A(y- A)(As • Ay)« 0 


t, e. 


oHy-k) 6S*-A) *r-;iy 


* 0 . 


(d) From a point P are drown /our normale to the ellipse 


1 . 


o* 6* 

7%e tangents at the feet of the normals form a quadrilateroh 
/Vnd Me focus o^P t/o circfs can be inscribed in the guqdri^ 
Jaieral. I%nd oho the locus of the centre of the circle. 

Let P be (e, P), and suppose ((,’’) is s foot of a nonnalr 
then the tangent at (|, h) is 

a 0 
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This will be a taageot io a circle witb centre {xo, yo) and 
radius R if 

Thus the feet of the normals as (I, lie on the conic 

Hence for a certain value of X. the conic 
will be the Ai>oUoolu9 hyperbola c*4:y+h^3ar’*<*^oy • 0, 


o^^a^-bK 


* 




{ 


R* 

_R« 

b* 


i *0* 1 

|yo*i 

I « 

II 0 


X 


0 


x»o 

2 


a 

-1 


(J 


or Uo* + a*; - + 6*) • 0. 

Hence the locus of the centre of the circle is 

**-,*+«*- 6 *- 0 . 

Also comparing with the Apollonius uyperbola 




^P>SL».ZIlL 

fi 

-c* c* 


yo 

a 


r 




hlo the locus of (o« 3) is the curve 

1 1x1^ 


U) From a point on the elUpte - 1»0, fAree 

ff* o‘ 

Hormo/a, other than the normal at the point are tlrawri, and 
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their feel are A, B, C. Shov9 that the $idee of the triangle ABC 
touch the ellipse 

+ y - ^ 

Suppose y„) is the point from which the oortnals are 

drawn. The equatione of AB and CD can be taken in the form 

blf^amy+ab^O. + d6 = 0. 

/ tn 

The curve 

( blx ^amy + ab ){ ^" j — hV-aV + aV^O 

passes through the feet of the four normals and is an equilateral 
hyperbola. It is. therefore, identical with the rectangular hyper- 
bola H. Conparing 


ab{— + ^ Wx («!*- h*l'— Xc* where c*— o*— h* 
\ m I / 


and 


bx 


I 




m 


ab — 0 9 


since D is supposed to lie on the line CD ^ 


m 


Eliroinatisg (x^ y^) from the last three equations, we have 

(x-‘ )-- 


b‘ 


or 


■?- c 


7 


This is then the condition under which the envelope of AB 
is to be determined. Making this condition homogeneous in /, m 
with the equation of AB, we have 
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Thus tbe required envelope U 


* 


— t 

0 c 
AlUroAtive method. 

Let tbe oormal at ^ pa$$ throuf^b 0(^') 


j cos ,2 . t ,2 

0—0 


cos P sin P 


i.e.i 


cos ^^-cos ^ I 8|o_^“8iD^' 
cos^ sin ^ 


^0 


, sin .♦ cosPMP* 

TJZ.+ 

cos P sin p 

I. r., 2oM/ + ^*) + 6^l-/*)(l-«')-^0 


-(» 


^ P' ' 

where ^“tsn-^ , ^'•tan 

sin P 

rejecting — ^ »0 as it gives 0. 


Thus tbe feet A, H, C of the normals from 0 are siven bv 

+ (2o* - 6V + (2o* - b'yt + 6*-0. 

If A, B, C corres]>ood to tu h* h$ 

fl+fi + /s titit-, 

fl't+flfj + fifi -k 

Eliminating f,. - (I +**)f^s + A»0 (i) 

The equation to BC is 






’■*■■ fl + t'*) 

We have to find the envelope of iii) with condition (i) 
Eliminate tg and we get 


■r j *( (./, j =0 
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It has equal roots Id t^ts if 



Thus t be envelope is given by the equatioD 

*’ + - » 

6* (a*- 6*)*' 

Miscellaneous Exercises XXIX 


0 . 



I. If s, t* be tbe eccentricities of an hyperbola and of the 


conjugate hyperbola, then 



2. If A, a' are the vertices of a rectangular hyperbola, and 
P 18 aoy point oo tbe curve, show that tbe bieectore of tbe angle 
APA' are parallel to the asymptotes. 

8. From a point of one hyperbola, tangents are drawn to 
another which has the same asymptotes, show that the chord of 
contact cuts off a constant area from tbe asymptotes. 

4. One circle lies completely outside another. If a variable 
circle move so that it toucbea both circles, externally, prove that 
the locus of the centre of tbe variable circle is a hyperbola, having 
for foci tbe centres of the fixed circles. Discuss the case v^bere 
tbe contact is one internal and the other external. 

6. Through a gives point P, outside a fixed circle, centre 
C, is described any circle of tbe same radius as tbe fixed circle. If 
tbe line joining tbe centre of the variable circle to P meets the 
common chord of tbe two circles in Q, prove that tbe locus of Q 
is a hyperbola whose foci are 0 and P. 

6. A variable circle touches two fixed st. lines on. which 
A And B are fixed points. The second tangents drawn from A,B 
to tbe circle meet in P. Prove that tbe locus of P is a hyperbola 
whose foci are A and B. 

7. P is any point on a fixed line A and B are tbe 

fixed points (c. 0), ( ** c, 0). The line PQ subtends a right 
angle at each of tbe points A and B. Prove that tbe locus of Q 
is a hyperbola, one of whose asymptotes is tbe y*axis and the other 
the perpendicular through the origin to the locus of P. 
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K Tbe area of the triangle formed with the as 7 iD]>tote 8 by 
tbe normal of the hyperbola at the point [x\ y'). ie 

9. Show that tbe normal to the rectangular b^'perbola 
xy^<? at tbe point *t' meets tbe curve again at a point such 
that 

#V+i»o. 

10, If Xiy x- 2 ' ^3 be the al>sci8sae of three points on the rect- 
angular hyperbola show that the ar^a of the triangle 

formed by these points is 

^ fartf - XjK^T) - 
2 XiXiX^ 

and the tangents at these points form a triangle whose area is 

ixz*Xi)(Xi*XiHxf¥Xi) 

U. Three points (x\ y'), {x*\ y*), (x**\ y"') lie on the rect- 
angular hyperbola jry*rt*. Prove that the orthocentre (v, y) of 
tbe triangle formed by the |>oiDta is given by 

„W"»yyVy''- 

and lies on the hyperbola. (Math Trip. I 1920). 

12. Kind the locus of tbe centroid of an equilateral triangle 
inscribed in a rectangular hyperbola. 

13. Show that the circle through three given points of a 
rectangular hyperbola meets the conic again in a point which is 
diametrically opposed to the orthoeentre of tbe triangle formed by 
the given points. 

14. The rectangular hyperbola xy^a^ is cut by a circle 
passing through its centre C in four points P,, P^, P,, P^. prove 
that if p|, be the perpendiculars from 0 on the chords P)V^ 
P]p4, then 

15. Show that the rectangular hyperbola which cuts the 
ellipse 



ftt an angle a and baa the principal axes of tbe ellipse for asymn- 
totes, is * 

xy^a^b^ COS a + siQ*<« + cos^a]^. 

16. The centroid of a triangle inscribed in tbe hyperbola 

*y^a 18 at the point 0). Show that its sides touch the 
conic 

4*y*(a+3 kyf» 
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17. If P. P' be a diameter of tbe b^rperbola 



prove that the locus of the intersection of the oonnal at P with the 
ordinate at P’ is 

^ , 

18. PQ is a chord of an ellipse at right angles to the major 
ayIs AA* ; PA and QA* meet in R ; show that the locus of R 
is a hyperbola having the same axis as the ellipse. 

19. If a circle be described passing through any point P of 
a given hyperbola and the extremities of the transverse axis, and 
the ordinate MP be produced to meet the circle in Q, show that 
the locus of Q is a hyperbola. 

20. A st. line is drawn parallel to the axis of y meeting the 
hyperbola 



and its conjugate at points P, Q ; show that the normals nt P and 
Q intersect on the x^axis. 

Show also that the tangents at P and Q intersect on the curve 
whose equation is 

21. P snd Q are the extremities of the conjugate diameters 
of a hyperbola and its conjugate. P being on one and Q on the 
other, show that the locus of the orthocentre of the triangle CPQ 
is the line ax^by^O. 

22. Show tbst the tangents to the rectangular hyperbola 

hi the extremities of its latera recta pass through the 
vertices of the conjugate hyperbola 

23. The tangents at the ends of a chord PQ of a hyperbola 
meet in T, and TM, TN are drawn parallel to the asymptotes to 
meet them in M, N. Prove that MN is parallel to PQ. 

24. If from any point on the hyperbola x^^y^^a^ + b^r a 
pair of tangents be drawn to the hyperbola 

a* 

prove that the four points where they cut the axes are 
con cyclic. 
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[Hint. If tbe pair of tao gents 



meet tbe axes in P, P'; Q» Q' and C be tbe centre, then 

CP.CP'*CQ. CQ']. 

26. Prove that tbe lines joining a variable point on a hyper- 
bola to two fixed points on the hyperbola intercept a segment of 
constant length on either asymptote, 

26. Tbe locus of tbe centre of a circle which circumscribes 
the triangle formed by the asymptotes and any tangent to a given 
hyperbola is another hyperbola whose asymptotes are perpendicular 
to those of tbe given hyperbola. 

21. P and Q are points on tbe rectangular hyperbola — 
such that the asculating circle at P passes through Q. 

Show that the locus of the pole of PQ is tbe curve 

2S. Prove that tbe normals to the rectangular hyperbola 
xy—c* at tbe extremities of tbe chord px^Qy^ i intersect in the 
point 



(lladford) 



CHAPTER X 

PARABOLA 


99. The gerieral equation of the second de#?ree in x 
and y, when its discriminant is different from zero, and the 
second degrree terms form a perfect square, can by proper 
choice of axes he reduced to the form 

( 1 ) 

The locus of this equation we have named a parabola. 

99.1. A parabola may be generaud hi/ the motion of 
a point in a plane auch that its distance from a fixed point 
remains equal to its distance from a fixed line. 

The fixed point is Called the focus and the fixed line 
the directrix. 


I^et S be the focus and MZ the directrix. Prom 



draw SZ perpendicular to MZ. 
Tako SZ as the axis of x and a line, 
through the mid^point A of Z8 as the 
. 1 -axis. LetAS^a. The co-ordinates of 
8 are (a, 0) and the equation of ZM is 
If P(x, y) be the moving 
point, the condition SP«*PM gives 
the equation 

f. 


The equation shows that the curve touches the line 
i.e.f the line at 


99.2. To prove the converse, we notice that the lines 

are the isotropic tangents to the parabola ^^4ax and these 
lines meet at an accessible point (ts, 0), The focus-direct- 
rix property can now be obtained by throwing the equation 
in the form 

(x 

which expresses that the locus is traced by a point whose 
distance from the line X *4- remains equal to its dis- 
tance from the point (a, 0). The point (a, 0) is thus the 
focus and the line x + tf—0 is the corresponding directrix 
and is the polar of (a, 0). The eccentricity is unity. 
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V 100. To interpret the inequation 4ax ^ 0. 

Lefc P(x, y) be any point in the plane of the parabola. 
Join P to the focus S{n, 0). The line PS will meet the pani* 
bola in points Q and B. Now the co-ordinates of an arbi- 
trary point on PS are 

Art+j: y 

1-rX’ l + X* 


This will be the point Q or R if 

ly* 4ti(Xa •*•<) ^ 

a+xi*“ 1+x 

i.e , , 4«*X* + 4* X( x + u ) - ( y* - 4a x) * 0. 

The roots of this equation are 

Xj As . 

The parabola y’«4 < 1 * divides the plane in two regions, 
one of which contains the focus and is called tho interior 
region and the other exterior. If P is in the exterior region 
or outside the parabola, one of the points and R is inter- 
nal and the other external to the segment PC^. Thus XiX^ 
is negative and consequently 4 <iar>0. If P lies insi<lc 
the parabola, the points Q and Rare extenm) to the segment 
PS, XjXi is therefore positive, hence y*— 4 tfx<0. 

Thwt y^-4<ix>0 and y*-4tfx<0 are respectivehf thp 
anal ff tic rtpreaentationM of the external and the infernal 
reghnn of the parabola y*"4 tfx. 

101. The freedom equations of the parabola y^**4^Y*0. 

Writing tho equation of tho parabola in the form 

2a y 

we find y^2at (2) 

as the freedom equations of the parabola y^*4 ax. 

Replacing t by — , we get » y" •WA) 

III III HI 

102. The equation of a line iolning two points on the 
parabola. 

Lot P(xi, yi), QUs, y^) bo two points on the parabola 

4 dx. The equation 

X(y-yi){y-yj)-/-4 ax 

represents a family of parabolas through the intersections 
of the lines y^yi^O* with the parabola y**4 ax. 
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For X*=l, it mluee.s to the line at infinity and the line PQ 
given by the equation ^ 

(3) 

102,1. If the point«« P and Q be given as {ati^,2ati) 
[aiz^ 'latz) the equation of the chord PQ mav be obtained 
as follows: — 

Suppose that the equation of the chord is 

tar + wy + n — 0. 

This meets the parabola in poinU whose parameters 
are given by the equation 

I {t)^al t* + 2atm + « * 0. 

Therefore 


alt it 

consequently the chord is given by the equation 

(/i + /2)y «2(* +ar,tj . (SA) 

102.2. Tangential equation of the parabola. 

If the line wy + «— 0 be a tangent to the. parabola, 
the quadratic G(#)“0 which gives the parameters of 
the points of intersection of the line with the parabola 
has equal roots, therefore, 

am^^ln, (4) 

In particular, y^mx^c will be a tangent to the para- 
bola if c“ — and thus for all values of w, , { 


m 


is a tangent to the parabola at the point 




(4) is satisfied when 1^0, m»0. Thus the line at^e touches 
the parabola. 

1 03. Tangent at a point of the parabola. 

Let the point Q (Art 1021 approach P, then 
yi-*yyy the equation of the limiting position of the chord 
PQ viz. the tangent at P becomes 

yyj— 2a(x+Ari), (5) 


for yf^Aaxi. The equation (31 becomes 

<y (6A) 

The form of the equation shows that for given values 
of » and y, there are two values of t., Hence from an arbi- 
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trary point {x, y\ two tang:ents can be drawn to a parabola 
and these are I'eal. coincident, or imaginary according as 

y-4«^0. 

103.t. Tangents from a point Let {x\y) be a point 
from which the tangents are drawn and suppose that the 
tangent 

y’=rt;ar+ 

m 

passes througli (**. /j. 


Then 



Eliminating m. we see that the pair is given by the 
equation 

a{x-’x*y^{y^y){xy'-x*y) (G) 

which can be reduced to the form 

f yy -*2a(* + ;r*) . . .(GA) 

This equation may be obtaiiid from the next Art. (7). 

Pol« and^plar. The line througli 0(/. y') 
which makes an aiiglWS with the s^axis is given parametri- 
cally by the equations 


+ r cos 9 
y^y + r sill 6 

where r is the variable parameter and denotes the distance 
ot a variable point (x. y) of the line from the point 0, The 
line n^ts the parabola in points P and Q wliose distances 
irom 0 arc the roots of the equation 

fy'+r sin 9)*— 4<i(a:' +r cos 9)*() 

«.Sm r* sin* 9+2f(y' sin 9-2fl cos 9) +(y'«-4tjA')-()...(7) 

On the line take a point R such that {OR. PQ) — — 1, 
and this implies that 

OP OQ OR ‘ 

• y'Bin9*2<jcos9 1 

y''-W OR • 

• y) be the co-ordinates of R and OR*r. the locus 

* « IS the polar of 0 and is given by the equation 

y'iy^y') - 2a(x - *0 + y'* - 4a*' =0, 

f.e.. yy - 2a(x + ® 0. (b) 
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104.1. Pole of a line. Oia'o. y<i) be the pole of 
the line ijv + + ;;*0. The ecjuatioii is therefore identical 

with yyo *** + *«) “0. therefoi*e 

e;— ^2__%£o 
/ fn H 

mi W 2<T Wf , * V 

Thus , ( 9 ) 


104.2. Conjugate Hites. If the line /lif + ffijy + «j^0 
is conjugate to /j* + w 2 y + « 2 * 0 . the pole of either lies on 

the other. The polo of the first line is (-21. 

' M M ^ 

and it lies on the second line if 

( 10 ) 

which is. therefore, the condition of conju^cy of two lines. 


Exercises 

!• Sboav that cod jugate line through the focus of a para- 
bola are perpeadicular to each other. 

2. Prove the same property for the ellipse aod hyperbola. 

3. If a lioe passes through the fooui^ of a codIc, its per- 
peadicular conjugate line also passes through the same focus. 

105. Chord with a given mid-point. Let O(xo«yo) 
bo the given point, the line 

y-yo*»i(a*-srp) 

passes through (xc, yq) for all values of m. The line meats 
the parabola in points whose parameters are given by the 
equation 

2tf / - y o • «(or* — S'©) 

i.e.. tjm/*— 2<it + y9 - mXo^O- 

If f], t 2 are the roots of this equatioiit 

yq^aUi’^t^— or m— — 

m 

Thus the equation of the line is 

Vo(y • yo)*2a(jf - *o) (11) 

105.1. Locus of the mid-points of a system of paral- 
lel chords. Let (xo, y*) be the mid-point of one of the 
chords of slope w, then proceeding as in Art^ 106, it is 
found that 

2.J V' 

tn 
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Tb\is the lonus of Uo, yo) is the line 


y* 


2a 

m 


( 12 ) 


— 1 which is 


which is parallel to the axis of the parabola and is called a 
diameter of the parabola. The diameter meets the para- 

bola in only one accessible point 

called its vertex. 

105.2. In a parabola, there is no diameter which is 
conjugate to a j?iven diameter. But for a given system of 
parallel chonl.s there exists a diameter which bisects them 
and for every diameter there exists a system of chords 
bisected by the diameter. The directions of the parallel 
chords and the corresponding diameter are called conjugate 
directions. The direction conjugate to tlie diameter 

y* 19 m and if we call “m', we have 
m m 

mw'*2a. 

which is the condition of conjugacy of the directions. 

The tangent at the vertex/ ) of tho diameter 

\ /n f*t / 


2a 


y* IS y~mx + 

fH 


m 


- which has a slope m. Thus the 


direction which is conjugate to a diameter is that of the 
tangent at its vertex. We have incidentally proved that tho 
tangent at the vertex of a diameter is parallel to the system 
of chords bisected by the diameter. 

Further it will be proved that a parabola can bo re- 
garded as a limiting case of an ellipse or a hyperbola 
whoso centre is at infinity, and this explains why the dia* 
meters of a parabola are parallel. 

r^r 106. Equation of a parabola referred to a diameter and 
^ the tangent at its vertex as axes. 

Hince the origin lies on the conic, its equation can be 
taken as 

ax» + 2Axy + 6^ + 2gx + - 0. 

Since the line *=0 is tangent at the origin, the equatioil 

which gives the ordinates of the points of intersection of 
the conic with e—O, hw two zero roots, therefore /*0. 
Again, the line being a diameter meets the parabola 
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in one finite point (the vertex' and one point at infinity 
The eciuation ^ 

ax'^2gx—0 

has therefoi-e oiio zero root and one infinite root. This 
reqxiires The eciuation takes the form 

+ 2 ^** 0 . 

Now, evei-y choi*d parallel to the y-axis is bisected by the 
.T-axis, thus for every x. there are two equal and opposite 
values of y. this demands A *0. Hence the equation of 
parabola is of the form 

( 13 ) 

If we write the equation in the form 

+ + €-»0 €'-»0 
it shows that the lines and the line at infinity are 
tangents to the parabola, the chord of contact being the 
diameter through the point of contact of the accesible 
tangent. Thus thtpole of ttti'y diamHer U at infinity in the 
ronjttffate direction. The same inference can be drawn if 
the eouation of the parabola be written in homogeneous 
co-ordinates, ri>. 


106.1. The relation between the constants of 
y^—4px and 'a* of y*-4fl»"0 may be determined. For, 

writing the equations as y* - x » 0. by 

Chapter IV. 


1 ^ 1 
4p sin* 6 4a 


i.4.. P^acoseefiB, 

where 0 is the angle between the axes in the first case. It 
is easy to see that if O be the origin when the equation is 
y*-4^x»0, p^OS, S being the focus. Also, the length of 
the focal chord bisected by the diameter is 4p and is called 
the parameter of the diameter. 


illustrative Examples. 

(l) Show that, if parabolas (y*— 4tfx) are drawn corres^ 
pondiny to different valxtes of'a\ the feet of the perpendiculars 
from a fixed point on its polar lines all lie on a circle passing 
trough the point. [Math. Trip. 1916J 

Let PU,, yo) be the fixed point. Its polar w. r. toy^*4<2x is 

yyo*2a(x+Xo)* 

The line perpendicnlar to it tbroogh (xo, yc) is 

2<*(y-yo) + t*-xo)y««0. ' 

X 
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The locus of the point of intersection of these two lines is 
obtained by the elimination of the arbitrary constant a'. The 
locus in question is the curve 

y ^ _ x + xo 

x^xo y-yo 
I.S.. ar* + y* - yyo - 
which is a circle through Uo,yo). 

(2) Through a point of the it. line y — war + c w drawn a chord 
of the parahoia^y^ ^ ^x which ii bisected (tt the point. Show 
that the chords touch the parabola 



Let (arj, wxj *^c) be a point on the si. line. The equation of 
the chord whose mid-point is {ri» war^+c) is 
(wari + c)[y - (m*,+c)]*2tf(ar - arj) 

!.«.» X*-A ( y + 2a( x + — )*0. 

\ m } \ nt f 

where X~msj+c. The envelope of the line as X varies is 



(3) A chord through the fixed point (xo» y*) meets the para- 
l}ola ^^Aax in Q and li. If^be the pole of QK. show that the 
centroid of the triangle PQK lies on the paralfola 
2y^ — yy®~ 6tf x ^%sxo " 0. 

Let the line y^yp— wU*Xo) meet the parabola in Q and R. 
The |>arameters of these two points are the roots of the equation 
waf*- 2a<+(yo“ 

If f|, ti be the roota of this equation, the co-ordinates of 
y are {atdit aOi+fj). If (x» y) be the co ordinates of the cen- 
troid 

4a 

2 * « 
m m 

y — aUi^ii) • . 

tn 

EliminatiOD of m gives the required locus 
3y * “ yyp ” ^ ** *** * 0. 

(4) The tangent at any pointy of ike parabola y^^Aax is 
met in Q o line through the vertex A at right angles to AP 
and Z is the foot of the perpendicular from A on the tangent at 
P. Show (hat there are three positiontof the point ¥ on the 
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parabola, for which Z li^ion the it. /rn^/ar+wy and U^e 
correcponding point Q Uet on the line 

(2l - «)ar+4my ’*’2«a“0. [Pembroke etc., 1910, St. Catberine, 

192S. Downing, 1981 ] 

Let tbe oo-ordinatee of P be (ai\ 2at). The equation of the 
tangent at tbe point i$ 

x~ ty + at^ — 0. 


The equation of AZ is tx*y^0. 
These two lines meet on tbe line 

+ jMy+«a«0, 


therefore 


1 -/ 
t ) 0 

/ m n 


0 


which reduces to 





The equation, being a cubic in /, determines three possible 
positions of P. 

The equation of AP being /y- 2*- 0 , the perpendicular to 
it through tbe vertex is 

fx + 2y-0. («) 

Tbe co-ordinates of Q which lies on tbe line (ii) and tbe 
tangent at P are 

2 + f> • • 


Therefore from (i) 

m(2 + f*)y ♦ o/*(« — /) + 4,f, »o, 

ie, my — |-(g-0+ n^O S. 

or xr(2f - » ) + 4»«y + 2gf» *0, 

Exercises XXX 

1. 5Aoto that the stiUoTtgeTti at any point of a para'fdla is 
bisected at the vertex. 


2. The Ungent at any point of a parabola is equally inclined 
to tbe focal distance of tbe point and tbe diameter through tbe 
point. 

S. Prove that the normal at a point is equally inclined 

to the focal distance of the point and the diameter through that 

point. 

iV<rfe.-This property is the principle of parabolic reflector,. 
Suppose a source of light be placed at tbe focus F. Now the law. 
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of reflection of light frooj a surface says that the incident and 
reflected rays are equally inclined n’itb the normal to the surface. 
So the light from a source of light at F will be projected at n 
great distance by the ra.vs parallel to the axis of the parabolic 
mirror. This property is used in the mirror of a search light, of 
a motor headlight, etc. 

Conversely, parallel raj's of light are brought to a focus 
at F (focus of the parabola^ after reflection. 

4. Show that the Mth’ normal at a point is constant- 

5. The foot of the perpendicular from the focas on the 
tangent at any point lies on the tangent at the vertex. 

6. Show that the perpendienlar tangents to a parabola 
intersect on the directrix and the chord of contact passes through 
the focus. 

[ffinf.’^li t|. ti l)e the |>aratnetera of the points of contact, 
then 

/|/2+l=0.] 

7. Show that the co-ordinates of the tnid*point of the chord 

of the parabola along the line are 


A + 


2a 



r 


Hence show that the locus of the ruid*points of all chords of 
the parabola, which pass through th. 0) ia the parabola 

y^^2a{x - h), 

8. Show that a chord of the parabola + touches 

y^iax at its niid*point. 

9. A tangent of the paralmln. y^ = 4<i(a: + n) is at right 
angles to a tangent of the parabola y**4<i'(;r + Show that 
the point of intersection of the tangents lies on the line 

s + rt 

10. Show that chords of a parabola, which subtend a right 
angle at the vertex, pass through a fixed point. 

11. Tangents are drawn to a paraboko at points whose 
abscisaie are in the ratio p : 1, prove that they intersect on the 
curve 


, 8bow that the locus of the mid. points of the chords of 

^e parabola y —Aas which subtend a right angle at the vertex 
IS the parabola 

/-2<i(4r“4<T). 

[bet{ft»^) be the inid^poiot of a chord. Its equation is 
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represents the lines which join A to the intersection of the pais* 
boU with the chord. Since they are atiii^lit angles, 

/. -2a A +8a^*0. etc.]. 

13. Prove that the locus of the polea^ of tangents to the 
parabola y**'4asr. r. to the circle x^+y^ — 2axis the circle 


14. Show that the locus of the poles of tangents to the 
parabola — n*.r. to the parabola y^—4bx is the parabola 



15. The tangents to the parabola ^—4ax which intersect at 
an angle cl have their point of intersection on the curve 

^ - 4ax — (a +x)* tan*a. 

16. Prove that the parabolas 4ax, x^^Aby intersect at 
an angle 


tan 


— 1 




2 (o’ 


6*) 


17. 0 is the verte^^ of the parabola ^^4ax and P, Q are 
tbo points in which it meets the line tx*my^4»a. Prove that 
the internal and external bisectors of the angle POQ are given 
by the equation m(x* + «)xy. (Selwyn, 1928) 


18. Through the vertex A of a i>arabo]a two chords AP, AQ 
are drawn at right angles to one another. The chord PQ meets 
the a!cis in G. Prove that AG is equal to the latus rectum of the 
parabola, and conversely. 

19. Show that y=2* + -^and are the 

4 A 

real common tangents to the parabola y^^4ax and the circle 

20(x* + y*)“a*. 

20. Show that the real common tangents of the curves 

jf*+y*«2a* and are ±*±2a. 

21. Show that the real common tangent to the parabolas 

and is a^ar+6^y+a*6^«0. 

22. If a tangent to the parabola y^=^4ax meets the axis in T 
and the tangent at the vertex A in Y and the rectangle TAYQ 
is completed, show that the locus of Q is vhe parabola 

y*+ax=0. 

28. From H, a £zed point on a parabola, chords HP, HQ are 
drawn perpendicular to each other. Show that the locus of. the 
intersection of the tangents at P and Q is a st. line. 

(King's etc. 192? J 
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24. The ortUocentre of A tmogle fortped by three tacgeDta 
to A paraboia lied oo its directrix and tbe ctrcumcircle passes 
thrOLLgb tbe focus. 

25. TP» TQ are taogents to a parabola, pro?e tbat SPT. 
SQT are similar, S being tbe focus. 

^ 26. Parabolas touch a given line and have a common focus t 

show tbat tbe vertices lie on a circle. 

27. If $Y be the perpendicular from tbe focus S on tbe 
tangent at P, SY^»aS.SP. i.e., p^^ar. 

107. Normal at a point. 

The equation of the tang^eut at {x*. y') to the parabola 
is yy«2tf(flr-hsr'). The normal at (x\ y) is there- 
fore given by the equation 

- x'} + 2a(y - y') • 0. . . .. . .(14) 

Tlie equations of the normals at the points — ^ and 
are respectively given by the equations 

y^tx-2at-at\ (14 A) 

y+<*«2a/+aA (14H) 

107.1. Co«normal points. Let the normal at t pass 
tlirough tlio point 0(jrp. y®), then the values of t aro given 
by the equation 

(15) 

The equation being a cubic has three roots. Thus, 

unhko an ellipse or hyperbola, through a point three nor- 

fnafn tcith urces^ihU feet c<t« be to o parahofa. 

If tlje roots of equation (15) be I,. whicli are the 
parameters of the feet of the co-nonna) points, tljcn 

^ + + (1(3) 

if.t the. eunt of the gradients of the three noi'Mith that patfn 
through a point m zero. 

The condition (lO) can be written a.s 
(2a^»+M2rtr,)+{‘2aO^0 

i-e., the euut of (he ordinates of fhi^ee ro-Mon»<7/ points iu 
sero and thus the centime of grar it p of three co-^for»ia/ points 
ties on the axis of the porabotiu 

The condition is also suHicient. For, let the normals 
bo 
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Multiplying these by ^ 3 -^ 1 , ^“^2 in turn an<l 
adding, we got 

— ^ 3 )= — (/j • <j) (fn - /,) {/, - tj) +#9 + /3)=0 

for /i + ^ 3 = 0 . Hence the three lines meet in a point. 

107.2. The result of the preceding article can be 
othersviso obtained as follows : — 

Tho fiecesAarf/ and sufficient condition that the three 
normals 

y + ti.[x-'2a)'^atf^0, 1 — 1, 2, 3, 

may meet at a point can be obtained by the elimination 
of ar — an<l y betweop the three equations. The elimi* 


nant is 

1 

U 



• 

1 

ti 

< 1 ® 


* 

1 1 

u 




I.S.. (ti-h) (h-ti) U, + /9 + t})^0. 

As 

(13) 

107 . 3 . Let y I, be the ordinates of the extremities 
of a chord which belongs to a parallel system. Since the 
mid'points of a system of parallel chords lie on a sU line 
paralloltothe axis. yi*t-y,a constant. If y, be the ordi- 
nate of the third co-normal point, 

yj“ • (yj + yj)*®con8tant. 

Thus the third normal is fixed. Hence t?ie normals fat 
the extremities of a st/stem of parallel chords intersect onji 
fixed normal of the parabola. 

107.4. Suppose that the normal at V meets the para- 
bola again at X. therefore 

2tf X+tf/ + at^ 

or <*+X< + 2«0 

if the factor t — X be remoTed. Hence 



Thus the normal at t meets the parabola again ina point 
tohose parameter is — f- 

If X be given, the above quadratic in i gives thepara^' 
meters of the feet of the two normals that pass through X 
other than the normal at X. 
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If be the roots of this equation. 

^2*2. (17) 

This is the necessary and sufficient condition that the 
normals at ti and /a may meet on the parabola. 

The normals that pass through X are real, coincident 
or imaginary, according as 

A* ^8, aX»^8a: 

u e., according as the abscissa of the point is greater 
than, equal to, or less than Sa. 

107 5. The relation between the tangential and nor- 
mal poles of a line. 

Let the ttn gents et the extremities of tbe line meet at 

\xu y\] end tbe normals at (5i. The equation ot the chord is 
therefore 


yyi^2a U+*|). 

The parameters of tbe extremities of the chord are tbe roots 
of tbe equation 

Let /|, <2 be the root* of tbie equation, then /i. /, 
nre the feet of the normal* from (6,. *,) and are therefore the 
roots 01 tbe equation 

whence f|fa -(f| + f,)**(2tf- 
and therefore sr, — — 5i 


and 

Tbue the relations that connect tbe C0H>rdiaate8 of the 
tangential pole (x, y) with the normal pole (|, n) are 

*y^—an, 1 ..(13) 

EvollS? '“^-ature. Circle of curvature, 

% 

The normal at tbe point t is 

#(/)sa/3 + ,(2a-.,)_j, = o. 

A neighbouring normal meets thi* normal on tbe lino 

?i‘(«)^W + 2a-,=0. 

"irveture. tbe point of intersection is given by the equstions 

x»2a + 3o/*, 
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The Locos of tbe centre of curvsture Is tbe curve 

4U-2a)^=27a3P^ 
and Is called the e volute of tbe parabola. 

The equation of tbe circle of curvature ia of the form 
+ yV . 2(2 <i + 3ei/*)jr + 4at^y + c*0. 

This passes through {at^t 2of)» therefore ** 3ah*. Thus 
the equation of tbe circle of curvature is 

.T*+y^ - 2(2a + + iat^y - 3a¥«0. 

The radius P of this circle is g:iven by tbe equation 

P* * (2a + Sal*)* + 4a^f ^ + SaY 
»4a*(l+/*)» 

109. Concydic Points. 

The circle 

y* + 2|s + 2/y + c* 0. 

meeK'i the parabola y*2af in points whose 


parameters are roots of the equation 

a V + 2a (2a .+ + 4a/t + c 0. (19) 

If ti. ti, t). /« be the roots of this equation 

fl*t*f^+/5 + t4»0 (20) 

or yi + y2+y3 + y4“0 (20A) 


where yi^2atu Conversely, if either of these reiations 
holds, the four points of the parabola He on a circle. For. 
let the circle through fi. t) meet the parabola in l\ 
therefore 

Consequently t* • 

Thus the necessary and sufficient condition that four 
points of a parabola may lie on a circle is that their centre of 
pi'ariiy lies on the axis of the parabola, 

^ 109.1 Tbe four coocycllc points 2, d» 4) of tbs 

parabola y’*«4ax can be joined in six ways giving ^hrss pairs 
of linca. VIS., (Pj P^ P, P4), (P, P$. Pa P4). (?» P*. P2 P3)- 

Tbs equations of the Unea of tbe first pair are 

(f| + tjJy* 2(* + (<3 + t4)y “2{xr + ats#4)» 

and these are equally inclined to the axis of the parabola in 
virtue of tbe relation 

Tbe same is true for other pairs. Hence the common chords 
of a circle and a paraMa are in parrs egtrallp inclined to the 
oafs 0 / the parabola. 
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109.2. If tbe mnt P 4 -»Pj. tbe chord PjP* appmohes tlie 
tangent at P;>. Tbe circle and tbe parabola touch at Pj and cut 
at Pi, Pj.. Tbe chord PjPj and tbe tangent at P 3 are therefore 
equally inclined to the axis of tbe parabola. 

109.3. Suppose that Pj-^Pj and P♦-^P^ tbe circle aod 

parabola have double contact and the relation that connects their 
parameters is Thus the common chord P 1 P 2 is per- 

pendicular to the axis and tbe Ungents at Pi and P 2 are equally 
inclined to the axis and the points Pj, P^ are reflections of each 
other in the axis of tbe parabola. 

109.4. Osculatmg circle. Circle of curvature. Let 
P^^Pi'Pj-^Pj independently of each other, then the circle is 
said to osculate tbe parabola and the circle is called the oscula- 
ting circle and is identical with the circle of curvature defined 
as the locus of tbe point of inursection of two coincident normals 
of a parabola. (c./« Art 108). 

Tbe relation that connecU the parameters of tbe points is 
1 4 . Thus the osculating circle at ^ meets tbe parabola 

again at tbe point 

Tbe biquadratic (19) has three equal roots and a root 
Thus 

aV + 2a{2a +<}«* + 4a/< + •'i/i) 


Hence 

2 tf + g» ) 

/=2a/,’ I (21) 

c= ) 

Thus tbe ceotre of tbe osculetiog circle et (f) is gives by 
tbe equations 


y- -2at\ (22) 

Tbe locus of tbe centre of tbe circle is tbe cubic 

4(x-2a)'*27ay*. (23) 

Tbe radius P of the circle is given by tbe equation 
P*- {2« + Ha/,*)* + 4a*/,^+ 9a*/,* 
-4a*(l+//)\ 

P-2a(l+/.*)*. (24) 


The value of P shows that tbe minimum value of P is 2a 
wben/i^-O. Tht circle thoi oieulates a parabola at the vertex: 
hoB minimum rodita. 

If P ^ 2a, there are two equal but opposite values of Con 
isquently there exist two circles of curvature which are sym* 
metrically placed uf. r, to tbe axis of tbe parabola and have a 
given diameter greater than the latus rectum of tbe parabola. 
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The equation of the osculating circle li 

A* + y*-2(3af*+2a)+4a#»y.3tiV = 0. (25) 

The equation of the circle may also be obtained as 
follows : — 

The tangent at t is fy-x'*’at* and the equation of P, P. is 
ty + x-Sat^^O. 

The equation of the system of conics passing through P4 and 
three coincident points at Pj is 

(jT + f y - 3at^) {x-iy + tf/*) + X (y^ - 4ax) * a 

This will be a circle if 1*X-/^ Thus the equation of the 
osculating circle is 

{x + ly- 3a<*) (* - /y + at*) + (l + J*) (y» - 4«*) -0 (2&A) 

110. Harvey’s Theorem. The cirdt which past€/t 
through co-normal points of a paraMa passes also ikrovffU the 
i^rfST of the parabola. 

If the normals at <3 meet in a point, *i+<j+j,=0. 
Ihe circle through /i, meets the parabola again in f* 

such that + + + hence and this is the para- 

meter of the vertex. 

1 10.1 . The equation of the circle can be determined, 
when the point of concurrence of the normals is known. 
Suppose that the normals at/,s #2. meet at (aq. yj. then 
ti. If ti are the roots of the cubic 

t(2a - *0) • y© » 0. 

If the equation of the circle be supposed to be 
... , Jr* + y+2g«4-^y-0y 

(since It passes through the origin), then tu ts> h are also 
the roots of the equation 

at^ + 2[2a*g) / + 4/“0 

whence identifying the two cubics* we have 

2<2a +g) * 2a - *0. 4/- - 

Hence the equation of the circle is 

- -|2- y-o (26) 

The results of Arts. 110, HO. 1 csn otherwise be 
deduced as follows 

The equation of the normal at (x't y/) is 
/(*-*') + 2a (y-y')»0, 

Thus the feet of the normals through y©) h® the rec- 
tangular hyperbola 

H{ar, y)»gy + y(3a - ao) - 2ayo=0 (27) ' 

The asymptotes of the hyperbolaarey^Oand ;r + 2a“;ro*0. 
The, hyperbola and tbp parabola y^—4ax have therefore one 
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common point at infin^ on the line ^—0 ; hence the foot ol tbe 
4th normal ia alirays at We deduce the equation of a conic 
which paasea through tbe given co-normal points by deleting the 
point at inhnity. Writing the equations as 

= y [x^{2a — xj] — 2ayt„ 


tbe curve 


x+(2a'^x ^) ^ ya 

y 2x 


i. e., 2ar + 2a:(2a — — 
aatistiea tbe given conditions. Now tbe conic 

2x^ + 2x{2a - Xc) — yy^ + 2(y* - 4ajr) 
is a circle and passes through the three co^normal points, 
evidently passes through tbe vertex {0. OK 


It 


Illustrative Examples. 


(1) If the normah at the poinU Qi R on the parabola 
y*=4ax meet in the point Uo. ihe orthocentre of the iriatigle 

PQR will fre ^ Xp- 6a,*“iyp Prove alto that the centroid of 

PQR«[l(xp-2a). 0). 

The parametera of tbe feet of tbe nonoais from (xp. y») are 
the roots of tbe equation 

<1/^ + f (2<r Xo) “ y© • 0. 

Let the roots of this equation be f fj* ti which are tbe para* 
meters of the poiota P, R reapectively. The equation of 
QH is 

Ur + f Ji) y * 2(x + af jfs) 

or #iy + 2 x + 2 <tM 3 fi + /, + fj -0 

Tbe equation of tbe altitude through P is 

*1“0 

L «*. 2y-f,x-4afi+«fi^ = (>. 

Similerly the equetion of tbe eltitude from Q is 
2y - — 4« f, *** 2^ • 0. 

Subtraction gives 

*• «•. *• -4<r+a(/|*+e,/j*f /j*) 

- 4<* - tf + 

Again, 2(fa-fi)y + = 0 

Of y«igf|fy(fi4'fs)« 
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oA _ 

Since (S/j)* - 2 the co- ordinates 

a 

of the centroid 

(i »'.*• IT ) 

can be n'ritten as 

[-|u- 2 a). o] 

(2) Jf iaru/enis are drawn to the parabola y^ — 4axfroma 
point P and the corres/ion^tn^ normals meet in a point Q such 
that PQ cuts the axis tU a fixed point 0 within the curve at a 
distance K from the vertex, show that P lies on the circle 

x(a +i) + fl(2a - k). 

Let tbe co-ordinates of P be (srj, then the cO'Ordinates 
(1. »*) of Q are given by tbe equations 

tfsr,- 

*jy,- 

The equation of PQ 1$ 

£Z-£l* y-u- 
*1-5 j’l-'i 
This passes throngb (k, 0) 

63 .,+ ^ (*.„)+ .f£L^2i!zi:i„,-o. 

a a 

Therefore tbe locos of (xj, yt) is the circle 

+ A) - jA + 2a*^0, 

fS) Show that three circles can be drawn to touch a parabola 
and also to touch at Vte focue a ffinen st. line through tike foctte. 
Pro ve also that the tangents at the points of conta^ 
parabola form an equilateral triangle* 

Let tbe circle touch tbe parabola at V.' One of tbe chords 
of contact is tbe tangent at t and tbe other chord is equally 
inclined to tbe axes. Tbe equation of tbe circle is of tbe form 
U j fy + a^){x +/y +ac) + A(y* — 4ax) • 0. 
where 1 — • f* +X i.r., X * 1 + f*. 

Tbe circle also passes Uirongh (a, 0), 
fl+#*)(l+o)-4X-0 
c=3. 

Thus the equation of the circle is 

(at -* fj? + o<*){a: + fy +3 j) + (1 4ar) = 0 
a:*+3.*-<»*(3<*+l)-aj(3/-t*)+3aV=0. 
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Tbe equafcioQ of tl^toogont at the point U, 0) U 
which is identical with the fixed Hne y—m(x - a). 

• • ’3^ - f* 

It is obvious that for a given Wf there are three values of J . 
Hence there exist three circles which satisfy the conditions of the 
problem. 

Suppose that B is the angle that the tangent at t' makes 
with the axis, then f^cot B, 

, 3 tan B - tan*0 

•• 1- 3 tan^ 


— 


or tan SB^m 

3d«tan*"*m, tan'*W^«. tan“‘»i +2^. 


Hence 6 — i tao’^'m. i tan* 


« 1 -i j. 

w + '-^ * 1 tan « + ”3 


Remarks, 
of the circle. 


1. If (x, y) be tbe co-ordinates of the centre 

Eliminating V we get tbe locus of the centre of the 
circle 

27jy*»U - 5s)*(2jr“o). 

2. The radical axis of tbe circles at V*ti, Q*^'w 

3*(^j + /2)+yCS-(f|^ + ^if2 + fs*)]^Sa(/i + /8). 

If the pole of PQ be T, the centre of gravity of TPQ is 

and this evidently lies on the radical axis. 

Exercises XXXI 

1» ProV€ that the 7u>rmal at a point m eqaallu inclined 
to ihe focal dietonce of the point and the diametev through that 
point 

3. Show that the tub-normal at a iwint of a parabola i$ 
comtant and equal to the eemi-laiut recfum. 

5. Show that the line /x *1* my ***11*0 will be a normal to 
tbe parabola y^^Aax if 

at^ + 2alm^ + mhi = 0 . 

‘4» If tbe sum of the inclinations to tbe axis of normals frcm 
P to tbe parabola y^^lax is show that tbe locus of P is tbe 
St. line y cos v + (x - a) sin 

6. The normal at a point P of the parabola y^ = 4ax meets 
tbe axis in 0. if B be tbe focus and if tbe triangle SPO be equi* 
lateral, show that the coordinates of P are (Ss, %^Za)» 
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6. If the normals at P,Q of the pa*boU jp^=4« meet at 
a Rod the curve, show that the locus of the pole of PQ is 

th. parabola which meet at 

the point (*o. Vo) make aoglea a. -/ with the axis, prove that 

a+^ + -Y-tan-*-^2— 

a. rind the co-ordinates of the feet of the normals from the 
. , / 27fl - 16#* \ 

point ^ ^ I to the perabola ^^4ax, 

chorae PQ. PR ere drawn normal to the curve at Q» R, Prove that 
the equation of QR ie /y + 2U+2a)»0. [Math. Trip. 1918.] 

10. If tanKents be drawn from points on the line *-c to the 

1)arabola,> = 4a*, show that the locus of intersection of the 
corresponding normals is the parabola 

«y*-c*(*+c-2o>. 

11. If the °ormal at P to a parabola meet the curve again in 
ti and the normals at P. Q make angles a. with the axis, show 
that 

i ' 3 cos P+cos (2ct-(3)«0. 

'Ill Parabola as a limiting case of an ellipse or 
hyperboJn. 

U) Let the equation of the ellipse be 


Y 



Shift the origin to the 
left-hand yertex A( - a, 0) 
«d let S be the correapond- 
ing focus. The equation of 
the ellipse becomes 

h* a* a ® 
h * 




Pat 


p“AS“tf s), 

then b^^2ap^p\ 

the equation of the ellipse becomes 
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Keep ^ i.tf*. S and let tbeo C, S', A' all move to 

iDiiDity and tbe equation takes tbe form 


(fi) Suppose that tbe equation of the hyperbola is 



Set 

then b*^2ap'^P". 

Tbe equation of the hyperbola becomea 

Keepinc S, i,e,,p fixed, let *4* approach Infinity, then C,S^A* 
a)] move to infinity and the equation takes the form 

y^^ipx. 

Thus a parabola may be re^rded IndifTerently as the limit of 
an ellipse or hyperbola. 

1 1 1.1. it has been seen that like a hyperbola, a parabola 
has infinite branches. But the in finite branches of tbe hyperbola 
tend ultimately to coincide with two divergent right lines, vis., 
tbe asymptotes. This is not tbe case with tbe parabola. If we 
find tbe intersections of the parabola y^4ax and tbe line 
the ordinates of tbe iwints of intersection are the 
roots of the equation 

iy* + 4airty - 4« * 0, 

and these roots can never be infinite, unless l~*0, i.^, 

when the line tends to coincide with tbe line at infinity. 

Also, no finite right line meets the parabola at two coincident 
points at infinity. For, the above quadratic will have equal 
roots if when tbe quadratic becomes 

wV -dwy + 4*0, 

and this baa intinito roots if w-*0, then fr^O and tbe line tends 
to coincide with the line at infinity. 
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1 1 1 .2. A circle as a limiting case of an ellipse. 

The ellipse = l will tend to coincide with the 

circle 

when i-<-. 

This denjands that «-K). Thu® a circle may be regarded 
as a conic whose eccentricity approaches tero. The real foci 
(±ae, 0) tend to coincide with the centre (0, 0). The real direct- 
rices .T± tend to coincide with the line at infinity. The 

focus- directrix property can be expressed by the equation 

PM, 

when #*- 0. 

112. Foci of a conic. We have already seen that if 

ti, /j; ^1)6 two tangents to a conic S from a cirouiar point land 
t \ . t 2 the correaponding conjugate isotropic tangents from the 
circular point J, the four tangents intersect in four vertices 
of a quadrilateral and are the foci of the conic S. The 
foci obtained as the intersections of conjugate tangents f/). 
{hi are real and the intersections {fi ti), are imaginary. 

In case of a parabola, we have obtained only one accessible focus. 
For, the line at iufinrty 1 J being a tangent to the parabola, the 
tangents h* from 1 and J coincide with the line 1 J and the 
quadrilateral of tangents reduces to a tHangle of tangents. The 
point S, the intersection of fp t' is the only accessible real focus 
that remains. The point of contact 8' of the line at infinity with 
the parabola, which also lies on the axis, is ths second focus. The 
two complex foci are obtained as the intersections of fj, fj' with 
the line at infinity and are the points I and J. 

If a curve passes through 1 and J, the tangents at I and J 
to a conic meet in points which are not usually included among 
the "ordinary’ foci and are called singular foci. Now in case of 
a circle with centre 0, 01. OJ are the tangents at X and J to the 
circle. These tangents meet at 0. Thus the centre of a circle 
is a singular focus and the circle has no ordinary foci. 

113. Normals to a conic. Tbe normals through 0(xc^y<») 

to a conic 23 are the lines which join 0 with the intersections of 
2i with its Apollonius hyperbola. Four normals were obtained in 
case of a central conic. In case of tbe parabola 4(zx, tbe 

feet of the normals are tbe interaections with its 

Apollonius hyperbola 

H(*, y)^xy+y(2a-*o)2ayo®0. 

The asymptotes of this hyperbola are y—0, x + 

Thus tbe axis of the parabola is a tangent to tbe hyperbola at 


0 
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isHnity. The point at io^iDity, on tho parabola also lies on the 
y=0. Thas one of the four points of intersection is at infinity 
and the normal to the parabola at this point is, therefore, the 
line through 0 parallel to the axis of the parabola* 

Throuffh a point 0 four normals can be drawn to a parabola 
and one of these normals U a diameter through 0. 

We may now consider the case of a circle, The Apollonius 

hyperbola of the ellipse * 1 is 

a r 

(o* - b^) xy — a^xoyx + b^yoxz =^0. 

When b^^a\ the ellipse tends to a circle with the same 
centre and radius equal to *a\ The Apollonius hyperbola 
breaks up into the line at infinity s^Oand the li ne 

a'oy-yo**0. 

This line joins (xo. yj with the centre of the circle, and is 
therefore a diameter. The lines that join 0 with the intersec- 
tioQs of this Hoe and the circle are the normals from 0 to the 
circle. Thus the diameter through 0 is a double normal. But 
01. OJ are not normals through 0, as either is regarded as per- 
pendicular to itself and neither touches the circle when 0 is 
other than the centre. When 0 la at the centre, for an ellipse, the 
hyperbola breaks up into the axes rysO. Thus the major and 
minor axes are double nornale. When an ellipse tends to a circle, 
any pair of perpendicular diameters may be taken as the axes 
of symmetry for the circle or let the normal at to the 

ellipse meet the major axis at 0, CO-sV. Thus for a circle, G 
coincides with C and every diameter is a double normal. 

lllustrAtive Examples. 

(l) Show that if a chord of tlie parftbola yf — 4ax, touches 
the parabola the tangents at its extremities meet on the 

parabola by~4a^x, arsd the normals on the curve 

(Aa “ 6)y * 46 Hx - 2ai^. 

Let (x\ y*) be the meet of the tangents; the equation of the 
chord is 

yy*2<j(af+*0. 

This touches if^Abx if 



Hence [x\ yf\ lies on the curve 

6y-4a*jf. (1) 

To find the locus of the corresponding normal pole, 


we use 
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relations d(2<i — aR ary. We have to eliminate 

y from these relations and relation (l) above. Thus 


<T(2fl — |) 


4a 

a^f “ ^ xy “ 


4a 


_ 

4«^ 


or 


<-^>T =[¥^ -I 

(6 - 4a) ^ u* • 46*(2a - E) ^ 


Hence the required locus is the cur\’e 

{4a — 6)’ y*— 46*{x-2ay. 

(2) Tanffenfs gu drawn at three points Pj, Pj, P3 

on the paroMa y^—4ax Qi. Q^ Qs are the vertices of the 
trirruf/ie formed by qu qt» 9s (Qt being oppoeite Oj etc.) Through 
Qi ore drawn lines parallel to q^ and to P^, and rtmt7ar^V for 
other vertices. Prove tliot the tix lines thus obtained all touch 
the parabola (y- 2tfei)*+8<T(x -<7Sj) = 0 where 

+ t\ytt»h being ilte parameters of Pj, P^, P3 in 

the purarneteric representation y»2a/. 

(Kiofr's College etc. 1931} 

The equation of 9i is /jy=x+a/A 
and that of PjPa is (/v * ^j)y® 2(x + atds)» 

The lines qj, q}. 1. s. 

tjy^x^ati 

/jy—x+a/H* 

iutereect at Qi [ aCfa'^’/s)]. 

The line through Qi parallel to qj is » 

ti (y-a Ui+f5))*ar-aM) 
tiy^ati (s|-/|) = x — « U*-^i (sj-#i)I 
or 2afi^+^j (y — 2oS|) - (x — ose)— 0, 
and the envelope of this Hoe is the parabola 
(y — 2asj)*+8a (x— asj)*0. 

Also, the equation of the line through Q, parallel to P2F3 is 
Ui^h) (y— aUi+^j)]— 2[x-aV3] 
or (si”^i) [y“a(*i- ^,)l“2x-2a [s2-/i(ei— /j)] 

I, e., afi* — #iy + (siy “ 2x“asi*+'2as<) — 0. 

The envelope of this is the parabola 

^ “*4a(5iy “ 2x - asi^ + 2asj)*0 
i. e., (y- 2tfsj)* + 8a (x-‘ase)“0. 

Similarly, the other four lines can be proved to touch this 
conic. 
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(3) Find the locus of the centre of ar^ eguila/eral triaw/le 
whose sides are normals to the paralidla y' — 4rtx, 

Let tbe equations of the three normals be 
y -» — otr^. 

If the normals make angles 

e,=e.e,=e+ . 0,=9+--3 


with the axi8« 


or 


tan 39f.-Un 3©*X (say) 
3 tan Br Un^^r ^ x 
i - 3 tan^^^r 


So tr are the roots of the equation 

3/ - . 

or /*-3Af*-3^ + X-0. 


The vertices of the trinngle are 

[2a+<j(f:j*+rif3 + f)*), at 2 fjUz*t-^] etc. 

The al>sci8sm of the centre of gravity of the triangle is 

+<i2/3fj + 2aDri* 

* 32a 4- 2a[(S/,r- 

" 164 4 iSaX^ 

x*64 46aX*. .. (i) 

The ordinate y of the centre of gravity is given by 
3y-a2^J^ffJ + /.1)-tf2/^f,(3X-/|) 

• 3XaSf sjfj “ 3a j “ • 6Xa 

y=“2Xa, (iV) 

Thus the locus of (x» y) is the parabola 

— 6a). 


(4) A variable triani/le is inscribed in the paiutholo y^^4ux 
and two of its sides touch the parabola y*- 46x^0. prove that 
the third side touches the parabola y* — 4cx“0, where 

(aa-6)'c-a6-*0. [Matb. Trip, I, 1931 ]. 
If /u t‘j. ti be the parameters of the vertices Q). Qo. Q;{, the 
squatiooH of tlie sides are 

(fj + fi)y*2(x+a/|f*). 

QiQi (/i + fs)y— 2(x+a/,^3). 

Q^Q> (fj 4f»ly® 2U 

The Hrat two lines will touch y*^4bx if 

which show that t} are the roots of the equation 

6{f| + 0*»44f|/. 
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or - 2a) + 0 

• • fa'rti^ - 1-. 


* 


The equation of Q^Qj then reduces to 

2(2a-6 V. 

^ y^2x'^2ati^ 

i.e., 2tf6J,*-2(2a-6)^,y + 26^^0. 

Tb© envelope of this is the parabola 

(2a — b)^y^^4ab^x 


or 


4cx. 


5k ^ normals to ths parabola 

^a' a n D foni7«nfe j?ai affef ^o 

BCi CA, AB art Au Bu Cp. Show that tht normals at Aj,Bi,Ci 
meet tn a point Pi, *• i* j 

If Pi be deduced from P, at P, U deduced from P and to on 
show that PPu P}P^ touch a cubic cwoe at P, Pi^.. 

Let ^|. /}» /} be the parameters of the points A, B, C. The 
equation of BC is 

(fj+/,ly = 2(*+42/2fj) 
or -fiy«2x + 2a<,/,. 

The parallel tangent is 

-'■^-2*^-2- 

and its point of conUct is tbe point — . 

Similarly the points of contact of tangents parallel to CA,AB 
are tb© points with parameters — ^ /j, t^. But since 




the points are co-normal. 

If the normals at A, B, C meet at P(a, 0) and the normals 
at Aj, Bj, Cj meet at Pi(a], then 

a<*+^(2a-tt)-P = 0 

af,^ + 4(2a - aJ + 8pj = 0. 

The roots of these eqnations are tu fz» fj- 

«,-2o— ^ (a-2a). P,-- p. 
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Similarly «2 - 2 <j= -/ (^j - (« 2a\ 

4 '* 


1 

4' 


and in genera) 


= (a-2«).P. = (-])« -J; . 


The equation of the line P]|P||^.| is 


or 






2(i.-3.) _ 


~3?r 



Put 


( then *X^(a- 2 a), 

so the equation of the line becomes 

- U- 2 a)-X^»- 2 a) 

3 X 0 a - 2 a 

or K(X)"X’ 3 (a - 2 rt'- 3 A 0 (* - 2 <i) + 2 y(a — 2 a )=0 (i) 

K'(X) - 80 (X‘{a - 2 a) - (* - 2 a)J- {. I,'.) 

In order to obtain the envelope, we have to eliminate \ 
between (0 and (ft). 

XP(.r- 2 <»)“y<o - 2 tf) 

f^pf^sents the envelope. 


It ran also be aeen that the points \\ all lie on this curve, 
nnd the equation (i) is the tangent at the ftoint P«. 

(0) Show ihaf Ihtre txiifx <in uifinitu of triangles AlfC 
which are intcriOeU in the cubic — and whose sides are 
normals to the parabola y** 4a(* + 2a). .SViouj also that the three 
normals to the parabola which are at right angles to the sides of 
the triangle AliC meet at a point. 

It can easily be seen that an arbitrarj* normal to the porn* 
bola ye4ti(* + 2o) can be written in the form 

y + «x (i) 

and this is the normal at (om*- 2o. 2<tm). The freedom equation 
of the cubic can be written in the form 

x^at^t y^at^. 

If tu tjt ti are the parameters of A« li, C. the equation ot 
AU is 

y— _ x^atf 

y(f J +^ 3 ) - a(/|* + f 1^4 +/2*) 4* tf 
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This will be a nornial to the parabola if» for some value 
of w, 


1 M _ ^ 


(/)* + /|ia + + 12)^. (,V) 

Similarly the Hue joioiog fj, is a aormal if 

= tiWUi + / J®. {Hi) 

Subtractiog (m) from (11) we get after reduciog 

fl+f 2 +f 3 » 0 , Uv) 

/,' + t,t2 + /,(/, +,,) +lJ={t2 + ti)h + tz‘- 

So relatioD (ti) becomes 


which shows that the Hoe ioioiog tt and /j is a oormal to the 
parabola. 


The slope of the DOrmal which is perpendicular to BC is 
_ f 2 f a /, 

A 




2fi 


V + ff 


Similarly the slopes of tbs normals perpendicular to AC, AB 


are 


2 tt 2 t, 

Since the sum of the slopes is aero, the three normals ere 
concurrent. 


114. Equation of a parabola referred to a pair of 
tangents as axis. 

Let the tangents OA, OB touch the parabola at points 
, oj , B ^ suppose that the equation of 

the parabola is 

(«* + Py)2 + 2gar+ary+l-0. 

The line y^O meets the parabola in points whose 
absciss® are the roots of the equation 


aV+ 2 g* + l -0 
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18 


perfcot 

iJesired 


Similarly, since the y-axis touches the parabola at t lie 
point ( ^ ' 

Hence a = +«, g* — P* ±6. /-* 

Thus the equation of the parabola becomes 
i tox± by)*“2[ax + by) + !• 0. 

If similar sigrns be taken with a and b. the expression 
on the left becomes a perfect square and the equation 
represents a pair of coincident lines. I^eavinj? this case 
aside, the equation of the parabola is 

{ax -by)" - ‘it'ix+Ay) + 1*0, {'28A) 

or (ax + 6y - 1)* = 4abxy. 

114.1. The result may l>e obtained otlicrwiso thus 

Since **0. y*0 are tangents to the curve, the line 

ox + 6y- 1-0 being the chord of contact, its equation 
of the form 

• ax + iy— l)***2X»y. 

This will be a parabola if (u* + ^y)*- 2Xxy is a 
square. Tliis requires X-2<i6. which gives the 
form 

(ax + fry — 1 ■ Aabxy. 

1 14.2. The equation of the parabola can be put in an 

irrational form also. For. the equation can he written in 
tlie form 

ci* + 6y- i- ±2^ abxy, 

i.e., (v' tf7± v/’dy )*•! 

or y/'ax ± »^6y ® 1 1. 

Thus the equation can be WTitten in cither of tlie forms 
v/£x + ^1 O') 

- ^ax '^\/by “I (»») 

The equation (29 t) is valid for points which lie on 
the portion of the curve between the points of contact 
A, B^aa for eueh points < 1 , < 1. If the 

point lies on the portion of the curve >1 

and v/^y < . This portion is, therefore, represen- 

ted by the equation (29 if). For points on the portion 
B oo, 6y > 1, and ax < by and thus its equation is (29 iiV). 


.(29) 
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There is no part_of tlic^parabola which is represented bv 
the equation \'ax -^y/by - 

1 14.3. Parametric Equations ojf a parabola. 

If't of parabola can be written in the form 

ILL &c> A/ * 

[ax - byf-\ - 2(a* *by- 1). 

Writing it as 

'!?L7. 1 _ 

2 at^by^l 

we have 

ax - 6y = 2<— 1 

<ix(l-/) + 6y(i+0*l-# 

whence ax — ^, 1)* (80) 

which are the required equations. 

lUmark. Every line parallel to tf*-6y-0 meets the para- 
bola at one point at infinity. Thus the line ax-hy-c for ail 
values of c is a diameter of the parabola. 

1 15. Equation of the chord joining two points on a 
parabola. 

Let (aj, yx). be two points on the parabola 

Vax + Vhy^ 1. 

The equation of the chord joining these two points is 

x-X i _y-»i 
Xi-Xi yx^yj * 

with the conditions 


>'^1 +v/6y,-l. 

_ _ 

Thusv-a (v'*, ~x/x,)*'/b {✓!■,- vj>,)-0. 

Hence the equation of the chord takes the form 


(*-*i) \/ 


Xi+Xa 


iy-y,) \/ -^—= 0 . 

y yi+ofi 


(31) 


^ 15.1. Let /|, be the parameters of the points and 
suppose that the equation of the line that join these points is 

lax^mby— 1 • 

then tu it are the roots of the quadratic 
i. tHl + «) — 2w# + (m ^ 1) »0 : 


/. (/x + f*) 


2m 

f + m * 


tiU 


l*m * 
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whence 


2-U^tt , . < 1+^2 


Tbue the equation of the chord is 

axUi +^2“ 2) + (32) 

1 15.2. Tangent at a point. Let the point (x*. move 
alon^; the curve towards (x|, lo the ultimate position, when 
the two points approach coincidence, the equation (31) of the 
chord becomes 

U-*,)!/" + (y-y.) \/A=0, 

or ■‘V/— + 3- \/^— =1. (33) 

y Xi V' yj 

which is the equation of the tangent at (xi, yi), for 

>/tfxi+v/6yi“ 1. 

The equation of the tangent at /| can eimilarly be obtained 
from equation (32) by making Thus the equation of the 
tangent at t is 

axU- (34) 


115.3. Condition of Tangency. Let U*my’^n ~0 
be a tangent to the parabola. This equation is, therefore, identi* 
cal with equation (34) for some value of 4. Thus 


^-bt_ -r(<~i) 

l m It 



whence 


a ^ - 1 

/ n * :m » * 


Hence the condition for tangency is 



116. Tangent at the vertex. 

a diameter of the parabola (Cf. U4.3)i 
to itlis 


(35) 

The line ox~6y— 0 is 
The line at right angles 


d'l'h cos w 6 +0 cos w 
and this will be tangent If (35) 




tf(o + h coe «) + 6{6 +« cos w) — 7-= 0 ; 


+ 6* 4*206 cos • 
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Thus tLe equation ot the taDgent at the vertex is 


— ^ + --y. - 

a + h cos « b +<* cos w 


.( 36 ) 


a* + A* + 2a6 cosw 

1 1 6. 1. Vertex. The vertex is the point ot contact of the 
taoj^ent ffiven by the equation (36). Comparing it with (S3) 
“we see that 


yy 


V 


yi 


(o + 6 cos «) V' „ + cos w) v' 6 fl*+6* + 2(i6 cos w 

Hence the vertex is given bj the equations 
. _ <T(g + b cos _ bib ’^a cos m)* yjj-\ 

* (fl^ + 6* + 2a6 cos w)** ^ 6*4* 2tf6 cos w)* * 

1 16.2 Axis. The axis of the psrabols is parallel to the 
diameter — and passes through the vertex. Its equa- 

tion is, tlierefore 

g^ftf *6 c os <s)^ — h^(h COB w)* 

^ {a* + b^^2ab cos «)* 

g*“ b* 

i»€.. gx~hv“ (33) 

g* + 6" + 2g6 cos w 

The e<|uatiOD (ax— hy)*“ 2{gx + 6y) — 1 of the parabola can 
he written as 

(gx-6y+X)^»2gx(l + X) + 2Ml-X^+A*-l. 


The lines gx-hy^O and gx(l + X) + 6y(l“X)“0 are at 
right angles if 

g* - 6* + X(g* + 6* + 2gh cos M*)«0. 

Hence the equation of the axis is 

.• 

^ g*+h* + 2g& cos w 


and the tangent at vertex is given by the equation 
X ^ y _ 1 

g + h cos « h + g cos « g*+P + 2gh cos « 

1 16.3 Directrix. Tbs directrix of a parabola is the locus 
of the points of intersection of perpendicular tangents. 

Let (x*, y*) be a point on the directrix. The parameters of 
the points of contact of tangents drawn from (x',y') are the roots 
of the equation 

t(gx' - 6y' + t) + gx^*0. 

If the roots of this equation be ti and t 2 
ti+/2“gx'— '63/ + 1, 

The tangents at tj, ^2 ha vs respectively the equations 
gx(/j - D— btiy—tt*—ii, 
axUt - 1) • btiy * /g* - tz. 
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These &re at right a ogles if 

aHl, - l)(f 2 - 1) + b’htf>rab W/, - 1) + hUz - D] cos «■ =1' 
i.!., olJifa - (f 1 +<s) + ll + + ablZhtz - {t, +./j;] cos - = " 

w a3j' + 6x' + (ax' + 6y •“ 1) cos w — 0. 

Heoce the locus of (x\ yO is the Uoe 

x(6+<i cos »)+y((i + & cos m»)*cos «, (3^<) 

which is, therefore, the equation of the directrix. 

116.4. Second method, f.et /i. .fe l>e the intercepts on 
the axes made by the direcli ix One of the tangents from 
is y~0. The line at right angles to it through I/** 
g + ycoa« = fc. This will l»e a tangent to the parabola if 

W5.) 

. 6 _ 1 . . ^ cosw 


cos w 


<» 09 W 

a <*os w + 6 


Similarly, one Ungent from is .t* 0. the second tangent 

from It is perpendicular to x^O and is therefore of the form 
X cos » This will be a taugeot It 

+ 6* *- , 
cos W k ' 

A* 

« * H ^ ^ s 

a cos w 

Substituting the values of h and k in the equation 

' +-^.1 

h k 

we get the equation (39) of the directrix, 

117. Focus. t*et 8(5, n) he the focus. The line 
y-n + U-5) cis 
f,s., g cis » + y-(»J + 6 cis 
where cis u>b<»os « -ti sin w, is an isotropic line through (5* 
This will be a tangent to the paralmla if 

cis w *t cis • 

i.4.i [a cos w + 6) -^1 If sin wlU'P + 5 cos w) + « 5 sin «]= 1. 
Separating the real and imaginary parts, we have 
5(tf + 6 cos + +o cos «)* 1. 

, 5 - n _ I 

a b <?+h* + 2tf6 costs 
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1 1 7. 1 . Second Method. The feet of the perpendiculars from 
the focus on the teDgente to a parabola lie on the tangent at the 
vertex. 

Let (5» be the focus. The feet of the perpendiculars from 
on the tangents are respectively 

cos nj, 0), (0. + | cos «). 

The equation of the line joining these points is 

* 4- y 

5 cos + 5 cos w * 

which must be identical with equation (36). 

. S + >1 cos <■» _ ** + 5 cos w l' 

0 + 6 cos « 5+<7 cosw + cos w 

whence immediately 

1 

a b o*+6* + 2tf6 cos « ’ 

1 1 7.2. Latus Rectum. Latua rectum is twice the per« 
pendicular from the focus on the directrix. The length will be 
found to be 

_^_4o6_8in^w 

(u*+6*+2<i6 cos 
Illustrative Examples 

(l) // o parabola whote lattu rectum ii 4p slidte 
Mween two rtctanffular axes, prove that the lacus of its vertex 
is the curve 

First Method. If the equation of the parabola be 
(ax + by • l)*“4a6xy 
its latus rectum (Ajt, 117.2) is 

4ab 

1 - 4 /> 

(a* + W* 

and the vertex is given by the equations (Art. 116.1) 


whence 




’y 

1 




(a*+6*)* ’ 

y* (*’+ y* )=>*. 






Second Method. Let (x\ y') be the vertex. Since the 
axes are orthogonal tangento to the parabola» the origin lies on 
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the directrix. Consequently, the directrix and tbe tangeot at the 
vertex are given by equations of tbe form 

f* + my*0. /(* -XT') + m(y -y')®0. 

Tbe r>^rpeDdicuUr from tbe vertex on tbe directrix 
equals Pt 

Tbe intercepts made by tbe tangent at tbe vertex on the 

. » + Ix' + mv* 

axes of X and y are ; . ^ , These are there- 

* ftt 

fore tbe co-ordinates of Che focus. Tlie line tjiat joins tbe focus 
and tbe vertex is tbe axis of tbe parabola which is perpendicular 

to tbe directrix. This gives tbe c'onditioo , * » . 


m 


whence 




x'» 


f 









Thus 




U' • + /•) 


Hence the locus of (x\ y*) is tbe curve 

y^S **+ 

(2) >1 parabola of laiut ttclum 4c tUdtt btlwttn two rec* 
tanguiar lints. Prove that the locus of t/te focus referred to 
those Itnet as axes is (he curve 

Itei the equation of tbe parabola be 

(ax* by U^^iabxy. 

The latus rectum of the parabola is (Art. U7.2) 

4ab 

(«.‘ + 6‘)* 

^nd tbe focus is given by tbe equations 
X ^y 

a b a*+6* * 

1 


•4c. 


U) 


whence 
from ( 1 ] 

I.S., 


c=«,(a’ + 6«)* *2. 

(**+,= 1* 
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Second method. Let (^, u) be tbe focus, then the feet of 
the perpemUpulars (5 » O), (0. >0 on tbe axes which are orthogonal 
tangents to the parabola lie on tbe tangent at the vertex. The 
equation of the tangent is, therefore. 


•.e. 


— c . 


* 

The iierpendicular from tbe focus on this tangent ie c, 

1 

I TJ* / 

Hence tbe locus of (?, n) is the curve 

(3) Parnbolat art drawn to touch the axes^ which art inclined 
at an anyle •>>. and their dirtetrieee all past throuffh a fired 
point (/i, k). Prove tfutf all the pa raff das touch the line 


- 1 * 0 . 


^ + Jt . j. 

+ it sec M) k^h aee w 

Let the equation of tbe parabolas be 
(tfar + by— i)**4<sb«y, 

where a and b are variable. The equation of tbe directrix of 
the parabola is 

x[b cos •») +6 cos «) *cos 

This passes through (/<, k) 

+ cos «) + ife(o + h cos •)*cOB V 
or a{h cos •* + it) + blh + b cos w) cos w 


Ls-. aih-^k sec w) + 6(it+h sec w)*l 
and this is tbe condition that the line 


h+X^sec w A 4’ ft sec «» 
may touch the parabola. 

Exercises XXXI I 

1. Parabolas are drawn io touch two given rectangular 
axes and their foci are all at a constant distance c from the origin* 
Prove that tbe locus of tbe vertices of these parabolas is tbe curve 

xi+ ,»= cf 

2. A tangent to tbe parabola {ax^by-^ ly^iabxy meets 
tbe co-ordinate axes at tbe points A and B. Show that the locus 
of tbe mid-point of A B is the st. line a'x'^by^i. 

3. Parabolas are drawn to touch two given st. lines which 
are inclined at an angle w ; if tbe chords of contact all psss 
tbrongb a fixed point, prove that 
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(() their diiectrlees all pass through another 6xed point. 

(») their foci all lie oo a circle which passes through the 
interaectioQ of the two given lines. 

4. A para 1)0 In touches three given lines, prove that each 
of the lines joining the |ioints of contact passes through a fixed 
point. 

6. A parabola touches the axes of co*ordinates. If its axis 
passes through the point f/i, i^). prove that its focus lies on the 
conic X*- y*— A.r + hy *0. 

H. A tangent to the |»arabola \/ ax *^'/hy ^I meets the 

axes of X and y in ]\ Q, and i^erpendiculara are drawn from 
V. Q to the y and x axes : prove that the locus of their points ol 
intersection is the line 

h(x + y cos « ) + rt(y + x cos w ) * <*osw . 

7. Show that the parallels through the origin to the tangents 
from {x\ y') tov'x^ t/y« v'a are the lines 

<Txy + (x — y){xy* - x‘y ) ^ f h 

8. Show that the pair of tangents from (x', y') to the 
parabola \/ ax + v/ hy ~ 1 are given by the enuatioo 



y-y« x-xo xyo-x«y 
Miscellaneous Examples XXXIU 

1. I^NP' is a double ordinate of the parabola y**4jx. 
If the tangent at V meets the diameter through I*' in Q, prove 
that the locus of Q is the parabola dy^'e4(TX*0. 

2. Tangents are drawn to the circle x*+y*»rt* from 
two points on the axis of x eguidisUnt from the |>oiot (c. 0); show 
that the locus of their intersection is the parabola y^ — 4rrx. 

3. If P moves on the line 2ax + 6y + 4o^«*0, show that a 
line through P per|>en(licul8r to its polar with regard to the 
paraboU y^=4ttx touches the |karaboU a’*46y. 

4/ Through the vertex A of the parabola y^"^4ax. t>vo chords 
AP, AQ are drewn and the circles on AP, AQ as diameters io- 
terflectinU. Prove that if 0,. 6j and ^ be the angles made 
with (he axis by the tangents at P and and by AU, then 

cot + cot 6^2 4* 2 tan P * 0. 

6. Through the vertex A of the parabola y*«4rtx is drawn 
a chord AP meeting the parabola at P. The perpendicular at A 
to AP meets the tangent and normal at V in T and N. Show 
that the loci of T and N are respectively the curves 

2y* (x + 2rt ) +x^ «= 0, Say^ « x* (x - 4a ). 
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If tb« perpendicular to P? at F (F being tbe focus) 
meets the tangent and normal at P in T', K' sbon* that the loci 
of T'. N' are respectively the curves 

a? + *0. 8y" ss *(* — 2a)K 

6. A point P moves on the parabola y^^iax. Tbe tangent 
at P meets the tangent at tbe vertex in Y. Through Y draw 
a paraUel to AP and through A draw a parallel to PY. Let these 
lines meet in Y'. Show that 

(»)'the envelope of Y'Y is y^ — Sax, 

{ii)> tbe locus of Y' is ^+ax^0, 

(iiil the envelope of PY' is 

(tv) tbe locus of the centre of tbe circle APV is 

7. Show that the locus of the mid 'points of chords of con« 

stant length of tbe parabola is tbe curve 

{4<JX — y*) + 

B. Tbe tangents at P and Q of the parabola meet 

nt (x.,y.); 9 howtb.t PQ*-'lll:i±"-2UZll±i2i>. 

9. Show that the distance between a tangent to a parabola 
and the parallel normal is a cosec 9 sec*^, where 9 is the angle 
that either makes with the axis of the parabola and 4fz is the 
latus rectum. 


10. Prove that the length of the normal chord at P of tbe 


parabola y*"4g-X is — •. 


4ax 


sin 9 coa^B 


where 9 is the inclination of 


tbe tangent at P with tbe axis. 

11. ' Prove tbat the point of intersection of the normals to 
the parabola ^^4ax at tbe points of intersection with the line 
lx + my + rt “ 0 are given by 

+ 4om^-' nf, t*y^2mn. 

12. The tangents at Q and R of tbe parabola y^^Aax meet 
in P. Show tbat the locus of the mid-point of QR when P lies oo 
lx + my + n “ 0 is the parabola l{y* — ^x) + 2a{lx + tny + «) ^ 0. 

15. If tbe perpendicular AY drawn from tbe vertex A to 
tbe tangent at any point P to the parabola y?^4ax meets tbe 
curve again at Z, prove tbat AY.AZ — 40^ 

14. ^ MPis an ordinate of a point P on a parabola. A st. line 
is drawn parallel to the axis bisecting MP and meeting the curve 
at Q, MQ cuts the tangent at tbe vertex A at T ; show tbat 
AT- IMP. 

16. Two tangents are drawn to a parabola, so that they 
Intercept a constant length c oo the tangent at tbe vertex. Show 
tbat tbe locus of their intersection is a parabola. 
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16. If a chord of the parabola y'^4ax be a tangent to the 
parabola y^^Saix^c), show that the mid-point of the chord lies 
OD the line 

17- PQisa double ordinate of a parabola and the line 
^ directrix cuts the curve in P'. Show 

that P'Q passes through the focus. 


18. If 


the parabolas y**4cU- 6) and y^«4(T A*, 


have a pair of common normals equally inclined to the common 
axis and the distance d between the curves measured along one 
ol toese common normals is given by 

d' ^ 4{c — a){a • b “c). 

1». If the normal at Piat\2al) to the parabola v*-4a* 
meeta the curve again at Q and if A be the vertex of the para- 
bola, the area of the triangle APt^ ia 3a=il + /-)(2 + /^/<. 

Prove that perpendicular normal chorda of a parabola 
divide one another in the ratio 3:1 

i ** * parabola intersect at right angles 

m 0, the third normal RO through 0 cuts the axis of the jiuraboln 
in (j, such that 30G-0R. If the equation of the paiabola 
be y~iax prove that the locus of 0 is the psrabola 

y‘+a(Sia-x)‘0. 

^ 22. If the normals at tnro points P and Q on the pnrnboln 

^PO r the fixed diameter y-s. prove that the pole 

O' rQ lies on the hyperbola a'y +« 70 « 0 . * 

“I* * "'ho** vertex is A, and Q R 

are the feet of the normals from P to the curve, .Show that QR 
PKMea through a fixed point and that AP. AQ meet on a fix^d 

• '•‘'’I "* ^ of the iwrabola y-=4ax meet at « 

parabola lies on (he curve 2y*»a(g - a), ” 

3B. Show that Che mid-points of the sides of a triancle formed 
parabola 2y- + o, = 0 ,f tbe normals »t P. q, r „ 

(-2fl®’onhe no*""! P '‘*“0® ‘hrough 

ehoMPO ^i,®r “rsential and normal poles of the 

ehord PQ of a parabola whose focus is 8 and if M is the mid- 

ir 

V • 


l>oint of TN, ebow that ^TS3f 
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28. If Q, li i$ a triad of co-normal points os fcbe parabola 
y^ — Aax aod if P and Q approach ooincidooce at(S. show that 
the equatioD of PR is 



2ti. A chord of the parabola y^^4iix passes through the point 
(Xrr, 0). Prove that the normals at its extremities intersect on the 
curve y*— — 2<i). 

30. The normals at P, Q, the ends of a focal chord, meet the 
curve Again at P^ Q^. Show that P'Q' is parallel and equal to 
3PQ. 

31. AQ. AR are chorda of the parabola drawn at 

right angles to each other from the vertex A. The rectangle 
AQPR is completed on AQ. AR. Prove that the locus of P is the 
parabola 

32. Circle# are drawn on any two focal chords of a parabola 
as diameters. Prove that their common chord passes through 
the vertex of the parabola. 

33. Show that all circles on focal chorda of a parabola as 
diameters touch the directrix, and that all circles on focal radii 
as diameters touch the tangent at the vertex. 

34. A circle is described on a focal chord as diameter ; if 
rH be the taogent of the inclinstion of the chord to the axis, 
prove that the equation of the circle is 

^+y‘-2a»[ 1+ y — 


36. Show that the locus of the poles of normal chords .of 
the parabola is the curve (sr +2a)y* + 4<**"0. 

36. Show that the locus of the poles of the chords which 
subtend a constant angle a at the vertex is the curve 

(ar + 4<r)**4(^“4tfar| cot*®. 

37. A tangent to y*‘*‘46jf**0 meets y*— 4 <t* at P and Q. 
Prove that the locus of mid-point of PQ is 

y*(2a + 6)^4rf»*x. 

38. A tangent to the parabola y*“4asr at 2at) meets 

the ellipse in points whose eccentric angles are 0 

and prove that 

^ 0 + 9^ ^ 6f 

39. At the point of intersection oi the rectangular 

and the parabola the tangents to the hyperbola 
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m 


and parabola make angles 0 and ^ respectively with tbe axis 
of X. Prove that tan 6“ -2 tan 

40 If the line f^ + my + fw**0 meets y-4<JX in P and Q, 
and if the lines joining P» Q to tbe focus F meet the parabola 
in T, U. show that the equation of TU is «x“my + 

41. Show that the area of the triangle formed by three 
normals y“mrX+Cf to the parabola y* = 4ax is 


2 


42. The triangle formed by the points (xr, yr\ 2, 3 is 
self-conjugate w. r. to the parabola y*^4nx I show that its area is 

i (ya'^^yJKy)~yJKy^■^y2J/^• 

48. A St. line is dra«rn perpendicular to the axis of a para- 
bola. With any point P on it as centre, and any radius, a circle 
is drawn cutting the paralmUin four points. Sboa' that the sum 
of the focal distances of tbe four points is the same for ail points 
P on the line. 

44. Tw'o lines are drawn at right nngleH» one being a tangent 
to y*«4tfx. and the other to x**46y. Show that the locus of 
their point of intersection is the curve 

(jr* + y*K<»x + 6y) + (6A' -rty)**0. 

40. Show that the tangents to the parabola y**4rtx at the 
intersections of the line ^x+^y+fl»0 include an angle 

tan- . 

l*P 

43. A circle through tbe vertex of tbe parabola y^— 4ux meets 
it again in points the tangents at which form a triangle ?QR. 
Show that the mid-points of the sides of tbe triangle lie on tbe 
parabola 

2y* + axa0. 

47. The DorioaU at points P, Q, 11 of the inralmla y**4<rx 
meet at a i>oint {x^. y^t prove that tbe centre of tlie niue-poiot 
circle of tbe triangle PQP is 



CHAPTER XI 

POLAR EQUATION OF A CONIC 

118. Polar Equation of a Circle. 

P . OX be the initial line 

^ with 0 as pole. Suppose C (P. a) 

/ \ IS centre of the circle of ra- 

/ \ ^ point on 

/ \ it. iTom the triangle OCP 

/ >C P cos (e-a) ( 1 ) 

/ Particular cases. 

/ the origin is on the 

circle a—P. the equation of the 
o y. circle takes the form 

r-2tf cos ( 0 - 0 ), (^) 

Ui) If the origin lies on the circle and the initial line 
passes through the centre, o-P. a -O.the equation of the 
circle then becomes 

r^2a cos 0. (,y) 

(»«2 If the origin is the centre of the circle,' a=0. 
P'«0. the equation reduces to 

(ill) 

Illustrative Examples 

1. Find the eguadon of the chord Joininff the points whose 
vectortal angles are 0u 9^ on the circle r-3o cos 9 and deduce 
the equation of the tangent at the point 0i, 

Let the equation of the chord be 

coo ( 6 - 0 ) 

which jMDs the points ( 2 « cos 0 ,. ©,). ( 2 o cos ©j, ©,), 

^ = cos ©icos {©i-o), 
p = 2a cos ©g cos (©g — o), 
whence cos ©, cos (©, - o)=co8 ©j cos {©,- a) 

009 ( 2 ©, -«)=eos (2©g-«) 

2 ©,-o--(2©g_«) 

Hence a-©,+eg 

and therefore cos ©, cos ©g. 

Consequently the equation of the chord is 

2a cos ©, cos©j = , cos {Q-Qj-g^) 


(2) 
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Second method. Let P { 2 a cos 0,. 0i), Q (2a cos OJ 
be the two points, and OL the perpendi- U 

cular from 0 on PQ- 

iqOL=Y - ZOQL = |-Z.PAO 

^AOL«d|+dj, 0 a 

and OL=OQ cos 0 i* 2 a COS01 co8 0 .> V I. 

Hence tbe equation of tbo chord is V / 

2a cos 0 \ cos 62= r cos (d — - Ot), 

To obtain the equation of the tang:ent we make Oi^Oi alone 
tbe curve. The required equation is 

2a cos* 0,*r cos (0-29i). (S) 

Tbe following is an alternative method. 

If PN be tbe taneeut at P, (r|. 61). 

/\v iOPN-ZOAP 

/. ZAOH-^PON 

ON»rj cos 0i*2a co8‘ 

U ^ Also ON makes an aoele 2 ^| with 

j A initial line. 

y ^ / Thus tbe equation to the tangent 

\ J at P is 

2a cos* d|*r cos (6— 20j). 

( 2 ) Show that the Polar of (n. Op w. .r to the circle 
f’a2o coa 9 is given by the equation 

rri cos (0 - Oi) * o(f cos 0 *♦* i* j coa ^|). 

I^et P(r). 6|) be the point whose polar w. r. to the circle vvitii 
centre C is the line MN. Draw Obi perpendicular to OM from 
tbe pole 0, 

/• CP II OM 

Let M be {p. a) and CP«P» 

ri cos 01- a "P cos «, (*) 

fj sin 0 ,*P sin «. ...(«) 

Also CN-'p-. 


^*OM“CN + OC coa a* +0 cos « 

a fi cos 01 

“ P 


from (<)• 
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Tbu9 tbe polar of P U given by the equation 
ati cos P cos (0 - «) 

COS 0 (ri COS Oj — tf)+f SID Btj Sin 9i 
-*rri COS (O — Oi) -tfr cos 0 
I. e., rrj cos {9 - 0)) = ar cos 9 + an cos 9j 


or 


co s (0 ^ 90 _ cos 9 cos 9i 


a nr 

Second method. X^iQNbetbe polar of P« cutting OP 
in Q (P. 9|) and let OP meet tbe circle again in R. Then 
(OR.QP)* - 3. 




OB OQ 


e.i 


-U+ 


OP 

I 

ri 


a cos 9| P 
Tbe equation CP, where C is (a, 0), P(n, 9,) is 
si n 9) ^ sin (9^ 9|) _ sin 9 
r a Ti 

Tbe polar of P is perpendicular to CP sod will have an 
equation of tbe form 

-L +•'“( ^**^ 2 

r a r, 

k , cos (O — B,) cos 9 

*. «.• T . — • 

r fi Ti 

where k is constant. 

This passes through Q, 

\a cos W] n / a rj 
*=-cose,. 

Thus tbe equation of the required polar is 
cos (9-*9 i) _ C08 9 ^ c08 0^ 
a ri f * 

Third method. Let a line through P (ru 9j) cot tbe 
circle in Q ip? ^ (g« ^)* Then the locus of the intersection 

of tbe tangents at Q and R is tbs polar of P« 

The equation to QR is 

2a cos cos P — f cos (9 - « — P). 

Since QB passes through P» 20 cos a cos ^~ri cos (9] - a 

-^s=scoe 9i (1 - tsn a tan ft + sin 9, (tan « + tan ft 
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Tb« taogeDt^ at Q and R are given by the equations 
2a cos* «*r cos - 2«) ; 2a cos^ P = cos (d“ 2|i). 

Hence tan d and tan 0 are the roots of tbe equation in /. i.c. 

cos 0./^- 2 SID O.t + — cos^*=0, 


tan a 4* tan P — 


2 sin 9 


ti. 


ros 9 ' 

tan <1 tan P * ( ^ — cos ) cos 

EliminatiDg tan tan ^ from relatioos (i) and 'ii) 

^ 9 ^2? ^cos 9 1 ( 2 cos 0 — ^j + 2 sin 9 sin 9^ 

cost^-Oi) cos^ • cos 

I. r.» ' — — -* T 

a r\ r 

This metbod is general. 

(S) Show that tht tqmdion 2(6^A) r cos ^'^2X</sU, 
fordifftreni value* of A, rtprtients a %usUm of eo^arul circles. 
Find tht radical axis and the UmUit^j points of the njitan. 

Tbe equation can be written in the form 

r*- 26r cos ^ + 2Xfr cos ^ + rf)*U 
wbivii is a circle and passes through the common points of tlieioci 
r»26 cos 9. r cos 9 +<<*0. 


Tho first equation represents a circle and tbe second a 
Ht. lioe. Thus the equation representa a co^axal system with 
f cos 9 -I’d *0 as tbe radical axis. This is at right angles to tbe 
initial line, consequently tbe line of centres is the initial line. 
A comparison of the equation of the system with the equation (i) 
Art. llBehows 

«*U 6-X-*P, 2XdeP*-«^ 

For point-circles of the system, tbe radius a"0, 

P*-2d(6-'P) 

P*d± ✓~<f + 2W • 

Hence the co-ordinates of the limiting imiuts are 

(-d± ^d*‘^2hd,0). 

Exercises XXXIV 

1. If St. lines through a point 0 meet a circle in pairs of 

points P,. Qb (n — 1, 2 ), show that OP, . Oi^n is cooatant. 

2. Show that tbe st. Jine^ «a cos 9^b sin 9 will touch 
the circle r^2c coe 9 if hV4-2ac«l. 
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B. The polar equation of the circle on the join of the points 
A(<?, a), B[b, as diameter is 

r^ — r{a cos — a) + ^ cos O -p) ) +<i6 cos (a — P) — 0. 
[mnt. PA- + PB* = AB*.l 

1 19« Equation of a conic, the focus being the pole. 

^ Let S be the focus, A the vertex, MX 

P the directrix and LSL'— 2^, the Ubus 
J ^ / rectum of the conic of eccentricity «. 
/ / Suppose y is the pole and SX the ini- 

U / tial line. Let P(r. 0) be an arbitrary point 

^ L 'S I jyj on the conic. Draw PM, PN perpendi- 

AV j culars on XM. SX respectively. Also 

Hy let LM' be parallel to SX. Now 

r*SP=sPM-eNX*sSX + eSN 

^ 008 0 , 

— “l+dC089. (4) 

r 

wiilch Ih the required equation. 

1 19. 1 . If the axis of the conic makes au angle with 
the iuitud line, the equation of the conic takes the form 

^ -l+«C0R(e--<). (4 A) 

r 

1 19.2. Polar Equation of the Directrix. 

Let Mfr. 9) be a point on the directrix. 

SX=r cos B 
lU—r cos B 


— « « cos B, 

r 


120 . 


^ I 

To trace the conk + e cos B. 


The discussion will be divided 
into three parts according as « ^1. 

(a) Let s— 1. the conic is a para* 
bola and its equation becomes 

— = 1 + cos B. 
r 

When 0— 0, r = these values 
of 0 and r correspond to the point 



A. As 0 increases from aero to -g— . 

cos B decreases from 1 to 0, consequently r increases from 
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to i. As B increases from 

A 


to ■*>*, cos 0 UecjN'asos 


from 0 to -'I and therefore r increases from I to As 

0 increases from v to 3*/*2, 1+cos increases from 0 to 1. 

and r decreases from » to i. Between the values and 

of r decreases from { to . 

(6) Suppose e< I, the curve is then an ellipse. 

AsO increases from 0 to 1 + « cos 0 decreases from 

1 + ^tol-aand therefore r 

increases fromj^ to ^ Nv 


These two values of r are the “jV IT/ 

radii vectors of the points \ / 

A and A' respectively. ^ 

When $ changes continue ^ ^ 

ouBly from " to cos 9 increases from -I to I arul r 

decreases from ^ to j ^ The portion A'L'A is 

tlien described. 

(c) I^t s>l. the conic represented by the etinaiion 

l+< cos 9 

is a hyperbola, Suppose a Is the least anglo wliich satistics 
the equation 1+^ cos 9*0 and obviously •T<*<‘tr. 


When 9-0. r- 


, these co-o 1 x 1 inat<es belong to thn 


point A. As 9 increases from 0 to a, r increases from 
to ». assuming the value I when 9— ^ . Tlie 
branch of the curve is deecnbecl. 
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^Vllen 0 * a + €. where € is an arbitrarily small positive 
arigrlo, cos(a + e)< ^ and 1 cos (a + €) is small and 

nogrativo iuid thus the corresponding value of r approaches 
Heuco when 9 increases from a to increases 

from — « to j _ ^ « 0), ^ ■ being the radius vector 

ot A*. The branch ('-«») L|' A' is described. 

A.< ^ increases from w to 2“-a— r decreases from 
^ to - the branch A'Li { — of the conic is 
descrilH‘d. When 0 * 2* - « + €, cos ©“COS («-0 > 


VOS am , tluwl+« cos 9 is small and positive, and 

c 

hrnco r is large and positive, therefore as 9 increases from 

2‘ff-«to2». f <lecrease8 from to t-:— • The branch 

1/A is described. The curve is thus described as 
AL®»(- co) L|'A'L| ( — oo) ©o L'A. 


Remarks. It must be borne in mind that the equation 
cos 9 (s^l) will represent the further branch 

of the liyperboln. if negative radii vectors are introduced. 
Por instance, if the point P is on the further branch, the 
vectorial angle of P is not ASP (which is the vectorial 
angle of Q) but ASP^ tbe angle that PS makes with SA 
i.e.. ^ASP', where P' is on PS produced. The discussion of 
Art. 120(c) shows that ifa<d<2*-ei, the corresponding 
radii vectors are negative for the whole branch 
(- «)PLi'AL|{-oo) if the equation is to be satisfied. 
Thus only if negative radii vectors arc introduced, the 
equation will represent both the branches of the 
hyperbola. 

121. E)quation of the tine joining two points of the 
conic. 

Let a ±P be the vectorial angles of the two points on 
the conic and 

— ^ cos 6+6 sin 9 

T 

the equation of the line that joins them ; thei'efore 
I + e cos (« +P)=a cos (« +P) + 6 sin (a +P), 
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1 + € cos (a -p)— cos (a - p) + ^ ssiu (® — P), 
or (rt- <) cos (<i +/^i + 6 sin (a +P)“ 1=0 
- e) cos (tt - ?) + 6 sin (a — ?) • 1 =0. 

Solviiijr tlic equations, we ftct 

g ^ ^ I 

sin (a -P)— sin («+P) cos («+p)-ooR(a-f^j -sin ‘4^ 

a^e _ _h^ ^ 1 

** cos a sin a cos 
Thus the equation of the ehoni becomes 

^ »(^+(.os a sec P) c6» 0 + sin 0 sin a sec 3 
r 

V 

t.e„ — —t cos t^+cos (0- a) sec p. (b) 

r 

The equation of the clioni of the conic 

+ « cos — *f) is found to be 

r 

s* e cos (6 - ) +COS (d - a) sec P, (dA ) 

Another method. I^t the extremities of llm c.lioi'd he 
A{Pa) and ]t(P'P) and P (r$) any |ioinf on it. 

The area of ^ APB*(t. 

But A APB-^ SAP+^^ SPB + A SBA. 

/. Pr sin (a-6)-»-rP'siii(e-P)+PP'sm (3-a)-(t. 

A sin («-P)«'^7«in p siii(d-P) 

*{l +€ 008 P) sin (a -^)+(l + e cos a) n\\\ (^-P) 

-'2 sin^ * I cos ( (**3) ^0'*^ 

Thus tlie chorct is represented by the equation 

I . a -3 I £k a + 3 V 

^ ® 4?. cos ft + see- cos I ““ I • 

121.1. ^nation of the tangent. The oquatioii of 
the ehorri whieii joins points whose vectorial angles arc 
(a + Pb is 

cos d + co8 ( 0 — a) so<' p. 

Wlion P*^0. the points (a+P) approach coincidence*. 
4nfl in the limiting poaition when chonl hccoraea a tangent. 
Its equation takes the form 

— •»# co»6+cos (9- a). 


r 
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‘MO 


The ec^uatioa of the tangent of the 
— *I +« cos <d- If) is 


conic 



^ <;os (©-‘0+cos (0-a). (7 A) 

121.2. Geometrical interpretatfon of the tangent 
equation. 

P is the point a. Let T be 
any point (r, G) on the tangent at P 
Draw TN perp. to the directrix 
and TM perp. to SP. 

By the equation of the tangent, 
l^€ r cos G^r cos (0 - a) 

-ST cos TRP-SM 
and /-er cos0*e.SX-er cosS-e.TN. 
SM-e. TN, 

which is Adames property of the conic. 

122. Polar equation of the normal. 

L«t (n-< cos « * * ) he H point on the curve 

^ — 1 + e cos 
r 

The equation of the tangent at a is 

^ — « cos G +C08 (d • «)• 

Any line at right angles to this is given by the equation 

®-«cos(©+ ^^ + C0I4( ^+9- « ) 

* — < sin 0^sin (9- a). 

This passes through 

o(l + e 008 a) 

* - - * — e 8111 « 

1 + e cos o 

Hence the reqaire<i equation of the normal i 

l + eoostt - — -esin9+sin(9-«). 

1 23. Equation of the polar. 

Ijet (fu 9i) be the point the tangente from which touch 
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the conic at the points whose vectorial angles aa- a±P- 
The equation of the chord joining: these points is 


— * « cos 6 + ros (6 - a) sec P. 
r 


and the equations of the tan^nts at these points arc 

— 4 COS d+COS (d- tt-P) 


— =e cos 0+cos (0— « +P). 

f 


They pass through (ri, ^i). 

^ cos 6i + eo8 
rj 

and '-^ecos +cos Wi - a + 3 ), 

cos {0| - a - P1 - cos (^1 —a +p)»0 
sin (01 -a) sin P*0 

Hence 0 |*«R+«, for P 9^ n*. 

— -e cos 01 “COS {n^±P)“(- 1 )* cosP. 
ri 

Hence the polar is represented by the equation 

^1^-^008 0 # cos d| j“C08 (0“0j). I'l) 

2nd Method. 

Let a at. lioe through P (r|0i) cut the conic at and K 
wboae vectorial angles are P> 

The equation to QRle 


— "e coa 0+8ec 
r 


p-« / o+B \ 

— -coa (©- 


It paeees through (ri. 0i). 

^ ^ a P-« f r. « + B \ 

^ “ScoB9|+eec ^ coe ^ f7| — j. 

The tangents st Q and R are given by the equations 

^ “SCOS0+COS (0—®) 
r 

^ = e cos 0 + cos (0 “ P). 

The locus of their intersection is the polar of P. 

Koiv at the point of intersection , 

coe (0 * ® 1 * coe (0 P). 


..-(in) 
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From (i). (it), the polar is given by the equation 

-e cos 0 -e cos Ox )“cos( O-0j ) . 

3rd Method. 

Let a variable line through P(rj, Oj) cut the conic 
■—“l + e cos 0 at points A (P, a) and B (P', 

Take a point Q(r, 0^ on thia line such that (PAQB)^ ** 1. 
Then the locus of Q is the polar of P. 

If p be the porp. from the pole S on fho Hue PQ, 

P‘ PA *r,P sill (a-dj), etc. 

Since {PACiB)»-L 
PA.QH + PB.QA-0. 
vB rjP sin (a -0|). fP'sin (0-^) 
+riP' sin 

i.t,. cos (o - 0 + ^ - 
C08(« +0 -^“^fj)+cos(P“a+6“^i) 
—cos (® +p— f? — ^j) =0. 
I.S.. eoH {9~9i) cos (a—0) 
*cos (0 + ^, — a - (3). (0 



Now the equation to AB is 




^ — cos 0 — cos / 

0- 


a -3 


r \ 

i / 

ovv 

2 • 


It passes through P and Q. 




*— “ecos0i* cos 

( 6. “ 

) soc 

a-p 


rj 

-2 , 

•2 


€ COS® “ COS 

(e~ 

1 sec 

« -p 


r 

\ 2 ) 

2 ' 



Eliminate «, P from (*), (iV), (m) and we get the locus 


Thus the locus of Q is given by the equation 

«+0\ / <i+S\ 

cos ( 0- cos ( ©,- - / ) 

"i ( ®+0i-“-8)+cos( 0-6, )] 


— e cos 
^ sec* 
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"*2 1 + C 08 )J cos ^ 0-01 ) 

« cos (0-0i). 

Thus the polar of P is given by the equation 
tfcos 0 « cos 01 j— cos^ 0-0J y 

Remarb. If T he the point (f„0,) and P, Q have 
vectorial angles « ± p, then it is seen 0j + i ZPSQ. 

Thus ST bisects the angle SPQ. If, however, the conic 
be a hyperbola and the points be on the different branches 
of the curve, ST will bisect the exterior angle PSQ, for the 
vectorial angle of P (if P be on the further brancli) is not 
the angle which 8P makes with SX, but the angle that PS 
produced makes with SX. 

124. Equation of the pair of UngenU. Lat (r,. 0.) ha 
the nomt from which tangents are drawn. Hint xiinnosi* 
«2P are the vectorial angles of the points of eontaot. then 
the tangents are 

— -s cos 0+cos (9-« -p). -^wecoi0 + eos( 0 - a + J3^ 
where 0j •«» + «. i — a cos0,»(- i)«oos 

The combined equation of the tangents is 
I -ecos©-c-08(e-oi-p)jj -«cose-,.os{e-a+p)j-0 
(i-*cose ) -2cosP <-o«(0-«)(-' -ecos© ) 

+ .^ [co« 2(«-«)+ cos 2 p ]= 0 , 

) -2 (^-«coss, cose )cos(e-e,) 

+{ -^'--ecose. )*+ co«*(e-e,j -i. oo) 

are combine the equations thus : The taiignril.s 

«>"'*(^-eco«0 )=0-tt+p.s.e,+„,+p 
<•*.. cos-(-i -a cose )-cos- (-f -*cos0, )=©-e. 
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(-^-ecos© j 

*\/] ^-{i-eco^0 )*jj l-(-^^-«cose. f\ 


^coE {B - Of) 


or tfcosd -r cos ^-cos( 0-^, jj 

“I !•(-““« <^os 0 ) II l-(-^ -«cos ) I .. ..(II) 

Alternative Method. The chord o( contact of (n. 0i) with 
respect to the conic 

“ “ i + e cos S (j) 


(“““tf<'08 0 — c cos 6, j— cos( 0-0, j ......(«) 


The conic 


— ecoa0 1*A -s cos 0 — s cos 0, j 

- cos^ 0-0, ]| 

touches the given conic (i) at the intersections of (t) and (is). 1( 
it pAsaes through (rj» 0,), then it represents two tangents from 
(fj. 0|} to (t). Thus the tangents are given by the equation 

j( I i 

“ I ^ •« cos 0, ) - cos|0- 0i^ j . 

124. 1. Asymptotes. The pair of tangents from the 
centre are the asymptotes of the conic. 

The centre is the point oj 

Putting rj * ^ 0, *0, in Art. 124» we see that the 

asymptotes are represented by the equation 

K'r j( + -l ) 

= [(^-ecos e )(-- j-)- cosej 


a cos 0 

j 

sV 
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i.e., 


t.€., 


■? ' 9 + {«^ - 1) cos=e = 

(-|^~-^jicos0)= 


whence — ”( )co.s 6= i sinS. 

r ' « / e 

Second Method. 

Let a be a point of contact, l+« cos a— 0, whence 

sin «* , The equation of the tangent at a is 

e 

I 


— e cos 0+cos (d-«) 


or ^ 008 0»cos 0 cos a +sin 9 sin a. 
Hence the equations of the asymptotes aro 


— - « C09 0 

r 


+ i-co»®-± ^ 


sin 9. 




125. Auxiliary Circle. The locus of the foot of the 
porpondicular from either focus on the tant?out to a <^onic 
a circle, whicli wo have already defined as the auxiliary 
circle. 

The equation of the tangrent at a to the conic 
-l + e cos 6 


IS 


— cos 9 +ce8 (0 - «)- 


The equation of the line throufrli the focus perpendicular 
to this tangent is 

€ sill 9 '1‘sin (9— a)«0. 

Thus the require*! locus is obtained by tlm elimination 
01 « between those two equations. Thus tlio auxiliary 
circle la 

(^“ecos9 1 

li ot 

Mm 

r r 

or (l-*V+-2/r«co80-j**a (13) 
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126. Director Circle. Let the tangents, from (fi, 6i) 
be perpendicular to each other, and suppose that a±p are 
the vectorial angles of the points of contact, then 

0, ■» «s+o. ~ — g cos ^j=COS 

»{-!)• cos p. 

The equation of the tangent at a ia 
— “e cos ^ + cos 

+co.*< («+?)] cos 9+siu (a+P) .^in B 
•P cos (0-^). 

where P cos ^-< + cos (a + P),P sin (a+0h 

Similarly the tangent at (a -g) is 

^ "P' cos {0—0'). 

where P' cos 0'*«+co« (a -P;. p’ sin {<*-p). 

These tangents* ai-e at right angles if 



i.e.. cos 0 cos 0'+sin 0 sin 0' — U : 
whence by substitution 

(e + cos {«+P)J [s + cos (a-P)J+ sin (a+P) sin («-P)-0 
t.s.. cos 2P*^2 cos o cos 

Elimination of ® and P and change of rt. Bi into r. $ 
give the requii'ed Jocue 

2 (“ -« cos e ) -l+2ecoa0^ -« COH 0 ) + «*=0 
f.e.. (1 -s*)r^+2/er cos 0-2/*»U (14) 


iJlustrative Examples 

^ (l) ® chord of a conic tublcndt a constant angle at a focus. 

\ the tangents at the ends of the chord will meet on a fitted conic 
\sng the chord will touch another fixed conic. 


Let 2P be the aogle subtended at the focus by the chord and 
«±P the vectorial angles of its extremities. The tangents at these 
extremities meet at {ru 0|) where 


Hence 


cos « +COS p. 
“ “S cos 01 +COS P. 



POLAR eOVATIONiS 


Tbii$ the locus ot (rj, 9j) is the conic 

/ sec P « . . 

*e sec H cos 0 + 1 , 

r 

which has the same focus as the original conic and whose UtuM 
rectum is 21 sec 3 and eccentricity is e sec 3* 

The equation ot the chord is 

“ “s cos 0 + sec 3 cos(d - a ) 

f cos 3 a X 

t,e.. — »e.cos p cos B + cosfd— a), 

and this ia a tangent to the conic 


t cos 3 


• 1 + e cos 3 cos B 


m The aemi^latm reef it in r»f an^ conic U afuirmoiiic mean 
hit wee j» t/te aeomerUe ofantf focal chord. 

Let P8Q be the focal chord and suppose B is tUe vectorial 
angle of P» then ^ +6 is the vectorial angle of C^. Hence 

SP -l-eros0 

J + 1 2 

sr SQ / • 

Remark. If the curve ia a hyperbola and Pis on the 
nearest brsneb while ii is on the further brsneh of the conic 
then the vectonul angle of P and Qare still B and w+d. but 
J^e radius vector of Q is negative and nuinurically equal to SQ. 
Thus we liave 

-^“l+scose. - 


whence -A • * *-?- 

SP SQ / * 

(a) If the ellipses whoae laUva recta are /„ h and eccentric 
«ff« Si. a, have a common foette, and touch one another. $how 
that ihetr ttren are inclined to each other at an angle 

cos- + ) 

Take the oomiuon focus as the pole and the axis of one of 
the elli^sas the initial line. The equations of the ellipses can 
he written as 


’M- 


“ 1 + Si COS d, 


I +sg cos {B - "f). 
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Lei ct be the vectorial aogle of the point of contact voi the 
conics. 

Tbe equations of the tangents to the conics at <z are 

— “tfj cos 0+cos (6 - «), — cos (d — If) +cos (B - «). 
r r 

As tbe tangents are identical 

li <i-f cos g sin a 

04 cos +008 a 82 sin 'Y *r sin a 

(fs* f|) cos O ®/j«2 cos */ - tfj?2 
Us — W sin « » sji I sin “f . 

Squaring and adding, 

28i<s cos K, 

wbicb gives 

Tbe relation found above is tbe condition of tangency of tbs 
two conics. 


(4) Show that iht equation to the circle, which passes 
through the focus and touches the curve 1 cos B at the, 

point is 

-^l +8 cos 4)*— cos (9 — ft) +8 cos (9— 24)« 

Let tbe equation of tbe circle be 

r“2tf cos (9- ft+P). 

Tbe circle passes tbrough ( - — , aV 

\ 1 + cos 4 t 

2a cos 


I 


1+8 COS 4 

Tbe centre of tbe circle (a, ft must lie on tbe normal at 4 

to tbe conic, 

I 4 mo 4 • t ^ a\ t D 

• • ~n~Z ^ ^ 910 (ft -P) — sm p 

tf (I +8 COS 4) \ rf r 

I 8 sin ft , \ • a 

*•«•» i + 8 ~c «'4 * cos p- tf(l +8 cos 4) SloP 

fl— le sin 4 

2(1+8 cos 4)^ ' 

Hence tbe equatton, of tbe circle, viz., 

r*20[cos (9-4) cos sin (9 -4) sin PJ 

becomes 

^ _ l QOS (B — 4 ) ^ ^8 sin ft sin (9 ~ 4 ) 

1 + 8 cos ft (1+8 cos ft)* 
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:ni) 


— (l + c C08 a)*“C08 a)(l + e <*os ct) + « sis a sIdO - a) 
or (1 + tf cos a)*^cos (d— ct) +« caa(6~2ft). 

(^) Find the equation of tht circle circumscribinQ the ti'i^ 
myU formed h\j three tangenU to a parabola. 

Let a, ‘y be three points A. B, C oo tbe iiarabolu 

+COS 9 . 
r 

The equations of the three tanjtents nre 

®ro8 0 + C08 (0- a), ^ “COS ^ + COS (9 - (J), 


I 


“COS d + cos (0- *f). 


These tan grents meet at the points A', h'. C\ whose co- 
ordinates are 

[ 2* “*'■ a' ^ ^ + 

r I *i a ** 

iT "F 

«“d [ 2 »ec sec -^-.i (a+P»j. 

l/et the equation of the circuincircle be 


>-*-2fPco8(e - ^ ) +p‘-a**=0. 


Hence 


^-Pfcosy cos y COs( --|.J 

+ (P" — <»*)c08* COS* 2 • 0 ...,(») 

2 2 

f -PicM-lcos ^c,h( ii 

+<P^-a*)cos*-|-cos* “-=(1 (,t) 

f -Pico. “ cos I cos(?( - 


+ (P’-rt*)««’-“ COB* ^ =0 (Hi) 
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Prom the first two after subtraction, we get 


P/ [ cos cos ^ ^ - t) ^ 2 ] 

- 'D2 ’ If / 2 0 

= iP - «■ * COS / 


cos* - COS^ 
2 


P/[cOs(,J ^ ^-|-|)] 


— ) 
2 /’ 


ftioz s\ * 

2(P*-a’)coB — am — - — ^ 


y 

2 2 

P/ sin 0 • (P^ - a*) cos sio “ . 

2 2 

Similarly, from (li) and (lo). 


SIQ 


or 


Pi sin # * (P* - fl*) cos -^- sin ^ ^ 

2 2 


Thus (P^-4*)^ sin ^ 

or (P*-n^)coa 


If 0+f 

cos sin — cos ^ 


U-o 




sin 


• 0 . 


Since P is arbitrary, cos ^ 0 and sin 0 for a “f. 

Hence P*“*a*«0, and therefore ^*0, and from any one of the 
relations ( 1 ), (m), («i) 


2p = 




^ p *f 

2 cos — cos ~ cos — 
2 2 2 


Thus the equation of the circle is 

which passes through the focus. 

If this fact be assumed, the equation of the circle can be 
obtained more easily. For. the equation of the cixole is of the 
form 

.-2Pco.(©-^±i±:' 

V 2 

The points A'. B', C' lie on it, 


*)■ 


P 'f 

/=4P cos “TT cos ^ — coa 
2 2 


(^-f) 

az^ two similar relations ; and these are obTiously satisfied when 


^*0, 


o — f * P If 
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Examples XXXV 

1. Prove that the equations ^ t cos 0± 1 represent 
the same curve. 

2. The tanj^ents drawo from any point to a conic subteoO 
equal angles at the focus. 

3. The portion of a tangent to a conic betcveen the point of 
contact and the directrix subtends a right angle at the focus. 

4. The general equation of all conics having tbo same focas 
and directrix is —a "^p cos B. where p is the same for all 
conics of the system. 

h. Prove that the perpendicular focal chords of a rectangU' 
lar hyperbola are equal. 

6. Prove that the sum of reciprocals of two perpendicular 
focal chords of a conic is constant. 

7. If PSP\ QSQ' bs any two perpendicular focal chords of 
a conic, show that p^!^p ^ Qs3Q> consUnt. 

b. If A B, 0 be the three points on a parabola and the 
tangents it these points meet at A', O', show that 

SA.SB.se - SA'.SB'.SC'. 

H being the focus. 


9. Two conica have the same focus and directrix. If 
any tangent to one cut the other m P and Q, prove that 
oos i PSQ — s/e'. e> s' being the eccentricities. 


10. A system of conies have the same focus and latus rectum. 
Prove that the tangenis at all points on a fixed line through the 
focus cut the latus rectum produced at the same distance from 
the focus. 

11. If a st. line drawn through the focus S ot a hyperbola 
parallel to an asymptote, meet the curve in P. prove that SP is 
one^quarter of the latus rectum. 

19. Two conics have a common focus, prove that two of tbeii 
eommon chorda pass through the intersection of their directrices. 


18. If a local chord of an ellipse makes an angle a with the 
aii8> the angle between the tangents at its extremities is 

^ sin 


tan* 
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14. If a normal is drawn at the extremity of 6 he latus 
rectum, prove that the distance from the focus of the other point 

L .i , .. 

in which it meets the curve is — : — ; ■ ■ ■ . i. 

l+s -s' 


15. ^ From the focus S of an ellipse whose eccentricity U 
ridirSP, SQ' are drawn at right angles to one another, and the 
tangents at P and Q meet at T. Show that the locus of T is an ' 

hv per hole, parabola, or ellipse according as — T-. 

16. If T is the poke of a chord PQ of the conic cos . 9 

112 cos ^ 

which siilitencis an angle 2P at the focus. * 

constant. 

17. . Show that the conic --'^I'^tfcos^ intercepts on its 

r 

normal at a length which subtends at the focus an angle 

„ . .,1 + s* + 2£cos5 


2 tan* 


s eio A 


Two parabolas have a common focus aud axes inclined 
at. aA 4 ngle 2^, Prove that the locus of ths intersection of two 
perpendicular tangents, one to each of the parabolas, is a conic. 

19. A conic is described having the same focus and eccentri- 
city as the conic — 1 d-s cos Ot and the two conics touch at 
the poi^td^A, prove that the length of the latus rectum will be. 

1 + 2« cos * 

20. The conic +s cos 9 is cut by a circle which : 

passes through the pole in the points (n, ^i), 1« 2t 3, 4, prove 

tb.e f . (1 +«) S t.n ' . . • 

' ri I a. 

={ 1 - b) S.tan-^ tan ^ ft. 

andVi where d is the diameter of the circle: , 

21. If the normals at a, 0, *t on. — ^1 -hcos 0 meet in 
the point (P. 9^), then wUl 2 ^ - a + g + 
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m 


22. Show that if the Qormals &t the points, whose vertonat 

angles are 9). 9i, ^4, on * 1 + ^ cos 9 meet in the poinf 

(P, «,.theD will ^, + 03 + ^5+04 - 20 - (2« + 1) IT . 

23. If the normals at the points 9i, Bj. 9j are conourreot, 


prove that 


2:t»n-^*-taD 
2 


S cot ^ cot ; 


e, “u-«/ * 


i 

2i. Vind the condition that the line — coa 9 * b sia 9 

r 

may be a tangent to the conic 1 + « cos (6^ • ft j. 

25. Prove that the two equal conics which have a common 
focus and whose axes are inclined at an angle 2ft intersect st an 
angle 

r y^n 2ft + 2s si n ft 1 
^ Le* cos* « + 2s cos ft + 1 J* 

26. Prove, that the curve 22 given by ^/cosd *fmsiD^+f7 

will for non>aero values of /. m, n be e conic claiming the origin 
■e a focus. Also prove tl at 22 takes on the circular or straight 
form according as one or other of the following sets of conditions 
is satisBed, 

1«) n 0 0 

(6) n*0. /. m 0 0. [C. U., B A. and B. Sc. Hon., 1927.] 

27. b'ind the iiolar equatiuns of the tangent and normal 
at a point (rj, dj) to the conic 


— • 1 +s coed. 
r 

(1) Take any pointQfr.d) on 

thetangentatPand let ^OPQ*0. 

ae ~ 9) 

^ ri 

-^'-“CMcei-ej+cot ^.ui(e,-®) 



/ 
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COS 


(6,-6) + -- ^ sin (6.-6). 

r, db, 


^ . 1 ffr, e sin 0i 

Sines — “ 1 -r e cos ffi • • — ~rA““ ri a" • 

n ri dOi l+tfco8 0i 

Thus the tangent is given by the equation 

*— «* e cos 0 + cos (0 ^ 0i). 


(m) Take any point R (r, 0) on the norma) at P. 

SIP OPR _ sin ORP 
OR OP 


Prom ^OPR, 


r. »i° (y - 

* r * • / * M \ ^ 

•■My-’*) 

“coj (0j-S)“tAn # sin ( 9 ^~ 0 ^ 

= cos (6-6,)+ 9i„ (e-e,). 

€ SID C7| 

Thus the equation of tbs normal is 

Jin 9 + Bjn (9-9 ) 

1 -fs SID 0| r 



CHAPTER XII. 

THE GENERAL CONIC. 



127. A line i.s drawn through a given point in a given 
direction : to find the distances from the* given point of the 
points in which it is met by a given conic. 

Let Ofjp'. y') be a given point and let tin* line in tin* 
direction 0 be given by the equation 

. . ( 1 ) 


*-■*' - y-y ' 
cos B sin B 


Then the co-ordinates of any point on tin* lino distant r 
from 0 are 

X **' + f cos 0. y + r sin $. 


If this point be on the conic 

y)— + 2^*y + by* + ^ix + 2/y + c «• <1. 

we must. Ikave 

5i(jr' + rc 0 B y' + r sin 

f^(<T coa*9+2/; ain 9 cos 9+6 s(n*9) 

+2f { + /iy* +^) eoa 9 + (/jar' + 6y' + /) sin 9 } 

+ tf*'* + 2;»*V + fry* + 2^ a' +‘ 4/y ' + c = 0 

i>t>i r^{a cos^9+2/i sin 9 cos 9 + 6 Hin^9* 

+2r(X' COS 9 + Y' Hill 9) +?{»'. y')-0. (2) 

where X* «<»*' + 6y*+|. Y'«fry+fry+/. 


This quadratic in r will be called t/ie 

The two njots of the r-quadi'utic ai'e the required 
distances from 0 of the intenH'ctioua of the line (1) willi 
the conic ^(sr, y)*(). 

It follows that a nt. //«e fauwit cat it fititit' in more thtm 
tus) poi^Ot, 

If Q be the intorsoctions of the line with the coiik*, 
Op , OQ are the roots of the r-qoadratic. 

By the theory of quadratics we have 


(•) OF+OQ-- 


a co>d9+2/t sin 9 cok 9 v 6 sin^ 


Ui) 




OP. OQ' 
I ^ 


^(y. p') 


a 00^9 + 2^ sin 9 cos 9 + 6 sin*9 
_ 21X' cos «+ Y'siii 9) 
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This proof assumes that i fie axes are rectangular. 

We now proeee<1 make Hednctionx from the 

r-quadratic. 


127.1. Polar of a point. If on the Irm* DFQ. we take 
a point R such that {OPRQi* -1, then 




OP OQ OK 
tVoin Art. 1*27 U*l), we have 

_l ^ X' cos 9 + Y' ain B 

OR ^[x\ y') 

-2!^’ =oR 

COS 0 8in 0 


the locus of R is tlie st. line. 

X'(* -ar') + Y'(y-y')+^U'. y;*0. » 

i.*., xX'+yY' + gA-‘+//+c-0. &) 

This at. line is the polar of 0 (jr*. y'). 

127.2. To find the condition that the two sr, lines, 

liX^miy + fi| «0 " 

and /ax 't'mjv +n 2«*0 

may be conjugate for the conic y)^0. 

Let the pole of the 1st line be' (x\ >•'). Then It is the 
same as (3). and therefore 

ax' *ky' +g — Xl|»«0 

hx'-^by' +/— Am|*0 • '•a 

S*'+/y' +c — Xap — 0 

Also is*' + m*y'+ nt^O „ 

Sliininating x*» y* , X we get the required condition.^ , 


a 

h 

g 

h 

*•0. 

k 

h 

f 



g 

f 

c 

«1 

1 

la 


«g 

0 



•< ni!.’ 

* *« 
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Ex. If on the secant OPQ of the conic *{x, y) a point 
R is taken such that OP + OQ* 2 OR or OP.O(i*-OR*. then 
the loci of R are conics <T|, passing through the interseo* 
tions of the polar of 0 with the opixic P and haying their 
asymptotes parallel to those of the conic P. cTj passes 
throogh 0 and has its centre atO. « < 
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128. If thvouirli fixod point O. two chords ai'f* 
in fixed direotious to meet a conic in P. Q and P'. Q' ronpec- 
fively, the ratio of the rootanpleK OP.OQ and OP'.OQ* 
indepeinleiit of the position of 0. 

Let the conic be ^(x, y)“0 and y'). ajid suppose?’ 
J hat the chords are drawn in' the directions then it* 

follows from Art. 1*27 (ii) that 

OP.OQ ^ a cos ^O ^ + 2 h cos 0 * sin 0 ' + b yin^8' 

OPVOQ' a cos* B +'*2 h cos d sin 6 + 6 sin* B 

The ratio is independent of the poKition of 0 and only 
depends upon the directions of the lines. Thus we get 
Newton’s Theorem. 

If O he a variable point in the plane of a {•onic ami 
/NJ. be rAord* in fiTed (tirertinnK tht'ott^k 0. then 

OF.OQ . 

Qffo'q eonMtant. 

^ Take two positions of 0. (.say) 0,()^ Ia*! chords F^Q'. 
H8' be drawn tlirough 0' parallel to PQ, RS n'.spcetivoiy. 
Then evidently 

OPOtJ ^ DT'.O'Q' . 

OH.O.S O'R'.rt'S’ 
and licnco the tlioorcm. 

128 1. If wo t^keO' at the centre C nf tin* conic, tlje 
rmralle) cliords aiv bisected at the centn*. and the right* 

CP** 

han<i aide of (8) becomes • lienee Me m/i« of the 


^^‘ttangleM OP.Otl and ()//,OS iff egaal to the ratio of the 
'fifuareit of the parallel eemhdiamefers. 

128.2. In particular, if P and Q coincide in T and 

F . Q' in T', then the lijiea OPQ, OP'Q* ap*** tangents from 
0, apid we infer that Me /row a point to a central 

rwiic are in the same ratio as the parallel seini^rliameters, 

128.3. Let a cirele meet a conic in four points P.Q,B,y 
>Mid Iftt. PQ. RS meet in l>. If rj, rj l>e the semi -diameters 
parallfil rospectively tn PQ and RS. 

ni » 0PQ9. 1 

r,* OR.OS '• 

Ulrica P, Q. R, S are concyclic. Thus n^Ci. Also, in a conic, 
eyual radii from the centre arc equally inclined to the axfe 
cf the conic. Henco n, ri aiid therefore PQ, RS are equally 
molined to the axis of • the conic, Thus wo have* the 
theorem 
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If a cxTcln ctU a tumic in /bwi points, the chords 
.joining their points of intrrsrviion in pairs are rquallg in-, 
{•lined to the axes of the conic. 

128,4, If paraUnl clnn^ds OPQ, O'P'Q' through fixed 
points 0 atui O' bo <lrawn hi meet the conic in P, Q and 
P'.Q'. the lutio of the rectangles OP.OQ, O'P'.O'Q' is inde- 
peinlent of the direction of the chords. Tjet 0.0* be (xo. 3 >e)i 
ixo. y,,*). From Art.. 127 (lO, 

^ yp) 

OT'.O'Q' *{xc\y.') ‘ 

The ratio clepends, only on the positions of the points 
through which the chords pass. 





128,5. Carnot's Theorem. 
If the aides BC. CA. ABofa 
triangle ABC meet a conio at 
P, P'; Q.Q': R.R' respectively 
then 

OP.OP'.AQ.AQ'.BR.BR' ‘ 

(7) 

Lot be the angles 

that the lines BC, CA, AB 


make with the x-axis. If the equation of the conic is 

♦2gx+2/y •►c-»0 

BP.BP^ _ a C08^ 8 i ‘^2A> cos Bi sin “f 6 sin* 
BR.BR^ a cos^ ^3 + 2h coSi sin ^3 +6 sin* B^ 
C Q.CQ ^ cos* cos B^i sin Bi'^b sin* 

CP.CP' a cos* 01 + 2h cos Bi sin 0j + ^ sin* 8| 
AR.AR* ^ a oos*4s A- 2h cos 0$ sin Oj -t- fe sin* 0* 
AQ.AQ' a C08*6g + 2k cos8g sin 82 + 6 sin* 03 
Multiply and we get the desired result. 

If the conic is central and OL. DM, ON the semi- 
diameters are parallel BC, CA, AB. the above relations 
oan be written as 

BP.BP' . OL* CQ,CQ' CM* AR.AR' «0N* 
‘BR3R' ON* ' CP.CP' “ OL* ’ AQ-AQ' OK*' 
The result then follows by multiplication. 

The converse of this is also true. For, if a conic 
through P, P', Q, Q', R meets AB again in R*' 

BP.BP' 0Q.C(1' AltAR" . 

CP.CP' ' AQ.AQ' • BR3R^ 
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^ BP.BP^ CQ.Cft^ AR,AR' 

CP.CP' * AQ.AQ' * BK.BB' 

AR” 

BR” BR'‘ 

Thus R" coincides with R'. 

The present theorem gives & necessary and sufficient 
condition for six points to lie on iconic. 

Exercise XXXV 1 

1. A s6. Hne is drawn through a point 0(1.2) making an 
angle of 45^ with the x^axia and it meets the conic 

+ + y*+jp +y + l=0 

in R. Q. Obtain the r-quardratic and show that 

0p+0Q=->i|^2 opoq«2| 

2. Show that the lines 6<r^9y+4»0 and 2^'4>y3aO 

are conjugate for the con ic ** + 2s'y + 3y* + ^ y + 1 0. 

3. Prove that the poUrs of a point (5. *J) with respect to 
cooics X +y*+3Xary«l where X varies, all intersect In a point. 

H (|. moves on a fixed line, prove that the intersection 
of the polars moves on s fixed hyperbola. 

4. If a conic be inscribed in a triangle, abow that the three 
lines from the angular points of the triangle to the points of con- 
tact of the opposite sides meet in a point. 

5. If OPQ, ORS be two perpendicular chords of a conic 
throuKh a fixed point 0, abow that o|.*^^Q * o;^Qg constant. 

b. If a circle touches a conic st one point and cuts it at two 
other points, prove that the tangent at the point of contact 
and the chord through the other intersections make equal angles 
with the axes of the conic. 

7. If two chords of a conic PP'. QQ' intersect in 0, prove 
that the ratio OP.OP' : OQ.OQ' is equal to that of the lengtlm 
of the focal chords parallel to PP' and QQ'. Show further that 
PQ and P'Q' on the polar of O. 

B. By means of Newton’s Theorem, prove that if PN be the 
ordinate of a point P on a parabola whose vertex is A, PN* ; AN 
ts independent of the position of P on the curve. 

129. Two aero roots. Tangent at a point 

, , The f-quadratio has one aero root if yT*^0, which 
IS )U8t the condition that the point 0(*', y*) should be on 
toe curve, i.s. 0 should coincide with one intersection. 
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The equation has t-wo zero roots if 0{*\ is on the 
curve and in addition. X' cos 6+Y' sin 0—0. The line <1) 
then meets the curve in two points coinciding: with OU^y'). 
and, therefore, the above equation ^ves the direction of the 

tangent at {x\ y') viz, tan 0* yf • 

Hence ihe equation of the tangent at the point (x\ y') ie 

(* — + fcy* 4 + (y-y*) (hx* + by* 

i.e., xlax* +hy' +g)+y(Aar' *by* 4-y) +/y^4-c— 0, 

since ^{x',y')^0, (S) 

129,1 To hnd the condition that a given at. line 
may be a tangent to the conic y)*0. 

Let the st. line be given by the equation 
lx + my 4 »— 0. 


The tangent at (A^ y'), t»a., (8) coincides with the given 
line if 

tf*'+Ay+ g -'Xi —0 
hx^^by^^ / — Xfn — 0 
it' 4/y^+ c — Xrt— 0 
Also lx'^my^*n ^0 

Eliminating y^ X, we get the condition. 
a h g I *0, 

k b f m 

i / c n 

I m n 0 

which is equivalent to * . . 

Al* 4- W + Cft* + 2Fmn + 2Gn^ + 2H/« - 0, 
where A, B, C etc,» are the minors of a. c etc., in the 
determinant ^ » a h' g 

h b f 

't 'J c 

Putting 1=0, >.#-0, we get C-0 as the condition of' 
tangepcy. 
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Thus we see that the and mfficUnt votuHfion 

the equation y )-0 may represent aparuMn Is 
C-afe-A the 2nd degree ierme should form o perfect 

'<quare. 

130. Equal and opposite roots. 

The necessary and sufficiem couditioji that tho 
r-qu^ratic may have equal and opposite roots is fliat th^ 
co-efncient of r should be zero, vis. 

cos e+(Ajr' + 6y'+/) sin $=() ( 10 ) 

the chcfrd PQ 'he mi.l<Ue point, of 

Thus the equation of the ehoM , chick ie hieeeted „t the 
potnr [x ,y) iH 

{ax' + hy ; ix - x') + ihx' + 6y' +/J • y - y') e o 

yO. ill) 

wfiich in parallel to the polar of (*'. y'). 

130.1. If 0 be ifiven and tan bv droppinir tUo 
dashes m (10) we ^et the theorem : 

I he locus of the middle points of pacH/Ul choids fv the 

< itne («* + Ay + ^) + «(A, + 6 y + /)«() 

(« + «A)4:+(A + w6)y + £ + «/=(). ^12) 

If this line be parallel to the line y^m'x. ihfii 


a^mh 
h * mb 


'PL* ' «+*(»« + m') + Amw'«0. ( 14 ) 

^U.yf-0 ^ <»njn^rRfe djflmet4>rs of the conic 

130,2. If no) holds for alt vahic.'< of 0, then 

-.1 


'nm«lli, „0i„> i'. II, ||„, 


come. 


paraltl ‘i**' Poinl^ .,f 

for tile * central conic is a diameter of the conic, 

kx + by*f^C 

iiKeraod in the centre. 
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If the conic be a parabola, these lines are parallel, so 
that, for Taryiiig values of »n. the loci are parallel st. lines. 

130.3. When (10) holds, the radii vectors from 
0(*'. y') are given by the equation 

r^a cos^ 0+*2fc sin 9 cos 0 + 6 sin^ 0) + ^(x\ /)«0. 

Rut if {x'y y') be the centre of the conic, the semi- 
diamctera are given by 

r^{a cos* 0+2A sin 9 cos 0+6 sin* W+“^ *0 


I.S., ^ 6 + -^ p )tan* 0+26 tan 0 + ^ + ^- ...(14) 

For a given r, there are two directions in which r 
has equal values. If r be either semUaxis, these two 
directions coincide and therefore the condition for the 
equality of the roota in tan 9 gives the axes in magnitude. 

Tim.-. ( “*-g- ■ ^)( 

given the axes in magnitude. 

Multiplying (14) bya+ • ^. we get by (15) 

6 tan 0 + ( <» + -^ ^ ) «0 
wliich gives the directions of the axcK 

If , -pj be the roots of (15). we have the equaiimiM of 
Hie axes : 


fc,+( ‘‘+-S- Ah-0. 


,(16) 


If e be the eccentricity of the conic, then 


^ - - 


1 - 


n 


'1 

(2-#y_ (4+6)* nn 

. • ^ 2 I * a • ■ • •,'••1**' 

We see that the axes of the conic ax* + 26xy + 6^^1 
are given in magnitude and position by the equations 

^ - (« + 6)-i + «6-fc*-0, ( 18 ) 
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hy*{ = 

whwe rj^, rz are the roote of (18), 

' 130.4. We indicate an alternative method for liud- 

ing the equations and lengths of the axes of a central 
conic. 

Consider a central conic ax* + P/«l. and a concentric 
circle 

The equation 1)- X(x* + 5 ** -P*) ^0 represents 

a conic through the intersections of the central conic and 
the circle. 

This conic breaks up into a pair of st. lines if 
(a-X) (P-X) (l-XP'l-O. 


ITor X* . we see that the lines through the common 

points of the curves are the diameters of the curves giv'en 
hy the equation 

and this equation plainly represents a pair of lines equally 
inclined to the axes of the conic. 


The two lines e^neide only when P is e<ival (o a $erni-ari» 
of the conic, and then they coincide in the corresponding axis. 

Since the general equation of a central conic ^{x. y)®0 
is reducible to the form 


+'2#iary + «0, 

it is, therefore, enough to find the axes in magnitude and 
position of the conic 

ax* + ‘2fcxy + 6y*® 1. 

Note tliat the right-hand side is unity. 

Now through the common points of such a conic and 
tlic conoeniric circle we have a conic 

+ l+XCar^+y-*- 

which breaks.up into a pair of at. lines if 

-(tf + X)(6 + X)(l+Xr*)+(l + Xr*)fr**0. 

One pair given by 1+Xf**0 is a pair of common 
diameters of the curves : 
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( " - +--y»3' + ( 6— ^,)y=0. 


These diameters coincide in one of the axes of the coftic 

semi-axis. Now this pair of lines 
Will be a comoident pair if 




Thus the semi-axes of the conic aro ^ivea bv the 
equation 

Let i,- and be the roots of the r*quae.ion, then n. 
are the semi-axes.' 

and ( r + -ihxy + I 6-^L-JyJ-O 

and ( o - + + ( i - 1, ] ,.,0. 

are the squares of the equations of the axes. 

Thus the equations of tlio axes are 


.and 




oblique, the equarion of the 
i^/^noentnc oircie considered will be 

, , **+3’*+2*y cos u“r* 

and toe equ^oii of the ^ir of lines through the centre 
hnd the intersections of the cmsle and the conic is ' 

of the semi-axes , 

If r,*. rt^ ^ the roots of this equation, the equations of \\[ 

the corresponding axes, will be ^ 
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130 6. We will now proceed to detenoime the coin- 
bined equation of the axes of the conic y)=0. 

Let y') be a point on an axis, its equation [>* thou 

or XY'-YX'=0. 

i.f.. »(aY'-fcX')+yffcY'-6X') + eY'-/X'=0. ..U) 

where X^ax-^hy^g. Y»AAr + 6y+/. 

The polar of (x\ y') is ^ 

;rX' + y Y' + « + A' + c • 0. (ti) 


Since lx', y') is on an axis, the lines (i) arid (n) are at 
rtfrht angles 

X'(aY' - hX') + y'(AY' -6X')»(h 
which shows that (x\ y) lies on the lines 

‘ MX*-Y*)-(tf-6)Xy 
which is, therefore, the equation of the axes. 

Two infinite roots. Asymptotes. 

The r^quadratic has one root infinite if the co-efficieut 
of f’ be zero j i. i., if 

n cos^ 6 4* 2ft cos 6 sin 6 +6 sin* 0*0. 
or b tan* ©+2ft tan B +o®0. 

We infer that there are two values of B for which tin* 
line 


COS B sin B * 

cuts tlie conic y)—0 at inRnity. Thus, thipugh axiy 
point two lines can be drawn each to meet the conic in 
one point at infinity and they are evidently the lin^ 

o{x-xy-^2Hx-x'){y-y)*biy-yy^0. 

These lines are real and disrti net. coincident or imaginary, 
according as 






*• s.. according as the 
ellipse. 


curve ia a 


hyperbola, 


parabola 


or 

4 


; A order that the r^quadratic may have both roots 
nnnite, the ooefBcient of r*, r must both be zero, i. r, 
*0 must have 

- « oo8*e+2ftooBdfliii6+ft 8ui*6*a M 

•nd oo8e + (ft^'+ft/+/)8in6-C) (m> 
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Thus eliminating 9, we say that the point U' y' 
not be chosen arbitrarily, but must satisfy therelation 
6X'2-2aX'Y'+gY'^»0. 

• 4^4 

Now there can be two infinite roots only whej 
line drawn is an asymptote. Hence (x', y') lies o 
asymptote when (iti) is satisfied. 

Thus the two asymptotes are given by the eauatio 


But if (x\ y) be the centre, Ui) is identically satisfied 
and the asymptotes are given by the equation 

flU-ArO*+2A(ar-arO(y-y'l+6(y'/)»-0, (23) 

where 

131.1. We now explain another method by which 
♦he equation of the asymptotes can be found. 

The asymptotes of a conic ^(x, y)»"0 belong to a 
sys^m of conics which have a double contact at infinity 
with the conic, The equation of such a system can be 
wntten as 

♦(x, y)«X. 

This equation will represent the asyratotes if it denotes 
two right lines. The condition for this is 


Thus the equation of the asymptotes is 

(24 

0 — k* 

This equation can also be obtained from the conditioo 
that the conic ^(x. y)-X passes thraJlgh the centie of the 
conic 

PointedAut that if the conic 
fix, y)*Q be a parabola, then^fcly one st. line can be 
drawn.^rougha point (x', yjMTineet the curve in on^ 
point at mhmty. 
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Since h^^ab. the cqaation giving the dii*ectiou.< oi 
such lines, viz., a cos* 9 + 2 * sin cos ^ + 6 Rin^ can 

be written as 

^cos 0 + v/Tsin 9)*=*0. 

Thus VTccs9 + v/y8in9«0. 

Tlie line meets the curve in two point?* at ©« if also 
U;r' + * 3 »'+«) cos 9 + (** +*y +/) sin 6—0. 

Eliminating 6» we get g\/ b 

Thus the locus of UV) is the st. line at c«. Though 
the line at touches the parabola, yet it is not an asymp- 
tote, because it is not within reach. 

If the f-quad ratio has one zero root and one infinite 
root, then ^(ar', y ^)^( '{^<1 *' + v/ 63 ^*+ 2 gir^ +2/y +c^0, ...(r) 
jind V tfCos6+^ 6sin6=»0. (») 

The Kt. line » diameipr of the 

cos u sin <7 


parabola. 

The equation of the diamet^ Ukes the form by (it} 

s/ tf a + n/ 6y*v/«*^+^ • 

The tangent at (x'.y'} is xX'+yY'+g* +/y' + c«0...(iv) 

The diameter will be the axis of the parabola and the 
tangent at (x\ y') will bccora© the tangent at the vortex if 
these two lines («i). (iv) are at right angles, the condition 

for which is V a X^+ 6Y'»0, ^ 

i. ^ as'+ ✓ b/ + 

a X o 


ajf + v/* y 


.(25) 


.(26) 


Thus the equation of the axis is 

^<v/a+/v/6.y 
a *b 

Hy (t). the tangent at the vertex is 
— _ (gv'a + 

If P (s, y) be any point on the curve, PM the perpendi- 
cular on the tangent at the vertex and PN tlie perpendi- 
cular on the axis, we Ifeve 

PN*-2I.PM 

where I is the sexni-latus rectum. 

^ “aTbP ’ 
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since (.T, y) Ls on flip oum* 

(v/a.t-h s''^y + X)2*2(A v'o -g)-r+2(XN/6-/Jy + X^-<?. • 

131.3. We ffive another method for finding: the axi» 
and latns rectum of the parabola. This method depends 
upon tho Pnct< t hat the square of the perpendicular from 
a point ol rt parabola on its axis bears a constant ratio to 
tlie perpendicular on the tangent at the vertex. The con- 
stant ratio is tho latus rectum. Hence to find the axis 
and tanffriit at tlie vertex, we must find two lines, bearing 
such a relation to the curve represented by the given 
equation and remember that the two line.s have to be at 
right angles. 

fjot the equation of the parabola be 
rt.t* + 2hxy + by^ + 2gx + 2fy + c • 0. 
which can be written in the form 

i<Xx + py)* + 2«x +2/y + c *0. 

The equation shows that the square of the perpendi- 
cular from a point of the curve on tho line 
varies as the perpendicular on the line 2gx + 2/y + c«0. Jf 
these two lines be not at right angles, we writ<e the equa- 
tion in the form 

(«t+0.>+X)*-2r{X*-g)+2y{X^-^+X*-4?. 
Whatever X may be, the linos 

ax + (3y+X«0, 2*(Xa-g)+2y(Xp-y)4-X--c-0. 

In^ar the above relation to the curve. 

Choose X so that these lines are at right angles. 
a(X<.-g)+pUp-y)-(><,rX= 

Wbea X has this value, the former lino is the axis of the 
parabola and the latter the tangent at the vertex. The 
equation may further be written as 

/ ax^-gy-KX \ 2x{\a -g)+2yfXg X^-c T 

V + / L vt4(Xa-g)*+4(^-/j*] J"' 

where /- /((X- -g)* + (X3- 

which is therefore the semi-latus rectum. The latus rectum* 

is equal to ^(/v^g 

{a-^byP 
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Exercise XXXVII 

1. Find 6be equ&tioD of the asymptotes by coosidenDg tUem 
as a pair of taDgeots from the ceotre. 

2. The equation of the asymptotes can also be deduced ntt 
follows. liOt the equation of the asymptotes bo 

ax' + 2hxy + + 2gx + 2/y + c + A * 0. 

Shift the origin to a point (x , y ) on an asymptote. The equation 
becomes 

<7X* + 2kxy + dy* + 2jrX^ + 2yY^ “ 0 

which mast bo of the form 

itx ••• my)U^x + m^y + n)^ 0. 
t. a., {lx + my){l'x + m'y) +n'(/x + my) =0. 

Thus xX^'t’yY^ must be a factor of ar*+2^*y + 6y*. 

flY'^-2;iX'Y' + hX'*-a 
Hence (x', y') lies on the locus 

4Y*-2hXY+hX**0. 

3. Find the asymptotes of the following hyperbolas 
U) 10x*+6y*+19xy+4U + 23y + 27-O, 

(ii) 7x* + 6xy-y^ +dx*hy + 6»0» 

(m) 2x^-7xy + 3y*-9x + 7y+8»0, 

Up) 36(x*-y*) + 48x-36y+l4-0. 

4. Find the hyperbolas conjugate to the above hyperbolae 

5. Two lines are drawn through the point (~l,l) each 
meeting the curve 

7x* + 6xy “y^ + Sx +y+b“0 

in one point it inHnity ; find their directions and the 6nite 
points in which they meet the curve. 

6. Show that only one at. line can be drawn through the 
foint (]» 2) to meet the curve 

x* + 2xy ***y^ - 12x + 4y + 4*0 

in one point at iohnity. Why is this ? Kind the Goite intersec- 
tion. 

7. Find the inclination to the axis and the length of that 
chord of the conic 

2x^ +4*y + Sy* + 5x-64y + l27 — 0 
which is bisected at the point (), 3). 

3. Find the points on the curve x^*^xy *by^««3 at which the 
tangents are parallel to the line y — x. 

9. Find the equation and lengths of the axes of the conic 

2x* -2xy + 2y*-2x-2y3»0 

and the equation of the curve referred to its azea 
10. Show that if 

tfx^ + 2 hxy + hy *- 1 and a V + 2h'xy +6V“ 1 
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represent the snnie rooir relerred lo tw o different sets of reotangu* 
•Ur axes, then 

<t = +6^, ab —h^^a'b' • //*. 

1 1. Show that the Hue at infinity touches the curve 

JU* + 24xry + J 6y* - 98x + 1 ly - 94 * 0. 
aud (ijk) its axis and Utus rectum. 

12. Kind the eciuations of the two ellipses tbnt hove the lines 

2* + y-3-0, x-2y + 2*0 

for their principal axes, their major and minor axes being of 
lenctha 8 and d. 

IH. Show* that the asymptotes of the conic 

X* + 4yy + 1 

are conjugate diameters of the conic 

2x^+4xyf4y** I. 

14. Find the lomie of the middle imints of all chords of the 
conic 

2x* + 4xy + 3y*-6x-4y + H- ) 
which pass through the origin. 

lb. Find the equation of the asymptotes of the hyperbola 

X* + 2xy - y*^ + 2x + 4y « 0 

and deduce the equation of tiie conjugate hyperbola. 

(P. U. 19S6) 

l€. Find the equation of the conic w'hose asym >totes are the 
lines 

3-r + 3y+ 5»0 and 6x + .3y“H 

and which passes through the point (1.- 1). (P. U. 19S2) 

IT. Show that any two concentric conics have in general 
one and only one pair of common conjugate diameters. 

16. Show that if 

«x* + 2Ajty + 6y**l, aV + 2AVy + hV“ 1 

represent the same conic or equal conics, toe axes being 
rectangular, then 

Illustrative Examples. 

(l) Trace the conic 

21x*-Gxy + 29y^+6x-66y- 151=0. 

The conic is an ellipse, since oh — 21 X 29-3*>0 

and * 

. I 

* 

The centre-giviDg equations are 

21*-^ + 3-0 

-3x+29y-29=0 J 

y-1. 
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SbiftiuK the origin to (0. 1) the equation of the conie 
re<?u(‘es to 

The seini-diametere of length r lie along the Uoea 
The *teim axe« tre, therefore, the niots of the equation 

wliirh reduces to 

r*-ir>r*+54-0. 

•*, r*“9 or r^“«. 

I'he equation of the ai:ea 
y hose length ia i$ is 
x — l’iy — 0, 

aad the equation of tlis axis whoae 
length is 2v/fi is 

8*+y»0. 

The ellipse ia met in rea 
|ioints Ijy l>oth the original axes. 

(2) Find tht nptcitfi, ike eccenlrieHj, and the position of the 
ttxen.of the ronic 

^-llyi-l«,y+l0x + iPy-7-O. 

0 nd lite/cA the curiy. ' ^ ^ 

(Math, Tri|. 11. 1911J. 

The equation of the curve *e 

g*- I6xy- Uy*+ I0x+ 10 y- 1-0 U) 

Since /i^ - tj6-C4 + U -If* >3. and 6 U, the conic is 
■ hy |ierl> >hi 

The centre ia given by the equations' 

x-8y + 6-0, 

-8x- lly+5-O. 



X— - 


0 • 


n 


/ 1 8 \ 

Shifting the origin to the point. ) the equatiiOD of 

« u O' 

the i'onic asBumes the form 

X*- Ibxy-lly^-S. 

The diameters of length 2r lie along the linen 

x'( l--J-)-16x,-g^ll + -^)-0. (,,) 
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Tb« axis of length 2 lies along 
tbe line the eqiiatioo of 

tbe ofcber axis is 


The new does not meet the curve, while the ^-exis 
meets tbe carve in reel points. 

The shape of tbe curve is as abown in tbe figure. 

Shifting tbe origin back, the equations of tbe axes become 

* + 2y»I, 2x-y + 1-0. 

The eccentricity t is given by the equation 


(U) Trace the curve 

y*- 4xy - 6*^ + 6y + 42x -63-0. 

(Peterbouse. 1300) 

Since h*- fl6-4 + 6-9 > 0, andA/C 
hyper boJa. 

Tbe centre is the intersection of tbe lines 
: -6A-3y+21-0. 

. -2Ar + y + a = 0. 

*«=3, y — 3. 

Tronaferiag the origin to tbe point (3, 3), the equation takes 
the form 

9. 

The diameters of length 2r Ue along tl e lines 

( + 1 + -9-) = 0. 

These lines wUl coincide with either of the nxee if 


curve IS 
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Ooe value of Is approximately 1*6. aod the other ralue in 

aegative aod so r is imagiaary. y / 0 

The equations of the axes are \ L^hi 

also found to be in bd iocon* 

veoient form. The asymp- / 

totes of the conic arl \ \ / 

6^-y-O, x + y*0. \ \ A 

The new y-axis meets the « T ’ \Q' V ^ 

conic in imaginary poiois, while | / \ \ 

the * axis meets it in real I / \\ ■ <i 

points. i_J \\ 

(4) Draw the cwroe 0 / / ^\\ 

«x* + 6xv'-y*+2x + ay+4*0 / / 

and- find tin lalu$ recium. ' 

(Queens. 1901). 

The conic is a parabola, for h‘^ab and ^ ^ 0. 

The equation can be written in the form 
(3x + y)*« -2*-3y-4 

w (3*'*-i. + X)‘=3»(3X-l)+y2A-81+(X=-4) 

Choose A so that the lines 

3« + y + X=0, 2*(3X-l) + y(2X-3)+X*-4-0 

iiiay be at right angles. Bo 

6(3A-l)+2A-3-0, 


20A«9 




The equation (i) takes the form 


v/lO 
^x-3y - 


y/n* 


The equation (ii) then takes the form 
lOY'- ^ . v^lo 
7^10 „ 


Hence the latus rSctutn is 


too 
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The vertex of the ptrAbola ie the 
intersectioQ of the Hoes 


217 

the poJDt , 


-669 \ 
400 / 


Now every point of the curve muet 
lie OD the positive side of the line 


end the oHjdn of the old exes lies on 
the negetive side of the Use. The line x 
imagioery points end so does the y*axis. 



Exercise XXXVIll 

Find in magnitude the axes of the following conics and 
sketch them 

(0 3x* + 4xy + 14r+4y + 6-0. 

Ui) ** + y*+10-ry-22x-14y + 19-0. 

(hi) 1 U* + 4ry + Uy + I8r-24y + 16-0. 

{M S6y + 24ry+29y + l72Ar + I64y - 176-0. 

(v) ll*^ + 6.ry+19y"-f2.e- l4y+3-0. 

2. Find the late ra recta of the following parabolas, end 
sketch them 

(.) ** + 2iy + y*-12*+4y + 4-0. 

(ii'J 26*‘- IZOxy + 144y‘- 146<- 89y = 2&. 

2 

3. show tbet is the product of the seroi-exes of the 


ellipse 

**-xy + 2y-2x-6y + 7-0, 


end that the equetion of the exes is 



y — 2xy - y + 8y-3— 0. 
Trace the curves 


(t) llx^ + 4xy + 14y-26*-32y+38-0. 
(hJ 3y-8xy-3y -4xH-22y-l2^0. 

(til) 4x* + 4*y + y + 4x + 2y + 1 — 

Uv) x*-2Ay + 3y-2x-2y+4-0. 
iv) (x + 2^-2)^ + 4(2* “y+l)*.'*46. 

(oi) 2y — Sxy — ^^ + 6y + 2— 0. 

(om) y + 3xy +4y- 28 x“ 66y 4“ 196 — U. 
iviii) 7y-60xy‘»-32y-106x + 68y-37-0. 
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^ 132. Two equal roots. Tangents from a point. 

The r-qiiadi-atic has equal roots when 

{a cos* B +2A sin 0 cos sin* B) ^ (x\ y) 

® (X'cos B Y' sill B)'. 

When it has equal roots, OP=OQ, and the liru* 

/ / 

cos d sin ^ 

touches the conic. 

Eliminating: 6, we jfet tlic oc|uatioJi to flu* jmij* ot 
taiii^ents from 0{x'. y ). 

Thus the tang’ents from 0 are ^iveii by the ecjimrion 
{a{x-xy*2h{x-x'}(y-y')*biy-y')*} ^{x', y') 

— { (ax' hy * g)ix x') *[hx' + by' +/)(y-y'' )* 
which mav lie written as 

I. a.. (07) 

where T*0 is tho polar of (ar^. y') with n*spwtt to 

U- 132.1. The. .equation to the tan jfonts from (x'. y') 
may also be founiji as follows : — 

The conic ^4*X'P**0 has double contact with fin* 
<!(>nic ^*0 at the extremities of the chord T— 0. 

If it passes throng'll (x'. yO it will ropres^nit tin* 
tangents fn>m (x', y'). 

Hince + + 

/. represents the requ live 1 tangents. 



132.2. The equation of the tangents to a conic at the 
extremities of a given chord. 

Let /x + My+«*0 be ^be equation of the chord of 
the conic ^{x, y)=0. thqn ' any conic which touches 
#(*, y)— 0 at the extremitiw of the choixl is given by thr 
equation y 

^ix. y)y((/x + myf n)*»0. 

This equation willye present the pair of tangents, if its 
discriminant vaniKhes/ Hence 


a-Xl^ 
h Xbii 
g • \ln 


h - Xf/M 
b - Xm* 

/- Xwfi 


g — Xln 
f—Xmn 
c - X«* 
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0* 

a — 

XJ* 

ft • 

* A/m 

g 

A/« 

1 






h- 

\lm 

b‘ 

“ Am* 

/• 

' Amn 

m 






g“ 

\hi 

/ -* A »ii ft 

c 

-A«* 

n 

i 





1 

1 

0 


0 


(I 

1 




a 

h 

g 


i 

«A 


a h it 

/ 

r 

+ 

1 

h 

g 

h 

b 

f 


m 



ft b f 

m \ 


\ 

b 

f 

g 

/ 

c 




I 

g f c 

1 

n < 

1 

1 g 

} 

c 

Xl 

Xni 

An 


1 ; 

1 


i 

1 m n 

0 





A-X(A/*+Bm= + C«' + 2f’m;i +2rtn/ + -iU/«)*() 
or 6 -AS=0. where B is the eo-efticinnt of- X. 

Hence the equation of the tanjreiits is 

# 2 - £i(lx*i„y + u)^ = 0. 

132.3. Director Circle. The locus of the point of 
intersection of pcrpemlicnlar tangents to a conic is a circle 
concentric with the conic. 

lipt (*'. y'l be a point from which the tanffeists 
*tx, y). f6(x'. y')~(xX' *-yY'*gx'+//+c)^ 

or (<t0' - X'V + Ibi’’ - + etc..»0 

\o the conic 

are at right angles. Hence 

(a^'-X'*) + (6«'- Y'-t-O 

Thus the re({uire<i locus is the circle 
(ff + 6) 9{x. ,)*XUY-' 

' or C(*^ + y *) - -iGx - 2Fy + A + B - U (2H) 

wliich is evidently concentric with the conic. 

The circle belongs to the system (25). 

If the conic is a parabola, this locus reduces to the line 
at innnity and the straight line 

2Gjr+2Fy-A-B«0. (29) 

This is then the equation of the directrix. 

132.4. ^ To find the foci of a conic. 

If (* , y J ue a focus of the conic y) - 0. the tangents 
fromU.y) to the come are the circular lines through 

t y J. 
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Putting tan and - * in the condition for t])<* (‘(jUHlity 
of roots of the r-<|U ad ratio, r/r.. 

(a + 2ht&t\ 0+6 lan^) /)*(X'+Y' tan 9)^ 
we get {a ▼ 2hi~ b) ^{x\ i-iV')* 

ntnl Irt “ 2Ai - 6) f yx'. y')® (X' - i V')^. 

Adding aiid subtmcriiig. we have 

ia-b) ^U'./)®X' - 
6^iU'./)=X'Y'. 

Thus file foci of the conic ^(x. y)*t» arc* lli** iiitei'.sec- 
rions of tlie conics 

v2-Y- \V 

a-. - 

It follows that H conic lias four foci. 

” Y* X Y 

Since tlic conic ^ r* ® nassrs climugli t|j<* 

» ” 0 ft 

foci and I ho centre of tlie conic ^•(1. 

it must be the axes oi the conic t®n. 

AW<», — To fin<l f ho foci of a conic ^ ®<l, wc liav** to 
lind the condition of (angency of either line 

, ^ . y li'x-x'l 

{x . y j being H focus. 

Now the line U ^ my ‘t’n®0 touches the cmie if 
Xl* + Hin*^ * ( + *2 6'wn + + 2 1 \tm ® I J. 

l^ul i»ti. w®“l, +ix' + y', then 

-A + H + (;(y'4'ix'l*-2F(y' + iV)±2(n(y' + i.r')?2IU‘*(J 

or - A + B 4- CAy '^ • x '*) - 'iFy 2(ix' 

+ 2l{Cx'y'' - hV- tiy'+ n>*(K 

Adding and subt 1*1101 ing, wo get 

(V*-y'*)-2(V + 2Fy' + A-B- 0 . 
C*y-Kx'-(V + H»a 

llonco. the foci am the intersections of two jvet angular 
liyperholas 

(V-y')-2(ix+2Fy + A-B*0, 

»iid <'Xy- Fx~tiy + il«0. .. (:ji) 

which are uoncontric with the conic. 

To solve tho equations* it is convenient to jjnu-i'ed 
follows, Shift the origin to the common ceiMi-H ^ . I’-j 

(he equations of the two hyperbolas assume the forms 

‘i\o) 

and 
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1 (A y F 

wliei-e A - ^ « g. y * V, 

We get + + 

henco + ± { (fl-W*+4;i*}^ 

Thu^ »»', and no 5 and >?, are determined. The values 
of 5 J^'id »J are paired so as to satisfy' (33). The values of * 
an<l y are then easily determined. We thus get four 
foci. 


If tin* conic is a parabola, then (*“0 and the two hyper- 
bola's reduce to at, lines 


-(34) 


2G;r-2Fy- A-B) 

F* + Gy-H ) 
which give the finite focus. 

In the case of a parabola, first fin<{ the directrix and 
tJieu its polo which will be the focus. 

132.5. In the present and the jiext articles, we 
liroceed to indicate methods of finding the foci which are 
convenient for numerical equations. 

If (a, P) be a focus and /* + wy + i;a*0 the corresponding 
di I'octnx. the equation of the conic is of the form 

X{(*-tt)* + {y-p)*) +(/* + wy + «)2«0 

whicli is identical with y)»0. Hence 

^(x, y) - A { G— + P)*)={f* + r«y + «)^ 

So A must be so chosen that the expression on the left 
is a perfect square. 


Ex. Find the foci Hiid dii^ec trices of the conic whose 
equation is 

7** - 48xy -7p* + 60x + HOy • 50»0. 

If (ci. P) is the focus and ix + »«y + ««0 the directrix. 

then 

7x* - 4«Ay - 7y* 4 60* - oO - Af (** - « )* + (y - P)*] 

^[Ix + my + «)* 

i.e.. **(7-A)-4«*y-y^7+A) + 2*(30-hAa) + 2y{40+Ap) 

-(60 + Aa*+Ap^) (i) 

must be a perfect square. This requires 

:^4*+(49-A*)*0, 

A»±2.^ 

Taking A « 26, the left-hand side becomes 
2(9*^ + 24*y + 16y» - 5*(6 H-5a )] - l0y(8 +6P) + 25(2 -h** + P^) 
or . . 2f (3* + 4y)= - r),r(6 + 5«)] - 10y(8 -f-5p) + 26(2 + + P*). 
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Si II CO this is a perfect sqaaiv it must be uiftiiticul witli 
2 [t3* + 4y- (« + r)a<] 

4 () 

i.e.. li5r’+4KA-y+32,— 10(t>+5«);(-—(»! + ’-«)y 

+-^(6 + 5»)' 


1,^.. 

‘^^(K+o<«)--2:.(-2+«- + P*) 

i.t.. 7 «^+G 0 «- 18 ?** 0 . 

Suhstitutiiigr from (tV). wc tfi*t 
•25o^ - (j0« *0 
12 

• 0 or am - , 


(it) 




Tlio corrospondiiijf values of P an* 0 , v • 
flonvc two of the foci are 

(0.0). (f-. '-)? )■ 

Tin* coiivsj>oiuliu<f direct rives are 

:j,+4y- r>-(). Sx +4y - lb»0. 

N(»w takiujr - 2 rj, the expression (0 becomes 
32»- - iHxy + iHy* + - r>«)x + lOfH - oP) - 2r)(-2 - a- - }. 

This, beiiig n perfect square, must be identical with 

4x— %+ 

r :Wx*- 4 K»y+lKy'+ l(Xti-ri«)x- (t)-o«)y 


:ta •t'4p*l<t 


(tv) 


amt (0-r.a)^=^2r>{-2-a*-P^) 
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or To* +(}(>« 

»Substjtiitinjr from (*». we have 

7«-+‘2(10-:ja)2+60a- 100-0 
542- 12 a +*> 0=0 

o 


aih] 


o 8?6|- 

20 


'Diese are Hie co^ordiimteA of the imaifinary fooi. 

132.6. The method of the present ariicle fias tlie 
iulvanta^re that the co-ordinates of the foci and f)i» lengtiis 
of t)ie axes are simultaneoasjy obtained. 

Transfer the oHjrin to the centre of the conic, the 
ihrections of the axes remaining the same, and the 
equation 

+ '2/ijry + + *>g» + '2fy + c— 0 

r<uiuceR to 


where c 



a + '2A jry + + c' = ( J 



Let (a, p) be a focus of this conic. By central sym- 
met^ (- «, -P) 18 the complementary focus and the product 
of the perpendiculars from these foci on a tangent is equal 
to a constant, say A. the square of the semi-axis of the 
conic, 


Let *J=Ax, + 6y,, 

, bi-k't 

"Othat ^ . 

equation*"^***’® “ point on the conic {.). J. ^ satisfy i.hc 


a[b'i - MY - Mbl - MKhi - a,) +b(hl - ax)* + c'{<j6 - h-)=0 
t.e., bl'‘-2ht’i+ai'=c'l>Y-ab) (, 

Now the tangent at (*,, y,) to («) is 

*l+yx+c'=0. 

and the perpen.iiculars from (a. p), ( _ «. _ p) 
c^ + ttg+ Pn c'-a|-3e 

''C+x' • 

The product of the perpendiculars is 

=^- 
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so tha t S a* + X) + 25 « 3 + R ^(3* + X) « c‘. ( j'» J 

Comparing (li) and (<ii), we have 

a« + X_3* + X op c' 

a* - 8 * 

and each is equal to . 

0 — rt 

Thus tlie foci ai*e given by tiie equations 

“‘-Tftr- « 

and iho value of X is obtained from tlie rolatitiu 



Tiius when a Is known. X can be dett*nnined. 

Note . — If «, P be eliminated from ‘it?), we gel the 
equation wliicli gives the squares of the seini*axes 




(;•«;) 




Ex. We consider tbo previous example 

- 4Hxy - + 60x +H()y - ri()=(). 

Til" centre is given by the equations 

7 x-^y+ 30 - 0 . 
-24x-7y + 4()«(l. 


5 r, 


Ti-aiisIcriiiKtliP oi'iniii to [ ^ . -|-),tliu <-<iiiiili<m <,l' 


tlie conic re< luces to the form 

7x* — 4Hjry - 7>*+rit)*(|, 

a>-| 3 ^=- U . ap= ^ 
CoUHCqueiitlv 

- = ±-|i-.p=± 4 . 
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Conseciuently the co^oitiinates of the real foci referral 
♦o the new axes are 

(I - 

Hence the co-oiNUnates of the foci te, r. to tlie oid 
axes are 

Taking: + -4. we get 

,8* o A fh* 
fl— ±-r- . p« 4-c — . 
o ^ 5 

So the co-ordinates of the imaginary foci ir, r, to the 
new axes are 

\ 5 ’ 5 / * I 5 • rw 

ainl hence «*. v. to the old axes, the co-ordinates are 

6+8i* H-6i \ / 8 + 6j \ 

5 • 5* J * I 5 ' 5 ) * 

The squares of the semi-axes are t2 by (36). 

Exercise XXXIX 

1. Find the real foci and director circles of tbe following: 
conics 1 — 

it) x^ + 8xy-6y* + ar + 4y+2-0. 

(m) 3x*+4xy + 4flr — 3y - S — 0. 

(jit) 6s* - 12»y + 10/ - Oxf + lOy + 6 =0. 

(iv) a* + 12*y-4/+4x-16y + 4=0. 

(tj) 55/ - SOxy + 39/ — 70x + 54y - 449 ^ 0. 

(of) 4/ - 4*y + / + lOx — 20y + 26 . 

2. When is the director circle of a hyperbola imaginary ? 
Interpret your result. 

Find the director circle of tbe conic 

3. Prove that tbe director circles of all conics which touch 
two given lines at given points are co axel. 

4. . A pair of tangents to the conic «/ +Py*= 1, intercept a 
constant length 24 on the s-axis ; find the locus of their point 
of intersection. 
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• pir^ctrices. Let t lie tau^eiit.s from tijo oirculai 

points I and J at infinity to a 

conic meet in the four foci ^ 

Sj, St» S 4 . Suppose that 
Ti, Tj, 'r/» Tg' are tho points of 
contact of the tang’ents, then 
T.Tg, T/T/. T,T/. T.'T, are tlie 
directrices, and TiT/, TgT/ are 
the polars of I and J w.r. to the 
conic. 

Consider the degenerate 
conic TjTj, T/Tg^. Tliis passes 
through tho intersections of r « 

the conic^and the degenerate 

which are tho polars of the circular points 

at infinity. Thus 

the directrices of a conic are the fine pairs that htfona 
to a pencil of conics generated bg the given conic and the pofarM 
ic,r. to the conic of the circular points at infinity. 

The isotropic lines ±i. contain the circular points 

at infinity, their co-ordinates can be assumed to be 

(t' vj (■^’ g'") where « -»() e'-» 0 . 

The polars of these points are 

X+iY + Z««0 X-iY + Z6'-0, 
X+iY-0 X-^Y*0. 

(Tliis could be easily obtained by taking the homo- 
<iO-ovi\ip^tCH (J.ligO) of the circular points at 
mhmfy). The joint equation of the polars is therefore 

X*+Y*« 0 , 

and the system of conics that they generate with the given 
conic IS 

X* + Y^+X^(s, ,)- 0 , 

I. (ax '►Ay -»•£)* + (Aar + 6y+/)* + X^(.r. y)*0. 

This will represent a pair of lines if 


a* + A* + Art A(a + 6+X) tf^ + A/ + Xg *0. 

A(o + A + X) A* + 6* + X6 A^ + 6/+X/ 

ag + h/^Xg A^+d/ + X/ E* + /* + Xc 
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t>r 

<t h g 

i tf + A A 0 


h h f 


h 6 + A 0 


g S c 


g f X 


Jiouce A|X’ + + 6) + 

Knr A*0 t1u‘ conic of the system is tlie line pair 
T|T/. T/r'o. For two other values of A, m. Aj. A« which are 
the roots of 

A* + Xfrt + 6) + - fc* « 0, (38) 

we ffMt the line paii-s {T{r^ r.nXT^TV T'jTs). wliich are 
rlie ilii'ectrices. 

133.1. I^et the tangent at T to a conic pass tlirough 
u circular point. Then the line throujfli T perpendicular to 
thy circular lino through T is tlie circular line itself 
which touches the conic. 

Thu.< T may be regarded as the interjiection of two 
perpendicular tangents and does therefore lie on the 
director circle of the conic. 

Hence Me director circ/e o/^ /I conic pan/fc^ (hi'ough the 
hitersficfiowt of the directrices icith the conk. 

Now the director circle of the conic ^(x, y)*0 is 
C(** + y‘) - '2G* - 2Fy + A + B * 0. 

The equation 

A^(x. y) + C(**+y*) “2GAr-2Fy + A + B®0 
i*ep resents a conic through the intersections of the conic 
and its director circle. 

It represents a pair of lines if 

Art + C \h Xg-G ’ -0. 

I 

I 

Xh A6+C V^F j 

Ag — G A/-F Ac+A + B I 

t 

It is a cubic in X. thus giving three pairs of lines, one 
pair being the polars of the circular points and the other 
two being the directrices. 

The line joining any two foci of a conic is normal 
to the conic. For a circle, all the four foci coincide in 
the centre and the line joining two foci becomes in- 
derterminate. Thus every st. line from the centre of a 
circle is normal to it. 
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133-2. The liiips parallel to the Hireotnc-es rlin^iffh 
the orifriji are given l*y tUo oquaf inns* 

+ Aa)A^ + 2(<T/» + 6fi + X/r).ry + l/**+6^ + A6)y'^«J. 
and the equation (38) is just the comlitton that those liii<-s 
may coincide. Thus (k^ direefrU'es are paraihl htf poir^:. 

Miscellaneous Exercise XL. 

1. Trace the curve »*-4xy — 2^=1. (p. u. 1^81) 

2. Trace the curve 3»* + 4jfy— 6«0. (p, (J. 19H(>) 

3. Iteduce the equation 

4x*+12»y + Uy* + 2T- lOy + 3-0 
to its simplest form, and give a sketch of the curve uliich it 
represents. (p, U, 

4. Trace the curve 9A^ + 24ry + Kiy* — 4y - a + 7“C. 

(P. U. 1935) 

5. Trace and find all the elements of the equation 

4i* + 12»y-y*-40*-2(ij. + 2i-0- (P. IT. 

6. Show by turniog the co-ordinate axes by ^ that the 

equation 13sr^— lOxy + 13y*«72 represents an ellipse whose 
axes are 6 and 4. Sketch the curve. (V. U. 1932* 

7. Find the focus and directrix of the par.d>o]a 

9A*+30Ay + 25y’-206z + 246y+893-ii. (Radfor<i) 

8. Find the equation of the directrices of the conic 

7*^ + 7jp' - 1 + 2 ji - 2* + 2 ry- 0. ( R;iO ford ) 

9. Find the equation of the directrix and the co-ordinutoa 
of the focus of the parabola x^^2Ay+y^* 8x+by *4^0. 

(Magdalene, 1910) 

10. Find the co-ordinates of the focus and the vertex of tho 

parabola s:^-4.ry +4^+1 0sr-8y + 23-0. (Kieg’s. 1912) 

11. Trace the conic 34x*+24xy + 4iy + 4H;f ♦ 14y - 108*0 

and find iU eccentricity. (Corpus etc., iOl.'i) 

12. Find the centra, tiie directions of the axes and the 

eccentricity of the conic + ()>•- lO;r + 20 y + 6 — 0 . 

(F. 13. A. 1909) 

( 1^ Show that the equation of the principal axes of the 
QOsiC 

6;r* + 4jry + 9y* + 12x- (iy + 11-0 are A + 2y = 0. 2x-y + 3*(» 
and find the eccentricity. 

Find the equation of a rectangular hyperbola which baa the 
same axes and passes through the origin. 

(C. U., B. A., and B. So.. Hon. 1928) 

14. Find the equation of the principal axes of the conic 

13*’+.'J7j»-32xy-U*-34y-3D = 0. (St.. C.tberiDe, IM7) 
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16. Trace the conic llA^-4*y + + 20^ - 20y-4«0. 

and find the co ordinates of the foci. (Corpus, 1912) 

16. Prove that the conic + I2;rj? + 24;r + ]6y+ 16 
has one focus at the origin. Find the equation of the correspond- 
in/7 directrix, the ecreutrlcity, and the co-ordinates of the second 

(Pembroke, 1909) 

17. A hyperliola touches the axis of y at the ori|;in and the 
line y»7*-6 at the point tl, 2). One of the asymptotes is 
tmrallol to axis of x. Find the equation of the curve. 

(Trinity, 1909) 

18. Show that the lines y^tnx, y^m'x are equal diameters 
of the conic 


fTx^ + 2hxy‘^by^»l if («- 6)(m +#«')- 2^(1 +ww')-0. 
Hence tiod the equation of equi-con jugate diameters. 

(Pembroke, 1911) 

^^19. Prove that the six points (2. (.12), (S. 1), ( 1 , 8), (l. 2), 

(2. 1) are on a conic whose equation referred to the axes Is 

(Trinity, 1909) 

20. Prove that the six points (a, 6), (6, «), (6, c), (c, hA 
(c. a\ (a. c) lie on a conic whose centre is the centre of mean 
position of the six (loiDis and the axes are parallel 1o the lines 
xty^O. Reduce the equation to the simplest form and find the 
eccentricity of the vonic. 


21. Find the equation ol the two conics which touch the co- 
ordinate axes (supposed rectangular), have a focus at the point 
(1, 1) and pass through the point (J, l). (Pembroke, 1912) 

22. Prove that the conic 9x* — 24xy + 4ly*“l6g + 5y has 

one extremity of the major axis at the origin and one extremity 
of its minor axis on the axis of x. Find the co-ordinates of its 
centre and foci. (Pembroke, 1910) 

23, The conic ax* + 2hxy + 6y* + 2r + 2y-0 is such that 
its real foci lie one on each of the co-ordinate axes ; show that 
(ff 6 • fc ) * 2{ft — tf ) (A - 6), and that the lengths of the semi-axes 


are 


-1 

2h 


and 


1 


(Selwyn, 1907) 

4 


24. If the conic aj^+2hxy + 6y* + 2gx + 2/y +c- 0 represents 
a rectangular hyperbola show that its equation referred to its 
asymptotes as axes is 

2(h^- ab)^ xy • {abc -f 2/gh ch*) “0. 

26. Find the equation of the orthoptic circle of the conic 
(ax + 6y- 1 ) and prove that for different values of A the 

orthopUc circles are coaxal. (Magdalene, 1907) 
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23. A circle u ioscribed end a reciaoguUr byperliola is 
circunascribcd to ao equilAteral trieosU. ^)bow th&t eucb carve 
p&sees through the centre of the other. (Peterbouee, 1913) 


27. 

linee x 


Prove that the family of conics touching the four straight 
' ±«. 1 6 is 



ab 


+A*=0. 


Prove that tbe locus of the foc i is jf*-y**rt*- and if two of 
the cooics io terse rt on ibis Utter locus, they do so orthogonally. 

(St. Oatherine, 1929) 

2b. Show that the co-ordinates of the foci of the general 
conic are given by the equations 

Cir*-2Fy + U«A6 
where \ is either root of the quadratic 
CX^-(tf + d;X + i-0. 

(King's. 1913) 


29. Show that one focus of the conic 


jji + y^ + 2/iAry + 2g(ar + y)+ U the 


that the other is the point 


it- 

^ i*h 


origin and 


39. Show that the envelope of the chord of the conic 
aj^ + 2/ixy + by* + c— 0 

the tangents at whose extremities cut at right angles, is the 
conic 


(a’ + + (6‘ + h%* + 2 (a + b)hxu = 

tf + 6 


.31. A 
the line y« 
4, find the 
focus. 


parabola p»*ses through the point (4. -B) and touches 
'AT At the origin. If its axis be parallel to the axis of 
equation to the parabola and the co*ordi nates of its 

(Radford] 


B3. Find the ellipse for which the lioes y-x»(i are 

two conjugate dinmeters, and the product of the lengths of the 
sann-axis is 1, nnd which passes through the iioint (}, J), 

(Math. Trip.. 1932] 


BB. Hhow that one of the conics which passes throug (1,-2) 
cats the lines Jr * 1. y » 1 at right angles and has its centre at the 
wgiD, IS given by the equation ** + xy + 
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34. Prove that the general equatron of a conic whose centre 
18 the origin and which cuts the lines x = rt. at right-angles is 






- I 


of curvature at 


(Radford) 


35. Prove that the equation to the circle 
the point (!, — ]) of the conic 

3jf* + 2xy +3y* - 8* — - 4 = 0 

18 3x* + 3/-nr-9y-4*0, 

36. Obtain tbe equation of tbe two parabolas which pass 

tbrouKb the points (0. 0), (7, 0). (0. B) and l3, - 1) and tbe equa- 
tion of their axes. (Peterbouse etc., li*3I) 

37. Prove that the equation rt*^+2A*y-6)."=0 represents 

a pair of conjugate diameters of the ellipse + 1 . 

Prove also that there is one conic with these lines as asymp- 
totes that cuts orthognallv at their four points of 

intersections and find its equation. [Downing, 1932] 

38. Prove that if the conics px^*2qxy + ry^—l and 
ax^^hy*—l intersect at right angles, then 

J 1_* L - J 

a p a-^b b i ' 

89. Find the equation of tbe ellipse which passes tlirough 
tbe origin, which has the point (0, 4) as one focus and such that 
the minor axis lies along tbe line whose equation is x 2y»3. 

Show that tbe equations of tbe equi-conjugate diameters of 
tbe ellipse are Bx*y*S^O and 4x^ly^ 18^0. 

[St. Catberine, etc., 1932 j. 

40. Show that the locus of tbe point 
J- pt*^2qt’^r 

tff*+34#+c tff*+26#+c 

is, in general, a conic, which is an ellipse, parabola or hyperbola 
according as ac'. 




[Bint.^h^ parameters of tbe points of intereection of tbe 
locus and tbe line iar+«y + ««o are given by tbe quadratic 

'*■ na ) + etc. = 0. Hence, etc., 

The parameters of the points at infinity on tbe conic are tbe 
roots of the equation at^ * 2bt *>' c — 0]. 

41. Show that the freedom equations of a conic in Cartesian 
co-ordinates can be reduced to one of tbe forms: 


_ r + 2pt-^c 

* rU'-ir 




for a b 3 *perbola» 



OR^fCRAL rOHiO 




r(^+l) ' H/^ + l) for an ellipse, 

x^^-^2pi^q. y-^2+2>'/ + <?' fora parabola. 

What are the jiaraoieters of the poioto infinity on each 
eurve 

42. Show that the ]>oint 

f=+l /+! 


—z 


r-H( + '2 'r-.^-r2 

lies OQ a hyj»erbola, and find its asymptotes. 

{The parameters of the points at iDfinitv are / » 1, 2. 

The parameters of the intersections of the conic and the line 

/jr + wiy + nwO 

are given by 

,• - '*<'+")+'(»'-3«)+/ + .«+a»=o. 

• • f— n 

w* -n. 

equltionr"'^ ‘I** ‘■J-Perbols Riven by ibe 

/'-I /«-! ■ 

f. I' on tiie ooniJ"tU?n a 

„ b,J^'¥2bit±bp 

rs#* + 2c,/ + co ' ^ c^/*-e2cj/+Cc 

can he written as 

2<t I ^2 
2h I ^2 
Op 2ci ct , 

iJeduce the equation of the tangent at /. 

«>e2nio ®f ‘anKente at of 
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the taDgenls 

then /|, #2 are the roots of the equation 

(Aof 2A,/ + A2)t +(Bo/^-3B,f + B:)>' + (V*-2Cif + Co«0 

. _ 2}:xy ^ 

1 fi + tt /,/j 

Whence x':y': 1» W’ + + fj) +^o: + + ^ 

*<?2^1^2 + CjU) +/^J +Co] 

46. Find the centre of the conic of Ex 44, 

[The parameters of the points at infinity t,. of the conic 
aretherwtsof c,/-f2c,f+co-0 and the centre is the pole of 
the line joiDiDg t), t 2 > 


AT : y : I - fl2C^-2o,c, +tfoC2 : - 26 ,ci + 6^2 : 2(cx^-CoC,)] 

47. General relation of pole and polar 

IfCt (x\y') be the pole of the liue fx + my + «»0. then 
the parameters of the points of intersection of the conic and the 
hne /x+^wy + rt *0 are the rooU of the quadratics 

(A^ +Boy +Cp)r-2f(A,x' + Bj/ + Cj)TA2x' + B2y' + C,»0 

and 

(oj^+*2'"+cm)fH2f(<t,f + h,m + c,«) + ff^ + 6„„+c, = 0, 

whence, comparing 

^ zMiil. - Sa,/ 

48. Show that if and y where t is a 

▼ariable parameter, the locus of the point (x, y) is a parabola 

whose latus rectum is*- , and find the co-ordinates of the focus. 

a 

^ ^ [Selwyn, 1928] 

[Let {x\ y) be the focus. The lines y ±i{x~x') are 

tangents to the parabola. Thus the equations 

±*(a/’^-h6s-x0-cf-d+y'«0 
will have equal roots). 


49. Show that + y*<jV + 2&'/, where tr, a, 

h, h are constants and t a variable parameter, represents a para- 
bola, and find the tangent at the point f. 

Show that the directrix i9ax*a'y*b^+b'^—0 and find the 
co-ordinates of the focus. [Pembroke, 1929] 

50. Show that the locus of the point. 

jr*af* + 25f-hc, y*oV+26'^ + c' 
is a parabola whose latus rectum is 

and the directrix is 

ax + a'y * ac + a'c' - 6^ - 6'*. 



CHAPTER XIII. 

TRIIJNEAR CO-ORDINATES. 


134. (<i) We have defined the cross-ratio of a ran{je of 

4 13 On 

four points A, B, C, D as (A B C D)* "a D Cb 

If A coincides with B or C with D, P=0. 

If A coincides with C or B with D, P = l. 

If A coincides with D or B with C, 

(6) We have represented a point in a plane in the Carte- 
sian system of co-ordinates as follows ; — 

Lot CA, CB be taken as the two axes of reference. 

Take any arbitrary point U as the unit point. 

Let AU. BU meet CB, CA 
at U],U|, where A, B are situ- 
ated on CA, CB at infinite 
distances from C, i.t„ draw 
throuf?h U, the lines UUji.IJUi 
parallel to CB, CA meeting 
thorn at Ui* 

Then CU<^ measures the 
unit leni^th alon^ the x-axis 
CA, while CU| is the unit 
leni^bh alonj? the y-axis CB, 

(these unit len^hs may not 
necessarily be equal). 

Let P be any variable point 
in the plane of the axes. 

Draw PPdICB, and PP,||CA. meeting CA. CB at P^, Ph 

Abscissa of P«***CPj/CU|. 

Ordinato of P“y*CPi/CU|. 

(c) Since A and B are at the side AB of ^ ABC i» 
at », we can, therefore, write the co-ordinates of P as 
follows 





CP,.AT^ 


CU,.APj 
OPi.BU 


»(CP,AUd, 


CUi.t>P, 


^ -(CP.BUd, 
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tSane"* represent the unit poin^n 

triangle^' '''-'’'■rf''""'-. "■■H>' refen^c, to a 

I^tU an arbitrary- point in the plane of the triangle 
be taken as the unit point. 

Draw AU. BU. CU meet- 
injr the sides of tho tnenelp 
in Uj. Uj, Uj. 

Let P be any variable 
point and let AP. BP. CP 
roeet the sides of the triangle 
in Pi, Pj. P3 respectively. 

Suppose we define the 
co-ordinates of P as » : y : 8 



Then -f -(CP, AU*). •^--{CP, BU,). (1) 

If P be at U. the cross-ratios for become each 

9 t 

equal to unity, and for the point U. we get 

»:y: s-1 : 1 : 1. (2) 


as would otherwise be obvious, since U has been taken to 
be the unit point. 

Let the position of U. the unit point, be supposed to 
be Then Ui. Uj. Uj are also fixed. A. B. C beine 

already fixed. 

We know from Ceva’s theoi^m that 
BUlCU^AU. 

U,C.U,A.U,B 

Hence we can put 

_ ff CUg r AUs fi 

TJiC >■ ^ U,A 7 * 0 ^”“^* 

p : g : r bein^ thus known. 
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We now proceed fo investigate — , 

« A .<T_ sin C 

r * PjA * c ' sin A 
where tf. 6 , c are the sides of the triEnEic ABC. 

If be the per- 
pendiculars from P on 
the sides BC. CA, AB. 
we have 

CPgsin C : a 
«BPa:BP*P;jA sinA : 

. CPtf sin C ^ a 
** PjA sin a”* T ’ 


Hence 


Pu a 
re t 



s rc 1 B P, ( 

Thus * : y : 

whore a, g, t are subject to the condition 

««+6P+cK— 2* (5) 

( 4 ) is now the fundamental relation which is obtained 

by defining ^ in terms of cross-ratios. 

«enomlfo?’thnornt‘ P* co-ordinates, in 

0^*0080 our unit point from amongst the 

iVote.— (j) An ordertd triad of numbers (*, y, *). where 
*. y. s are not all equal to zero, is called a point! 

poinS ES *’’ represents the same 

all iV'ca“'iS"f Sf 

[ 1 , '■epresonts the same line as 
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A point {x. 5 ». z) will be said to be on tbe line [/, m, n] 
It and only if 

Ix + my+nz^O ( 6 ) 

Witli these definitions, the propositions of incidence 
ran be easily verified. 

It can be shown that the co-ordinates of the point P 
so delermined are, but for a constant multiple, unique, 
ue.,^ the same set of numbers (ar, y. ») will be obtained by 
projecting’ P on any other pair of sides of triangle of refer- 
ence. The student is referred to Veblen and Young 
Projective Geometry VoJ. I. 

135.1. There arise three important cases which we 
proceed to consider 

ia) When the point TJ is the incentre of A ABC, 

p q:r^~ I -}- : — i 
a 0 c 

since the angles A, B, C are bisected 

X : y : z — ko. •. kfi 

: P : if we take ik*l. 

/. jr, y, s are proportional to the perpendicular dist- 
ances from the sides of the ^ of reference. 

This system of co-ordinates is known as the TriUnear 
iSyetem. 

If ** a, y— P, s* 1 f, then (*, y, s) are called the actual 
Trilinear Co-ordinates of the point P. 

(6) When the point U is the centroid of the A ABO, 
P"Q^r, since the sides are bisected. 

X : y : z—aa : bP : c’i 

*2 A PBC : 2 ^ PCA : 2 A PAB 

This system is known as the Areal System, 

If the factor of proportionality be taken as \> , 

PBC A PCA Ci PAB 

ABC ’ A BCA ’ * 4k CAB 
are the actual areal co-ordinates of the point P. 

(e) When U is the orthocentre of A ABC. 

.q_ ^ e cos B __ oot B 
r b COS C cot C * 
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.\p :q -. 

cot A : cot B : cot C» 
and the co-ordinates 
take the form 
X :'y : cot A 

: cot B : cl cot C 

cos A : P cos B 
: cos C. 

In the annexed 
are shown the 
si^ns of the various 
co-ordinates areals or 
trilineara of a point 
in the d life rent seven 
compartments in 

which the plane is divided by the sides of the triangle. 

135.2. We now discuss the cases when P lies on the 
sides of the triangle of reference. 

U) Lot P coincide with Pi. Then P? coincides with Cr 

aii.J - =(CP,AU,)-0. 
e 

/. atPj. *"0. 

Honce x«0 is the equation to the side BCJ of the 
triangle. 

(ii) liot P coincide with Pj, then Pi coincides with C. 
and ^«(CP, BUi)«0. 

9 

. at Pj, y*sO 

tho equation to the side CA is y«0. 

(m) I.;et P coincide with Pj* then P, and Pj coincide 
with B and A respectively, and 

-- (CPaAU,)-«®. '’^--(CP,AU,)=«>. 

at Pj, ar— oo*y, 

which we may express for the sake of uniformity as 
s*0. 

s^O is the equation to tho side AB. 

Uv) The co-ordinates of the vertices 'A» B,* C tare 
evidently 

soObj; 

respectively. 




m 


AN*AI,YTICA1. PLANE GEOMETRY 


of a ‘''‘= <=«:onlma(es 

(o) Let (at. y, *) be the actual triliuear co-ordinates of a 
poiiiU «.e^ me^ures of the perpendiculars from the point 

on the sides ofthe triangle of reference, then it is obvfous 

from a figure fhat vuvious 

wheiv ^ is the area of the triangle of reference. 

, If*, y, «are the actual a real -co-ordinates, it will 
be touna that 

*+y+»»l (8) 

Such a relation could be expected as a point has two 
degrees of freedom and its position is fixed when its co- 
ordinates referred to two lines are known. ConsequenUy 
the oo-ordmatesofa point referred to three or more lines 
must be connected by as many hlcntical relations as the 
number of oo-ord mates exceeds two. 

Such systems are called swper nhundnnt 

. If (5. »!, be the proportional trilinear co-ordinates of a 
point wiiose actual tnlinear co-ordinates are {a.^.’i) then 

_ aS + ftH c*< 

“ P T 20 — (9) 

Similarly, if (g. s. be the proportional areal co- 

ordinates and (*, y. s) the actual areal co-ordinates, 

E _ S+t+H 

X y' z l~ ■ (10) 

135.4. Relation between the Areal and Trilinear 
co-ordinaUe. 

Ijet (*, y, *). (a, if) be the Areal an<l Trilinear 

co-orctinates of a point respectively, then*) 

. ^ « 9 

^ PBC 


A pCii 


9 

^PAB 


or 


X 

ad 


...{ID 


y — X 
c^‘ 

136. Metrical Theorems. Homogeneous systems of 
co-ordinates are, as a rule, unwieldy for metrical “ ^ 
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136.1. Section Formula. Let 

be the trilinear co-ordinates of two points. Then atui 
«j are the ordinates of Pj and P^ referred to BC as 4?-axis, 
hence if P(«, divides PjPj in the ratio A z wt- Iiave 
for the co-ordinates of P. 

A+P ' 

8in.il.rt, P -'*4^= . V. . 

136.2. Let (xi, yi, S|>. (lr^ yu be the ai^eal co-ordi- 
nates of two points P|. P^. Let (*. y. %) Im* a point P which 
divides the line P|P| in the ratio A : M*. 


C 



a, -«j- 


A BPjlff- A AMPs 
ABC 


and 


- ^ BP,P,- o AP ,P. 
ABC 

. ^ B P,P- A A PiP 

' * ^ ABC 


But ^ A APiP ^ A 

^iBP.P, ^ AP,P, A+1*- 


Thus 


9t-9i A+M-' 


Similarly *^^X>^** • 


^ P-Si+Asi 
A+1*' 


vs 

' A+p. 
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136.3. Let xpiyp: zp and xg'.y^iz^ be the homo 

geneous co-ordinates of A 

the points P, Q* L»et 
xr'yt- zr bo the point R 

collinearwith P, Q. 

Let U be the unit 
point and AU. BU meet 
BC, OA at Ui, U^ 

We have the funda- 
mental relations 

^(CP^AUi), 

»p 

^-(CPjBUi) 

zp 

and two similar relations for and . 

Now (PQRT)»(PiQiBR,)-(P2QaAR,)-X (say). 

But the numbers attached to P^, R^, A are 

f respectively. 

zp * 

- N./Jtf iL 

Xp Zr 




whence putting X — 1=^ 




V. we get 


/. Zt '-yr- Zr^vxp-^xg : vyp-^y^ : vzp+zg, 

136.4. Every equation of the ^ first degree in homO' 
geneous coordinates represents a at. line. 

Let {xh yh si)* ixt* yt* * 2 ) be any two points on the locus 

ix + my + ««^0 

and U, y, z) any third point on the locus. 

It follows that X y s ^0. 

y\ Si 

> 

*1 yj *j i 



TRIUSBAR COHDHDiyATES 


Thisisth^* condition that constants X.i^.v (ivit all 
zero) can he fnmid snrh that 

Xx ‘^i*’Xi-^vxi=0, Ay+P'j?i+vyi>— U. X8 +M'Si + vs:{“0. 
the co-ordinates of the point (x. y. s) are of the form 

kixi ijyj + 

i. e.y the point {x, y, ») lies on the st. line joininft' the 
points [xi, y\y sj), (xz, z^). 

Hence the locus is a st. line. 

136.5. It follows that the condition that three points 
Ui. Vh 9i)y {x 9 , )?j. «,), Uj, yst sj) should bo collinear is 


! 

yi 

*i 

, Xz 

Vi 

*1 

Xi 

Vi 

*3 


It appeal's that, when the points are not collinear. the 
area of the triangle formed by them must contain this 
determinant as a factor. 

Assuming that ^ FQE»^lxi yi 9i\ 


JC| 

9i 


Xz 

Vi 


Xi 

9i 

8< 


where k is to be determined. 

If P. Qt R be at the vertices of ^ ABC. 
(Tri) inears) A ABC«* |2A q q 


0 0 
0 


U 0 


1“' 

Pi li 

Pi 

where R ia the oircum-redius of A ABC. 
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(Areals) A ABO* it j 


*. ^ PQR* ^ ABC 


0 

0 

* 

1 

0 


0 

1 


•Tl 

yy 

ai 

X2 

yz 


xs 

yi 

Si 



This proof for the area of a triangle id iiicomplt^tc. ' 

136.6. To find the area of a triangle whose vertices 
are (in Trilinears). 


*fi)j Q(*ji Pt» “f*)* Ps, "(3). 

Through P. Q draw parallels to AC meeting AB iu 
M, N. Join AP, AQ, PN. QM. 

V ^ MPQ- ^ MPN, 

.*• A APQ*quad. AMPQ- ^ AMP 
« AMQ- A AITP 
« i(AM. -fg-AN. If,) 

“ I cosec A, 

.% ^ PQE= A APQ+ A AQR+ a ARP 

“ i (Pi'f2”P2'fi+P2'fs”P}'1f2+Pi“fi* Pj "fs) cosec A 


« i 


1 Pi -fj 

I P2 

1 P3 -fj 


cosec A* 


B 

2^ [ 


P, % 
P* -iz 
Pi 


V a« + dP + c1“2A 


where R is the circum-radius of ^ ABC- 
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Alternative Method. 

If PjPbP#. P2P3P* be two triangles on the same basr* 
PaP« and P^P* meets P1P2 in 0, then it is easy to show 
that 

6 PiPsPi PlO 1 • / O S 

a P,P,P« " ^ 

Since 0 lies on the join of Pi and P^, we can take the 
co-ordinates of 0 in the form (a, + Xai. Pj+XPs* Ki+X^/j). 

But 0 , Pj» P4 are collinear, 

/. |a, + X «2 Pi + Xpg I ®0 

i -3 Pi 

i »4 P. 

. p.p.p. 

■ 6 P,Pjp 4 


% 


1 


where X* 

00 

• 


P. 


e 

P2 

(1) 


P. 


1 

P) -^1 


<*4 

P. 

t. 


a4 P* *f4 



Now we call find the area of a i PQR wlioro P, Q, R 
*re («„ P„ f,), («s. Pt, * 12 ), {«». Pj. f3). 

apor- P_aqR AMR . i ^0 

from (1) 


ABC 

p. 

ii 

4 

2^ 

0 

0 





a 




«j pj 



0 

2^ 

6 

0 


“j P> 

% 


0 

0 

2^ 

c 


R 


2 ^ 


«, P. f. 

Pj tt 


«j Pj *<j 

Cor. Ev^ equation of the let. degree in «, P. *f re- 
presents a st. line. 
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Distance between two points. 

Let P|,P, be two points 
whose actual I trilinear co- 
ordinates an* 

(«,. (3„ t,). (a,. (3„ r). 

Throujfli P|, pg {iraw 
parallels to BC. AB, then 
P,L, = «| cosec B. P|M,* 
cosec B, PjL 2»«2 cosec B. 
cosec B. 

• • (iPj^Cag- a,)cosec B. 

P3Q*C^2-1f,) cosec B. 

^ P,P2*-P,Q*+ qp/ 

-2P,Q.QP^ cos 
-((a2-a,p + (-rg--t,)2 

+ “ ai) (T - If,) cos B] cosec*B 

Put 

iiX + 6/* + cvJ. 

• . rT»A* + +2tf rA V * 

Sabstitutiiifr in (1) we jrot 

PD2-r M. t. 6*M^-tf*A*-rV 1 

A +0 -t- H Icosec^B 

*1 flX* cos A + cos B +c cos C 1 ^ 

^ J tfc sin* B 

** <®i-«k)’ + «» <-ok B(0|-P*)» + 

ccosCCr.-fa)* J 

Again. oX’- - 6X>*'- cXv. cti*= -oXv- 6K'. 

Sul^tituUnj? in ( 1 ) we get 

P.P.^ = - cosec^ b[ j 




ac 


abc 


WI [«tH. + 6i,X+cA*] 

[«»(ft -PJC*. - -it + frCf, - 1 J{a, - «,) 
+c(“i-<«i)(^i-Ps)l 


.(») 
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m 


The expression for the distance Pj Pj may be wriiu.n 
P.Pi'=-^(L* + M* + N^-2MXc.-sA-2NLco.B- 21.JI . nsO 

where L*Pj“^ 2 — — X* ajP,— 

Cor. If P(«u P|. Hi). Q(a,. Pj, H^) be any two points on » 
given line /a+»ip+nH^0. and^ tbc iierpoinlit nlar from u 
given point 0 (/. p. h) on the lino, them 

^^P(i=Z.OP(J- / fi /< - 

l-lp . -<1 

I 02^3 %' 

. //» rwg ■V nh 

^ ^ U* + m* + «* “ 'Imn cos A -2 m/ cos H - 2 /«> cos C) 

from (//i) 

137. The equation of any sf. tine is ot the form 
la +«iP + nH“(), 

Suppose DF is any 
line. Join CF. 

Now since CF passes 
through the intersection 
of u»0, S^O, its equation 
is of the form /« + «j6 =0. 

Since FD passes throntrh 
the intersection of H*o. 

/a+ffip»0. 

ite equation is of 

the'form 

[/« + mP 4 *f» H= 0 . 

The numbers (/. m. n) 
which define the position ^ 

of a at. line are called the eo-onlinates of (he line. 

1 37. 1 . JJm at infinittf^ 

Ijet a at. line /^ + «*! + ^ 0 cut Ihe silo of ^ AJ3C. 
each externally at the points D. K, P. whore (?. »i. an* tin* 
homogeneous co*ordinafo.« of a poinl. 


C 



It is oasy to show that 


BD 

me 

CE 

na 

AP _ th 

CD 

nb 

' AE 

Ic 

* BF mci 

BD 

m 

CB 

n 

AK / 

CD 

n 

• AE 

1 ’ 

BF M. 


(TriliTinats) 

(An*ais). 
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Now as tliP Hnp fpcckIos in any direction, each of the. 
ratios t«nds to unity. Thus its equation tends to the limi- 
ting: form * 

{Tr.) rt<i + 6)3 + c*/*0. (Ar.) X +y +« *0. 
Alternative Method. 

Talvo ft nr point in the plane of the trianifle of 

rofproiicp ABO. Let AP. BP. CP meet the sides BC, CA, 
AB ftt L. "M. N : and let MN, NL, LM meet BC, CA, AB at 
T/. M', N' respectively. 

Tt follow.s from the theorems of Ceva and Menelaus 

that 


A 



(i) L,l/ are harmonic conjuirates with respect to B, C; 
M. M' with respect to C. A : N, N' with respect to A, B. 

(«) L^ N' lie on a st. line which is known as the 
polar of P ic. n to ^ ABC. The point P is called the pole 
of this line. 

If the point P be taken at the centroid of A ABC, 
L, M. N will be the middle points of BC, CA, AB respective-^ 

ly* 

L*. M'. the harmonic oonjugrates of L, M, N 
will be situated at an infinite distance. 

Hence the polar of G w. r. to ^ ABO is the line 
at CO. 

To find the polar of a point w. r. to ^ ABC. 

The equation to AP is —r . 

n 

.• the equation to Al/ where 1/ is the harmonic 

conjugate of L w. r. to B and C, is — * — ^ . 

w w 


TBIUVEAR CO“ORmNATKN 


The Hne L'M'N' passes fhi-ough L' i)k' hitei'-i-c i ii>ii oi 
the lines 

£=o- 

Its equation is. therefoi*e, of thr f(»nn 



Kow M' is the intersection of the liii« > 

^ ^ 

-a 


Since M' lies on {!). A 


V • 


Hence the polar of P Is tflwii hy ilie ^•<^n»ti(nl 

J +_?. + .0 

r V 

If (a', p*. 'i') he the Trilineai* co-tinlii atrs o\' P. 
know that 

I*;,'; V-a^':6«P':cr*t'. 

If P be at G the centrohl oi 6 ARC. tin* eiiuatimi 
to the line at t* 

-I 

p ^ r 

When thccoulroiil ia the unit point. r. muP flu' 

j{i )0 at oe becomes (in the Areal System) 

.r+y + «*0. 

When the unit point is at the InccjHro, 

1 1 1 

p: q : r- • T * ^ • 

^ ^ a o c 

Hence tin* line at o® becomes (in tlieTri linear S>>tenO* 

fga + +c*t “ 0 . 

When the unit point is the ••rthorentre. we Iiavi* 
p •. If : f=cot A : cot B : ent {\ 
and the line at lakes the form 

? Ian A + *J tan tan ('*0 

137.2. Condition for parallelism. 

The two lines 

ii* +iniP+»iK*0, 

will he parallel, if they concur with the line ut «« 

c*f — 0 . 
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The coinlitinji that those lines may be concurrent is 


»«i Hi 

h fii 


* 0 - 


<t h c 

of the St. Jino through 

,1 ) parallel to the line uS +„,j5 + „-^-y ® 

of » "" 

/. any line I! u ia of the form 

/a + wP + n1-X {aa + 6p + c1)«0 
If (tt'.P'.T) lies on it. we have 

Rliminatinjf A. w<» g^t 
D /« _ 23 
l3/«' aa' 

as the equal ion of the line required. 

138. Metric Properties. Metric line-co-ordinates. 

Let [/, m, n] be the co- Y 
ordinates of a line und p, r 
the perpendiculars from the 
vertices A. B. C of the tri- 
angle of reference. The 
relations between 

, U, m. n].[p. q,r] 

Will now be found. 

X^t the line [/, m, n] meet 
the sides of the triangle of 
reference in points X, Y. 2. 

Suppose that the actual tri- 
linear co-ordinates of X are 
(0, jS, 80 that 




6 

• w _ 

e e 

R 

• 1 . -6 

P “ c • 

c"f 



BX 


c 

CX 

. « ^ n 


hq 

cr 

■ 



^ CXa 


hq_ 

cr 
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.(l) 


relation 


Similarly 

(6) If the system of co-ordinates be areal, we have the 

p 


(lO 


138.1. Identical relation in line-co-ordinates. 

Lot^, rbe the perpendiculars from the vertices of 
the triangle'on a given line, and suppose that B„ Bj are 
the angles which the perpendicular q from B makes with 
BC, BA, then obviously 




cos Bj, — ^•cos Bj. 
c 


{fit) 


Now cos B*cos(Bi + Ri)»cos Bi cos B,-sin Bi sin Ba 

or fcos B-cos B| cosBjl^'^sin' B| B* , „ . , 

• (l-cos^Bi) (l-cos^B?) 

cos^ Bi + COS* Bi-‘2 cos B cos B, cos B-.»*sin* B. 

Substituting from UHl we have : i « g u 

(p-fl>2 + ‘2oc (o - r)(^ - g) cos B-tfc B 

where A is the ares of the triangle of roferenco. 

Removing tho brackets, the result wlien simplifioil 
takes the form 

oV + 6V + c*r*-26c cos A.gr-2ca cos B.rp--2ab cos C.^fl 
^ (v) 

Put X-g-r, then X + M'+v-O. 

X+r» -H* or2Xv*M^-X2-v*. 

Substituting in (iv) . . „ 

4 ^**^X*+aV + tfc V*) cos B 

or 6c cos A (<?-f)* + c<i cos B (r-^)*+<j6 cos C (/>-«)* ^ 

— 4 A* . 


A«ainX’=-X(t‘+v)--X*‘-Xt.. v‘--Xv-M‘v. , 

Prom (io), - c* (XM- +-Xv) -a’(Xv+t*v)+‘2ocXv cos B-4£k 

or o'(r - P)(p - <i) + 6* (a - r)(/) - a) + c' (a - ^ 


t>fl 


u1 


Ex. Prove that Iltg • rf cot A— 2 A. 

138.2. DisUnce of a point from a line. 

Trilinear System. Let (a'. PM') be trilinear co-onJi- 
nates of a point P and /a+mp +rt‘t *0 be tho equation of 
a given line L, then with the usual notation 

I _ w ^ n_ QOS A1* 

ap hq Gf 
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Let d denote the distance of P from L, then perpendi- 



toTar^" 

Hence the equation of L' is 

TK-. “ff -#>« t - '■)■'' -0. 

inis passes through {«', 

K * 

r*-'*’ ”X~ ^T" <^<^A.-2nl 008 B - 2im cos C, 
The fonnula in tiis form holds even if fo' 13 ' *i'] urt^ 
proportional tnlmear co-oi^inates. • • i J are 

In Areals, the corresponding formula is 

_. +#is' 

v/(Ea*/*— 226c»ie cos A) * “ 

‘wo lines. 

(0) Inimear Syslent. 
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Let 

l^a + mfi + n^i “ 0 

be the equations of two lines OX. OY and S 
Ltween them, then with the usual notation, we have 

M, cos AT 

• 2^ 


I> _ 

m\ ^ 

«i 

§■] 

1 

hQi 

cry 


mt _ 

*tz_ 

apt 

Hz 

cn 


*2^ 


Regarding OX. OY as axes of co-ordinates, the co- 
ordinates of A. B. C can be taken as 
{p, cosoc e. Pi cosec &). («, cosec ©. 9, cosec ») 

(n cosec 0 , r* cosec w). 

The area of the trianjflo ABC is 


t sin ^ 


Pi 

ri 


Pi 

as 

ra 


cosec’d* ^ 


sm 


(g ir.j - g,ri) — pj gi) 


5 I 

abc K,^ K,* 

where KisSij*- 22 mjni cos A* 
and cos A. 

or sine— 

w 

Otherwise :— * .... , 

The anjjlo between any two st lines is the same as the 
anglo between the lines parallel to them. 

ABC is the triangle of reference. Draw 
BP II l|« +mi6 + «i*f** 0 andCP || L<t + maP + n2‘f®0. then 

CP « Wj «»*)« + (cma - 6««)P **0. 

P the point of intersection is 

6 ^ (cmi— ^«i)(cmj -6na), (1 >Mi 

where • TOjni) + +c(li"*2 
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Now = (c«I 2-6«2)*K, 


and PC- — (cmi • Kj. 

If 0 he the angle between the lines, 

PB.PC sin 0—aa, 

sme = ^ 

abc v-KiK* 

whore K,=-/,* + ,n/ + nr^-2»i,>j, cos A - 2n,/, cos B- 

2lrmr COS C. 

(6) W’e proceed to determine cos 6. 

Lemma: If 2fl:*»+22/w-0 he the equation of a conic 
ir/iMe faiigenhal equation u SAi’ + 2EFm«^0 the usual 
tnm '°’'^ aHd PU,. y,. „). Q(,^ *,) ,,co points in the plane. 

+ 2E/,.*,)(^« +22/,:*,) - [2a»,*, + 2Xy,*, +,,»,)]* 

side equated to zero expresses 
the condition that the point Q naav lie on eithar of tha 
tangents from P i.s. the condition that PQ mav KanVw 

si n A? 

K, K, 

COS A)* 

Ki k; 


cos^ 0 


cos e - A 

VK.K, 


r(«‘) 


I. Parallelism. Two lines ^ - wi ^ 

parallel, if X^Ou, if 


h 


m, 

mg 


«3 

"2 


- 0 . 


are perpendi^8r^c'^^'=o'^“ 
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viz. iii 2 + rtijm 2 + /ii« 2 -(min 2 + m 2 Bj) cos A - (rti/j + na^i) cos B 

- KjWg + i^mi^ cos C*0. 

III. The equation «a* + vP^+tt>'^^+2«'3‘V + 
2w'^?^0 represents a pair of perpendicular st. Lines if 

uvw + 2«' v' u» - wtt'* — w'^ “ wiz'^ — 0 
and M+v + » - 2u' cos A“2p' cos B -2w' cos C»0. 

IV, The line lo. + + nf «0 meets ot » 0 in P. 


Pi « -^1 


2^ 


where P is given by — *• . 

^ *'0 rt — 1 « o« - cm 

The line through (/ A) parallel to the line (/, m, m) 

meets « *0 in Q. i” 

o (<rn • ci)/'*’ (6rt • cml g 


{bi ^em)/+{bn^om)h 

^ 

(6»- cm)(a/+6g+cft) 


NowPQ*- - 

If B be the angle between the lines a ^0 ami (/, m, n)< 

2 a 6n*cm 


sin B^ 


abc 


v/K 


Hence the perpendicular from a given point (/, g. h) on 
the lino (U m. n) « PQ sin B 

+ 2»n« cos A - 2»/ cos B-2 /w cos C) 

V. The line passing through Q(«j, "^ 2 ), Pa, 

is La + Mp+Nf=0, 

where L-Pji la-PjItf, *f3.N*«a Pj-«j Pa- 

Porpondicular from P{«h Pj» 'fi) on QR 

L«,+M0,+N1i _ 

“ V (L^ + + N‘ -2MN cos A -2NL cos B - 2LM cos C) ‘ 

Hence the area of the A PQRs^ p. QU 



“2^ {La, + MP, + Nf,) 
Pi H. • 

P, % 

P, 1, 
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Conversely, 

QR’=^ 2 (L^ + M*+N*-2MN cos A-2NL cosB-2LM cos C), 

139. Circular points at infinity. 

The equation 

— 2«« cos A - 2n/cos B - 2/w cos C=0 breaks up 
into two linear factors. It does, therefore, represent two 
points. The corresponding point equation. i.e., the envelope 
of the line /Ar + wy+««*0 which moves subject to the above 
condition is found to be the line at infinity taken twice. 
Thus the points represented by the equation lie at infinity. 
The result may be obtained otherwise thus 
If [l, m, fl] be the co*ordinates of a lino and p. g, r the 
measures of the perpendiculars from A. B. 0 on the linSi 
then 

^ hq ^ cr , 

— ■ — . say. 

I m n 

From Art. 138.1 (v) then 


+ cos A— 2«/ cos B-2^w cos * • 

If p. q, r also tend to infinity, thus 

2m« cos A-2»j cos B -2/« cos C“0 ...(«) 

is the envelope of the line at infinity which is seen to 
reduce to two points. The coordinates [a. b. c] of the line 
at infinity are easily seen to satisfy this equation. 

The points are called the vinular points at infinity. 

(&) The corresponding equation of the circular points 
at infinity in areals is 

tfV+6*m*+^n**2mB6c cos A-'in/dc cos B-2/wd6 cos C*0 

...... («V) 

If I (*®» yoi ^o) ®nd y'p, s'J be the co-ordinates of 
the circular points at infinity. 

1 1 1 - 2 cos A — 2 cos B 


• 2 cos C 


(in trilinearsl . . («f) 


d* b* c* —26c cos A • 2cc cos B 
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m 


139.1. Co-ordinates of the Circular points at Infinity. 

AVriting the equation U) as a quadratic in 1. 

1^-21 in cos B + m cos C) + tw^ + «*-2/« COsC) *0. 

• cos B + »» cos C)*± 

>/ (n cos B + « cos Ci- -(«.*+«'- '2n>« cos A) 
= (n cosB+mcos C)±« (« sin B - «■ sin C) 

or ( - i + ,« cis - C + .. ois B) ( - i cis C + -. cis - B) 

Thus the co-ordinates of the circular points I. -1 at 
Infinity are 

At) 


I ( -1, I (-1. 


The coordinates involve the elements of the Inanglo 
of reference only, iherefora far a fixed triangle of reference 
the points are fixeil. 

Illustrative Examples. 

(1) //ABC. A'B'C are Iwo trintiffles such tfcat AA'.BB'.CC 
are concurrent, show that hC and BC'.CAamf CA.ABond 
A'B^ meet on a line, and conoereely. (Desarague a Tlieorem) 

Ut ABC be tb© iriangl© of rtfereoe© 
aod U the unit point, tjince U U 
and A ll.O. 0)» tb© co-ordinatee of A 
are of the form, (1. I, l^X). Similarly, 
tb© co-ordinates of B'.C ar© of tb© 
font! 

B'(l, Ih 1+v). 

Th© equation of B'C is 

I X y s 1-0 

I l+M- 1 

I 1 1+v 

or + sH— 0. 

Siroilarly the equations of C^A^ A^B^ ar© 

— afv+y(X + t»+Xv) - sX«0, 

-J^x-Xy + stM' + X+H'Xj-O. 

Tb© lines B'C^ G'A^ A'B' meet tb© lines 

BC(*-0)» CA(y-O). AB(»-0) in points 
X(0, Y(-X, 0, v), ZfX.-P*, 0) 

and all those points li© on th© lio© 
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Otherwise, 
written as 


The equaUons of B'C', C'A', A'B' cao be 



which shows that B'C*, BC ; C'A’, CA ; A'B', AB meet on the 
line 



- 0 . 


To prove the converse* take ABC as the triangle of reference 
and XyZ the unit line *+y+s» 0 . The equations of the sides 
of A are of the form 

B'C' (l+X))r+y+Y»0 

C'A' 

A'B' Sf+y + (l +©)«■(). 

The eqoatioDS of the lines AA\ BB^ CC^ are clearly 
#^y — — As + v««0, Xar — 

I 

t 

V 

( 2 ) If A,» As, As he a triad of coUinear poirUt, and B].B2,Bs 
another triad of cofftnear points^ then the three poinlt of inter • 
section of three paire of lines A,Bj and BjAi, AjB, an<f A3B3, 
AjiBs and A1B3 fte on a st. line. 

Let the lines A) A^ 

B)BjB3 meet in 0 . Take 
the triangle OBjAi aa the 
triangle of reference, so 
that the coord! natea of 
Ai,Bi, 0 are reepectivelj 

(1. 0, 0). (0. 1. 0) (0. 0. 1). 

Suppose that AiB], B9A3 
meet is X, AaB^, A|Bs in 
y, A3B3, B]A2 in z. x^t 
the line which joins X.Y 
be taken as the unit line 
* +y + s = 0. 

The equation of A^Bs 
is of the form 

*+y+«o-0. This meets ar*0 in which lies on 



and these lines obviously meet in the point | ~ , 
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mb 


Thus tb« C0'0rdinafc€a of E» can be taken as (0. v, — 1). an<l A: 

( + V, 0» — 1). I^t the co-ordinates of Bs be (o. p, q). 

The equation of Aj B5 is therefore — Thus the 

equation of A^B* is of the form AU + y + *) + qy — 

This passes through Bjto, Vj — l), hence 
The equation of is therefore 

(^ + ^v)4r + y(^ + q) + *{qv + ^v)s®0. 

The Hoe + + q) + s(^-l-q)r] - passes 

through the intersection of AiA*. A^B* and passes through B|. 
Thus the equation of BjAj is 

ip *** qv)x'¥ tip + q)v • 0. 

The equation of AjBs is pfvqy + zvp^O. The Identity 
((^ + flf )* + *(> + g)o] - [^x - vgy -h «v/»]s^v(ar + e/ -ha) 
shows that the lines B|Av, A)B| meet on XT. 


(3) The co-ordinates of some important points and lines 
connected with the fundamental triangle are given below for 
reference. Verifj' them. 

Trilinears. .Areals. 

Incentre (1» 1* ij ia, h, c) 

Bx-ceotre opposite to A ( •• 1, 1, 1) (“n, b, c) 

(Urcum -centre (cos A, cos B, cos C) (sin 2A, sin 2B, sin 2<') 

Centroid /I I I \ n 1 i\ 

la ' b • T) ” 

(_U . -L- 1 .] 

Orthocentre \ cos A ' cos B ' cos C / (tan A, tan D, tan (') 

SiDe-i>ointc«ntr6 '®»C-A, ((a cogB-C. 6 cost' - A, 


COS A 


Midpoint of BC 
Median AD 
Interior bisector of A 

Esterior biaeetor of A 


-b) 

K-7) 


c COS A 


~n) 


(0. 1. I) 

lo, 1,-1] 

[O, cos B,-cos C], (0,c«tB, -cotCj 


to, 6 ,-c] 
[ 0 , 1 ,- 1 ] 

[ 0 . 1 , 1 ] 


Altitude AL 
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2 . 

3. 

4. 

m 

5 >. 


Exercises XLl 

Using Trilinesrs, prove that the following triads of st, lines 
concur at a point : — 

1 . The medians of a friangle. 

The altitudes of a triangle. 

The right bisectors of the sides of a triangle. 

The internal bisectors of the angles of a triangle. 

Prove that the circumcentre. centroid, nine point centre 
and orthocentre of a triangle are eollinear. 

b. Prove that the middle points of the diagonals of a 
complete quadrilateral are eollinear. 

7. Given its centre and radius, find the Trilinear equation 
ot a circle. 

penning a conic from the focus-directrix pro- 
perty or defining it as a curve which is cut by an arbitrary' 
8t I me in two and only two points, we see that the equation 
of a conic IS of the 2nd degree in -f and conversely 
the goueial equation of the 2nd degree in a, "f represents 
a conic. 

Let ♦(a, P. If)— Ma* + vP*+wir*+2tt'(3if + 2v'-fa+2w'<tg-() 
be a conic and P(«,. P,. -f,). Q(«y, two points in its 

plane. Any point on the join of these two points can he 
represented by (^i+Aaj. 'fi+Xfj), where A is a para- 

meter. If this third point lies on the conic P, the points U 
and V where PQ cute ^ are given by the equation 

which is a quadratic in A 

where Pi. if,). -f J. 

Let A,. A 2 be its roots. The polar of P cuts the line 
PQ in a point Q which is tlie fourth harmonic of P w. r. to 
U. V. .. (OAi — 1, f. e.. ^,+A2»0. The condi- 


tion for this is ft ^ + ^2 






dp. 


(1) the Hnetf,|| +0, || 


dP 

dn, 

90 


0. Thus 


9^ 


=0 or 


is a tangent to the conic^^ at P if P(<.„ P,. H,) ig on the conic, 
otherwise the polar of P w. r. to 0. 

Noti<» tl^t in the solution of problems, it is often use- 
ful to assign 0. » to the fundamental points. 
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(•2) The equation of the pair of tangents iVom 


i. €., where P*0 is the polar of P. 

1 40. 1 . Pole of a given line. 

Let the line be + ami suppose 

(®h Pi- *^ 1 ! is its pole w. r. to 

The line io+wP+nl-is therefore identical with 


whence 


„-3± + •(-«- - 0 , 

3cii 3 Pi 3TIi 


3^ 3^ 3£ 

3ij.M) = il'=2X 


/ 


say. 


m 


n 


These two equations give «i : Pi : T| 


that 


u>'a,+vS| + 

v'a I + «*Pi +wTi “ Xn. 

_ Pi • — 

+ + /W' + «V + «1V tV' + wU' + «W 

when n. V etc. are the co- factors of «. v etc. in the 
rietermiiiant. ^ ^ 

^ U W V 

v/ V M* 

I v' u' W 


140.2. Centre of a conic. 

Def- The pole of the line at infinity w. r. to a conic is 
calle<l it centre. 

Tlie line at « is a«+6p + c*t*0. 

If (<ij, p,. -y,) be its pole w.r, to f, this must be the same 
as 

a^/3gi^ a^/aP i_?^/3*fi 

a h c 

Thus the coordinates of the centre are determined by 

a»/aa-a0/3P,a»/a^. 

<i 6 c * 

a. 1.1 they are[oT: + 6W' + cV'. aW'+J.V+cTJ'.flV'+6tI'+cW). 
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140.3. Tho line 


' si Is *" gf-" 


with the comiitioK /fl+mfc + nc-0 

Exercises XLII 

1. Shotv that the line 

Jt‘JUL _3i_+ ’±zf 3? J. i-m 3> ^ 

« 3a 6 3^ c 3-Y 

rejireseuts in trilinears a diameter of the conic ^[a. f )«0. 

2. Show that the line 

represents in Areals, a diameter of the conic fix, y, «)»0. 

140,4. The equation 'of the chord whose mid^point 
IS given. 

Let {«,. Pj, be the given point and (««, |?j. Yd the 
point at infinity on the line whoso mid-point is («,, 3„ Y,). 
The equation of the line is 

«2(Pfi-P.*f)+ft({'f«i--<.a) + fs{op,-a.8)-0, 

The point (a,. Pg, f,) lies on the polar of (a,, p,. •/,) a,i,i 
the line at infinity. 

- df , A dP 

^ 3a, 3fT“‘’- 

oae + jPs+cfj^O. 

Thus the required equation ie 

« • P y =0 

“i P. f, 

14 L Tangential Equations. 

The tangential equation of a curve p(cc 6 Y)=0 is the 
same as the condition that the line shonM 

be a tangent to f. 


1 j w : n are known as Ungeiitial coordinates 

The condition that the line la+mp + „f=0 should be 
a tangent to the conic 

«®*+'P*+w‘<’ + 2w'8K+-2v''(a + :iw'oP=0 
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is 4-(/.m.«)sU/» + V,«- + Wn2 + -2U m« + 2V'n/ + 2W'/,»-() U) 
where U. V etc. are the minors of ». v etc. in the iletormi 
nant 

f t 

» w V . 

/ f 

W V Ml 

v' 1/ If ^ 

A ( 1 ) represents the tangential equation of the conic 

The class of all lines which satisfy tlie equation. 
Ml. ttu n) *0 touch a conic whose point equation isi^(«,0, (». 

We now proceed to consider the conic as generated by 
a line (considered as an element). 

141. 1. I-ct (/i. «•,. n,J. (/j. mj, ftz] he two lines in the 
plane of the 4-conic. The coordinates of any line throngli 
the intersection of the above lines are 

(ij + «i + XpIIj. Hi Xwi). 


This line will touch { 1 / if 

. ..{it) 


This is a quatl ratio in X. therefore tlicre ai*e two lines 
through the intersection of Ih. iin. mj. |/ 2 « which 

touoli the curve ti). M. through an arbitrary point two 
tangents can be drawn to ( 1 ). whicli is ex)ji'essed by 
saying that the curve is of ftfvoml and is lhei*efore a 

conic. 


141.2. Point of contact of a tangent. I<ot I/i, mi. nj 
he a tangent to then 4(l|. my, ni)=0. From a point on 
[ly. mj. ni] one more tangent can he draw'u and its pani« 
inetor is given by the equation 


\Ml‘j‘ Mi.N nz)^ 2/i *0. 

Olji 

If the point is the ^poiut of contact of |/. wj. mi). tlic- 
•cond value of X will also be aero, hence *0. Thus 

tfiz. Mg] is on the point 

34 . 94 . 34 _ , 34 . 94 . 94 

li ^ +«) +»! » I ^ — +M 5“ “t) ...ho) 

3/ 3m 3n 3/1 3mi 3ni 
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141.3. Thepoleofthe line [I,, m,. n,]. Let the line 
«,J meet the conic in points?. Q. and suppose that 
the tangents at P. Q are respectively [/'. m'. n']. ft'’, m", n''l 
fhen the equations of P and Q are ^ 


The line (/,. m,. n,) goe.s through these points. 

94' 


^ . ,3'J' , , 


irti 


- 0 . 


vh OfH} 




which shows that the tangents „'J, [i", pass 
tlirouRh the point • 


, 9'!' . 9'!' ^ 3>^ 

‘di, 3^ ~*’”’ 


34' . 34^ „ 


3/ ’ 3« 

Cor. 1. If the lines (/,, wj. «,], ( 4 , n^J are coniuffate, 
we have 

S'i' . 9'J' . 94^ 


• w ▼ . 

3«, 


0 . 


Cor. 2. If the lines [/j, mu »i)» ms. nt] are conjugate 
equation (ii) gives two equal and opposite valuer of X. 
hence the corrugate hnes w. r. ton conic through a point ai'c 
harrnonicalig separated by the tangents through the point. 

Cor 3. Two lines are perpendicular if they are con- 
jugate io. r. to the degenerate conic I. J* 

141.4. To find the points of intersection of a line 
and a conic. 

Let [It, mj, fii) be the line, and ma, «,] anotlior line 
in the plane. The parameter of the tangents through their 
intersection is given by the equation Ui). If these tangents 
coincide, the point lies on the conic and [/,. mi, «,] and is 
therefore an either point of intersection. The condition of 
equality of roots is 

4'Un f»h «i) Mti, m2. «2)*J ( li l^ + m, 

' o»s o»»i 3^2 / 

Thus [id, m 2 , goes through 


Ml. m, n) Mhf mi, «i) = l ^ 


m. 


34/ 




3+ 




3« ' dn . 

142. Conics connected with the triangle of reference. 
In equationof a come, there are five independent 

constants. So m_^er to fix a conic uniguelv we l•flfI1li^e 
five conditions. We shall suppose three conditions to be 
given and investigate into the form the equaUon tekes 
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when the conic is (t») the ci ream conic of the triflugle of 
reference ib) the inconic of the ^ of reference ic) i ho 
conic for which the triangle of reference is self-polar. 

1 42. 1 . Ci rcum- conic. 

(а) Let the equation of the conic be 

This passes through the points 

(?f.o.o). (ao.^;). 

viz., through the intersection of Jf*0, : •/«(). ci—0 ; 

«-0. P*0. 

Thus the equation of the oii*cumcouic is of the tonn 
ypf+^Itt+Aap-O. U) 

(б) Tangential equation. The equatioji of the tangont 
at (*'. y\ s') is 

wliich is ulantial with /* + my+Ms"0 

T / 

Hence the required tangentical equation is 

xZ/T ± ^gm ±\/h^^0. Ui) 

The rationalised form of the equation is 

+ “ *2ghmn — ^Ih/n! - *2/g!m^{). (m) 

142.2. Conics touching the sides of the triangle of 
reference. 

(a) Iaj! tlio conic be 23i<e*+‘22)«'P'f«0. Tliis touches the 
linen a —0, ^“0. s*“0. 

/. 

If therefore we replace «. v. v. by u\ we gi*i 

u ^ t,vv>, v' ^ tuw^ uf' ^ ±Hv, Thus tlie equation of tlie 
conic can be written as 

M*a2 + v^*+w^1*±*2vwp-f±2wii"ia±2»vaP-U. 


For all positive or one positive and two negative 
signs, the expression on the left is a perfect square, tlion*- 
fore such combinations of signs have to be rejected. We 
thus have the four conics which touch the sides of the 
triangle of reference. Their equations are 
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+ v* 3 ^ - 2 w 3 i - - ’iwoflC =0 . . . (>'v) 

M2a2+v^S«4-w-1*-2vw3‘r+*>w»a*f+2»t;a3«0 (v) 

tt*a*+v^g*+tp^f*+2vn»P"/-*2u»Ma"f + 2ttt»aP“0 ... (vi) 
+ 1;2(33 + tt,2f2 + 2vtt»P*r + 2ttiMa-f - 2«vaiP- 0 [vii) 

where u. v. w are positive. We may clistin^uisli hr>w«‘i'n 
the four conics. 


The lines which join the vertices with rho pojiHs of 
contact of conic (iv) with the opposite s'u\o< res- 
pectively. 

«« — v?*0. 

The vertices B anfl C are on the oppo.«it«* .<U]r< nt the tirst 
line. C and A of the second line. A and B of rlio thinl line. 
Thus (M represents the in«conic of thotrianaic nf reference. 
The equations (v). (vi), ivU) represent the e-c-onies opposite 
to A, B. C respectively. We may also point oni that if » 
be replaced by -w, it becomes (v). Thus eqitnfion (iv) re- 
presents for different values of o. v. w nil the <*onies which 
touch the sides of the trianjrh^ of refoivtice. The signs of 
u, V. w are given below for each type nf oonie. 


In-conic 

u 

+ 

V 

+ 

U* 

+ 

E-conic oppasite to A 


+ 

+ 

E- conic opposite to B 

4 - 

• 

+ 

E-conic opposite to C 

4- 

4- 

A 


The equation (tv) can be written in an irrational form 
We write {iv) as 

(h« 4* vp — w"f)**4»v<*P 

««+vP±2v'i;55 p -w*# 
or (v'iTa ± 

Thus the equation may be written 
y/ua ± v'^ ±v/*^«0. 

equIoL ^ equivalent to four 


+v'^ +v/wt «0 
- +v/^^+v/i?j =0 

=0 

y/ua +vAp-v/^=j =0 


•U) 

( 2 ) 

( 8 ) 

( 4 ) 
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Suppose that the conic is an in-conic so that u, r. w art> 
all positive, then there is 
no real point on the conic 
which satisfies (1). For (2) 

Vvp ,>/««> ^ w't 
or 

Now u«-v3=0 is the 
equation of CF, ua-vP>0 
is the totality of all points 
which lie on the positive 
side ofCF, and A is on 
the positive side of CP. 

Similarly A is on the posi- 
tive side of BE. Thus 
equation (2) represents those poinU on the conic which 
lie on the positive sides of CP, BE, *. r., those points of 
the conic in which A lies. Thus part EP is represented 
by (2). I^imilarly (3) represents DF and (4) DE. 

We will take (1) as the standanl irrational equation 
of any one of the four conics. 

{b) Tangential equation. The t^nj^ont at («', (S', 
to (I) is _ 

•v/t.+^v/;.-+ V?-" 



6 


which w identical with /^+i«P + n‘/“0 

. Xv/T 


m 


n 


Thus the required equation is 

tt , V . w ^ 

+— + — «0. 

I m rt 

142.3. Conic with respect to which the triangle of 
reference is self-conjugate. 


(a) The polar of ( + * 0 


which is «*0, thus v'*0. Similarly i*'*0. Thus 

the equation of the conic is 

tta»+vP*+w-f^-0. Ux) 

(M Tangential equation. The tangent to Ux) at 
(*', P', K') ie + vPp which is identical with 

I a + mfi + ft'Y * 0, 
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Since («', S', -y') lies on the conic, therefore the 
tangential equation is 

— + — +~* 0. (,) 

niustrative Examples. 

(1) Show that the locus ofU^ centre of the conic {triline are) 
Syz + + hxy = 0 

which pastes through (x', y\ *') U a conic whose centre it 
(2ax'-*’dy* + c9')i ^ (ax' + 26y '+«'). 

^ (ax' + by' + 2c«0 j . 

Ijet (xo, ^o) be the co*ordiaates of the ceotre. Its polar 
x( hyo + gxo) + y( hx^ +/ao) + »(< *o +/yo) • 0 
is identical with ax + 6y+cs»0. 

gZo'^hyo^Xa^O 
fso **0 

/yo-^gxo -Xe -0 

/ j. g • h 


Thus 


X y » 


0 zt> yo a 
ta 0 xq b 
yo xp 0 c 


4 - 0 


«0. 

* 0 . 


X y 

Hence the equation of the locus of (xo, yo to) is 

Suppose the ceotre of this conic ie (xj, y, 2 ,) then 



TRItIKBAR CO-ORDINATES 


395 


whence 

+ + - (*• +«') 

( 2) If the conic ux^+v/‘^w9* + 2/yz + 2gzx *2hxy-(i 

cuts the sides SCi C A, AB of a 

trianfjle of reference in points 
X, X’; Y, Y' 5 Z, Z' respectively 
then will 

BX.BX' C7.0Y' AZ.AZ'., 

OX.CX' AY. AY' B^BZ' 

(Carnot’s Theorem) 

Prove further, that if the 
itnea joining the vertices of the 
U ianule to three of the po nts in 
a hich the conic meets tl%e oppo* 
site sides are concurrent, the 
same ta true of the other three points, ond the condition for this is 
uvu» — 2/^A — - tuA* " 0. 

We suppose tbe co-ordioetes trilinesr end the er^uatioo of tbe 
conic to be 

MJr* + vy* + wsp + 2/ye +2£e* + 2hxy * 0. 

If the co-ordinates of X, X'' are (0, yi. si)i (0, y/, */)» they 
satisfy the equation 

vy* + + 2/ys * 0 

or u> ** +2/ -- +v“0. 
y 3 

BX ^ «!*/ a V 
CX.CX’ y!yr ■ w b‘ 



Now 

similarly 


CY.CY* _ w a* A2.AZ' _ « 


6* 


AY.AY' « • 0* ' BZ.BZ' 


t; 


whence tbe result follows by multiplication. 

Let AX» BY, CZ meet in 0(x), yi* ai)* Tbe equatione of 
AX, BY, CZ respectively are 

«,y-yis*0 sx, -Sx**0 xyi-Xip-O, 

and suppose AX', BY^ meet in y 2 , s^), tbe equations of 
AX', BY' are s:y-yjs®0 sxj-sjX^O. 

.% Uiy-*yi»)(« 2 y“ys*) “d oy^t- 2 /ys + ms* are identical, 


hence 


•» yjya ^ siyg^gayi ^ 
V w — V 



Similarly 


9 XiZ^^xiZt 
ttf w “2lg 
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If the equation of CZ' be Ary/— 

XfXj' _ ;^yj' . 

V u ’ 


• ZL*JSl£ife yiya *j_ 

at/ V ' yi X|X2 * W«,*2 * yj 

(aubatitutiog the values of u and 9 ) 


whence, • . Thua the equation of CZ' ia 

Xi Xt 

xyz-xty-O, 

and this passes through (xs. at)* Thus AX', BY', CZ' 
are also concurrent, and 

_u_ 9 ^ -2/; 

y,yj Xjyj+Xiy, * 


Again 

0* 

X| 


0 

X 



Oj 



9i 

yt 

0 


yz 

yi 

0 I 



Xl 

xt 

0 


9i 

Sj 

f> 



* 

2X|*2 

Xty^-^X2tfi 

*i«s + X2ai 



Xiyj+Xjy, 

^yiyz 

yisj+yjAi 



Xjsa+xjSi 

yjsj + yisj 


n 

-2A -2g 


-0 


i 

V 

to 




^2h 

2 

-0/ 




u 


w 





- 2 / 2 




u 

V 





— u 

9 

* g 


aO 


h 

— % 

^ / 




e 

/ 

— to 





i.4., uvw - 2/g/» - «/* • Vg* - tp//— 0. 

143. Circles connected with the triangle of reference. 
Id the foregoing three cases, we are left with twocoostanta 
in the eg nations of the conic. Hence if two conditions more be 
given, onr conic will be completely determined. For instance, 
if the centre of any one of them be given, the conic would be 
fixed uniquely, for the preacription of the centre means that two 
conditions are given. 
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Kow the only conic that circumscribes the trlaDgle of reler^ 
ence and has its centre at the circumcentre of the ^ is a circle. 

Hence in order to dnd the equation of the circumcircle> we iden- 
tify the centre of the circumcooic with the circumcentre of the 
Similarly the centres of the iocircle or the polar circle are at the 
incentre and the ortbocentre of the ^ respectively. 

143. 1. Equation of the circum circle. 

+gfa+Aa|3*0 

is the equation of the circumcooic of the triangle of reference 
ABC. 

The centre of this conic is given by the equations 
_ fi*ha ^ 
a b c 


JL + -S. L 4 . ^ 

V P - iJjl * 1 — 

b? ' c*f 

whence / : g : -<** + 6P+c*f) 1 PU* - 6P+c*f) : 

'Y(a«+6P-c1) 

If the conic is to be a circumcircle. this must coincide with 
the circumcentre of the triangle of reference, which is given by 

cos A : cos B : coa C. 
cos A( - sin 2 A +ein 2B^ain 2C)*etc. 


t.s., /: sin A coa A cos B cos C^etc. 

S.S., / > g ' h^sin A : sin B :sin . b:c. 
and the equation of the circumcircle becomes 

<l01+hl4+4"fP«O. 
Alternative Method. 


Def. A circle is a conic which passes throuffli tlie 
circular points at infinity. These points will be denoted 
by I and J and their co-ordinates by (Ao. |3^. ^g). 


The equation of the circum -conic is 


This passes through I and J, 

/3eK.i + ^0, 

ype'-f / + « W + “ 0. 

/ .. t 

h _ 

WK57- ^oTb;) 

_ _ / , S 

VfPif 0 ' + - 4-fof 

- /» 

V(5o#^o' + <*o'Pa)*“45;aoW 
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/ fi 


A 


sin A sin B sm C ’ 

Thus the equation of the circum-circle is 
ap'i + fr{a + 

The equation in areals i« 

a*ff9 + bhx +c^«y*-0. 

in tangential equation 

V' al +\/bm + ^cn^0 

'«•• Say-226c«« = 0. 

* Equation of the Polar Circle. The conic tc.r. 

M) which the triangle of reference is self-conjugate has for 
its equation 

This passes through I and J, 

««o^+v?a’ + wV =0 
«a«‘*+vPo'* + u>V*-0 

■■ iSv+p-'i'jfM.'-p."/,) 

U- 1 K lOOU (“A' + 

which by Art. 139 becomes 


u _ V ^ w 

a cos A b cos B c cos C 
Thus the equation of the polar circle is 

a COS A. ft* + b cos B.P* + c cos C.*f*^0. 

The equation can be written as 
(tfft + 6p + cp)(ft cos A + Poos B+1 cos C)— ap'V + t'fa + cap, 
The last form of the equation shows that the polar 
circle meets the circum-circle m four points two of whioh 
he on the line at infinity oa + bp + cl =0 and these points 
are I and J, while the other two he on ^ 

ft cos A+P cos B + *f cos C*0 
which is therefore the radical axis of the two circles. 
Alternative method. 


A i conic ua> + ^p»+„-(^=0 for which 

^ ABC IS self*polar is given by the equations 

— vP ^ wf 

ft b c^' . , 

ft_ . b^ , c 

« ■ 'p • 1 • 


or u : V : 
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But the co-ordinates of the orthocentre are 
sec A : sec B : sec C. 
h:v. iy"sin 2A : sin 2B ; sin2C. 

the equation to the polar circle is 
sin 2A.a*+sin 2B. P^+sin 2C. 

(6) In areals the equation is 

a^yz'¥b^£X‘^C^xy"»(x'*-yi-teKbc COS A.ar+cacos B.y + afe cost.*} 
or cot A+y* cot B + a* cot C*0. 

Ex. Find the tangential eqaaiion of tbe polar circle (i) in 
trilinears, (fi) in areals. 

143.3. The equation of the incircle. 

The equation of the in-wnic is 

y/ uA vP + w*i *0. 

This passes through I and J if 

v/ u^0^>/ 

'/£T7'-vP;t. ” v voo’pr 
V|^V + Pa'-fo - 2 I 

^ ^ v'v 

Vit,«o'+ V“o- ‘iv'«,V'o‘<<>') 

^ w 

y/u v'o _ y/t^ • 

or • - i» p 

cos A. cos cos 

Tims the equation of th e in>circle is 

V/Vc08* A- + \/ Pcos- |+\/ 1cos> -^-=0 

or ^ tf(s-4) a 6)P'+ v'cU^c)*^ 

or 2o*U-tf)***-2EMs-WU-c)pf-0 

**e(3‘y + 6‘y‘i + c‘*p. 

The tangential equation is 

A B C * 

Mfi 008* -g- + nf ooa*-g- + Im cos* ^ *0. 
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Alternative method. 

The equation s/ 7<. + + v''^'-i'=0 represents a 

conic touched by the three sides of ^ ABC. 

Writin^r the conic in the proper form 

tt*a2 + v‘^g2 + - 2vtt»pt -2w«-fa - 2uvaP^0, 

we see that the centre is ^iven by the equations 
— uU + vS"hte>* ^ ^ ~ dP + ^ mCC + vS — w*/ 

a/t4 b/v dw 

which give j«ct : vp : : *— +-2. ;-£ + i- 

V w W W ^ V 

. gg _ 60 ci 

aibw'^cv) 6(cM+-gw) dav'^bu) 

i.€. u : V : w^a{ - aa +c*rf) : 6(ga - 60 +cTf) : c(ga +60 — c'*^). 

But the in-centro is given by 1 : 1 : 1. 
u : V : w«a(s -«) : 6(s- 6) : c(#-c) 
wliere 2s*g + 6+c. 

Thus the equation of the in-circle is of the form 
v^g(s-a)« + v/6(s “ 6)0 + v^c(s — c)'f = 0. 


143.4. E-circles. Proceeding as above, the equation 
of the s-circle opposite to A can be written in either of the 
forms 


v/- « cos* V/ +\/-«siri *^-0 


y/ - as® + \/b(s ~ b)fi + c)K «0. 

or aV<«*+ 6’(s - 6)*^ +e’(s-cl*’** - 2bcls - b){s - c)?1 

+ 2cas{s - b)1et +2a6*(*-c)«/3-0 

or (n. + 6p + c-()[f’ 


eg 


g6 


] 


»gPf + 6ta+c«p. 

Its tangential equation is 

B C 

-m«co^-2 +«^co8* ^ +/« COB* -0. 

144. Tangential equation of the circular points tv, w'. 
V, tv' are given by the intersection of any circle (say) 

< 1 0 ’^ + 6 '^* + cap =0 with the line- at co, «« +^P + ^*jr*Q^ 

And the tangential equation of tv, u>' will be the con- 
dition thafcw, wMie on ia+wP + « 1 f- 0 . 

Solving «« + 60 we get 

« : 0 : If — fwc • f»6 • rtg • /r : lb — ma. 
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Substitutinjr iu r<jPlf=U, we see that tlic 
liijuatioti i*equired is 

a(f/a - - rtitf) + m/r)imc - h6) +c(MC — nb)(na — /c) 

We theretoi'e. ilediice tliat rho lan{;eutia] equatiou of 
u>. w' is known if we substitute tor «. P. ‘f. 

rtic — tta^lc. /b'-ma. 

respectively in the equation of any known eircle in the 
plane. Making thcs^* substitutions in the circuni‘circK\ 
in-circle and the polar circle we ^?et these forms for the 
tHn^cential e(|uations of w. w ' : — 

in the eircum-circle. 

^ aj(«xc — n6)*<l in the in-eircle. 

Stfjcos A (me - «&)* *0 in the polar c'ireU*. 

Those three pinus an* the same e.'ccepf for sojne 
t’onstant factors, anri any one of tlnon e»n be written in 
the form 

+ m-H-w* - 2m ft cos A - 2hI cos K - 2/m cos ( ’ *■ t) . (r ) 

Tf we jfot *|. Pi, Oi.j, Pg, % as tin* co-onli nates- f>( 
Ws fc'. we must have S(l^- 2mn cos A)»r/«| S/fly. 

ecpiating ro-etti(4ent« of cte. on both sides, we tret 

I I I -2 cos A -2« c)sH -2cosC 

These six equations determine w, w', but (/) is a eon- 
ilensed form for the eoo^nli nates of tc. w', 

t44.1. (n) General equation of a circle. A <*iri4e has 
been defined to bo a conic wlilcli pjissestbronirli the circular 
points at infinity. Now. the circular points at infinity, are 
the intersections of the line at infinity and the cirenm- 
circle. Thus the line at infinity is one of the common 
chords of the (jiven circle and tho ci ream -circle. If th«' 
other two points of intersection lie on «« +vP+a»"f *(l. r)n* 
required equation of tho circle is 

0(0. p. fMM<«+vP+w*r)(xia+6p+c-y)-UPf + 6-fa + cap) *«(). 

If ttd + t»P + ty*f «U be fixod, S»a - XSrtpTf *0 repre* 
sentfl a system of coaxal circles for different values of X. 
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'h) Geometrical significance of u, v, w. 

Lei the circle meet the si<lcs of the triangle of referenco 
in points. Ai. Aj, : B(. : 

Cj, C2 then the power of 
A u». f . to the circle® 

ABj-ABj ®AC».AC3®t,^ 
wliere t| is the length of 
the tangent from A to 
the <‘ircln. 

Let the actual tri- 
I i ] lear co* 0 rd i nates of Ci 
iuid C2 be («!. Pi. 0 ). 

(<»2« Ps. fl). then 

AC|»P| cosec A- 
ACj^Pg cosec A. 

ACi.ACj®Pip2 cosec* A. 

Also C|. C2 He on the circle, hence 

+ 6p)“C<*P®0 &nd + 6P®2^ 

a 

*0 


_ «6V sin* A 
6c sin* A 



or 

[•^(2A-6p)+ oP J 

or 

6cP* + ( )P 

4 

4 « 


Thus 

* 6c sin* 


tt® 


6c 


Similarly if ^ 2 * h iHe lengths of the tangents from 
B and Ct 

/** 

'' Cfl ’ 06 

Thus the equation of a circle can be written as 

•(«Pt + 6‘ta+ca(3)«0. 

Ex. 1. Obtain the equations of the polar circle, in-circle 
and e*circlcs with the help of the present Art. 

Ex. 2. Nint-poirU eirde. Let D be the mid-point of BG 
and L the projection of A on BC» then the power of B u’. r. to 
the nine* point circle is giTen by 

■ ac 

r 


cos B. 


TMI.ISRAR CO-ORDINATBR 


4<)3 


Similarly 



A. 





Thus the equation of the circle is 
roa A+P cos B + 'f cos C){a® + 6^ + 

Ex. H. Assuming; that the feet of the perpendiculars from a 
point on the circumcircle of the triangle of reference to its sides 
are colUoear, show that the tri linear equation of the circumcircle is 

ap-f + 6*f«+c«0*O. 

Ex. 4. Find the point of cooUct of the io*conic of the 
triangle of reference and deduce that the equation ofthcincircleiM 

V a)A + + v/cU " c)“f “0. 

144.2. Perpendicularity of two lines. 
lj«t two linen VP. VQ meet the line at inHiiity in P 
and Th*' VP, VQ wre xaid io Ac pei'pend/i*Nhr if 

(IJ. PQ)--l. 

Let C bo any circle, then since (rj» PQ)® — 1, flic points 
P an<l Q are conjufirato w. r. to every circle. Thus ttort 
iifiM (iff. p^ypenilicular if fAWr points at infiniftf ore ronjtt- 
if ate H\ r. to on if rirrte (therefore every circle). 

Ivet /x + my + BS*0, f^x + m^y+n*s*(l be iwo lines. 
Their points at infinity aro an~cl. 6/— flm)» 

(cm* — 6«', an'^cf. 6/' — <?«'). If the linos ai'o perpendicular 
the points arc conjugate u». r. to every circle (say e, g.. the 
polar circle). The condition of perpeadiculanty is therefore 
2(cm — frn)(cm cos A»0. 

Illustrative Examples 

(l). Find tht potoer of 
9 ') V. r. to the eirde 
ayz *bzx ♦cxy*0, 

From P draw the per pend i' 
culars PD, PB, PF on the aides 
of the triangle of reference. Let 
BP meet the circum-circle in 
M and suppose ^FDK — e. We 
may note that, since D, C. E, F 
lie on a circle whose diameter is 
OP. D£*CP aio C. Similarly 
DF^BPsio B. 

If ^ I be the area of the 
triangle DEF, 

S^i^DE.DP sin ^ — BP.CP aio B sin C sin 0 . 

Also *4R^sio A aio 6 sla C. 
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A I _ [ 5 P.CP. sin a 
A 4 K^ sin A 

Now ZACM = ^ABM*Z.KDP and iPCB*ZPDK, hence 
^PCM= 4 FDE“«. Thus from the triangle PCM, since ^M*iA 

PC PM 
.sin A sin 
^i^ HP.PM 


4 R‘ 


Thus the power of P = — BP.PM * • 


- 4 E^ 


- 2 R^ 


(y's' sin A + s'a' sin sin C) 


( 1 ) 


— *? (tfy's' + &*'a'+ca'V)* Sgy's* 

where R is the eircuin>radiu 8 . 

( 2 ) Find the power of lAx', y\ «*) w. r- to the circle 

^Ix^y, s)»2tfarE7^ jr-£ay»“ 0 . 

oc 

Let P» Q be the powers of {x', y'. sO tcf. r. to the circle ^ 
and the oircurp*oirole» then by the welUkoown theorem of geometry 

P-Q- 2 A^ 

where & is the distance between the centres of the two circles 
and p the perpendicular from (x'. y^ s') on the radical axis. 

Now replace .t'. y^ s* by the vertex a(-^ ^ , 0 . 0 ^ , then 

where A' >s the perpendicular from A on the radical 
axis. Thus 

P-Q « P 
tr A' 

Now. the radical axis being S 


iiT 

6 c 

6 c 

5 

abc * 


Ar = 0 » the ratio 


for i! LA meets the radical axis in K. s - ^ 

p' RA. ^ 

Hence 

o 6 c V U'*' 
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Thus P 


abc abc 

be ^ be 


abc .y , , 


,[ Wi: '£'--- a»3>'*' ] 


t'W.s'.z') 


,..(a) 


(3) Prove Peuerbuch' $ Theorem ihai the niue^poini circle ot 
a trianglr touches all the four ciretet ichich touch the iides of 
the triangle. 

Th« equatioQs of the iniH*ril>4*d rirc*le auii the Qine*|ioiot circle 
respectively are 

(2tiarJ ^ * J • D«y*. cos 

The radical axis of the t^vo Hrrl<*s la 

I i 


n fee ' 


or Sl2(s *• a)* — ^ cos A)aje* (* 
or E[(6 +€-«)*- + 


which reducee to E 


6 - c 


Thufi the co-ordinates of the radical axis art* 


ffe" •— 

Lo-c c-a a ~b J 


and this aatislies the equation of the incirrie 

i \ •• A 

»mtt cos ^ s() 

or I ' ,OM* ^ for 

f 2 a6c 

Similarly, it touches each of the e-circles. 

J45. hi what follows, tliu system of co-ordliiaUvs 
Will be trill lies r. nil loss, otherwise slated aiul tlie equation 
of the eoriir will he hiken as 

ji. z)^ux‘ + vy + wy + 2fyt * 'd^gx * 2hxy^(l 

^ = * 3 '- = AI....U. 

{&cY-6Z. »P*<iZ-cX. ^bX-aV 
. . + + A*0. 
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= VC* + — 26c/, 

^ • WfT* + «c* — 2<7Cg 
r — ub^ + va^ — 2abh 

— c V + 26ci m 6c + a* /* — abg - ac A) • 26cX 

6*5 + c*r*2ac(v<jc + 6*|f - a6/- 6cA)»2tfcM' 

<*V "*■ *“ cV = 2a6(tt»<?6 + c*A - ac/“ bci) — 2abv 

whence a^«c)*+6v 

65^cX + flv. cr^<i>*' + 6X 
anH V M* *0 

% 

V *5 X 

X -r 

Set u h g a 

h V / b 
g f w c 
a b c 0 

We also denote the discriminant of ^ by D and the 
co-factors of small letters in D by the correspondinff cepifAl 
letters. 

145.1. Discn min at ion of a conic. Wo have already 
classified the conice from their equations. We now classify 
them according? to their relation with the lino at infinity. 
A circle has already been defined as a conic which passe>< 
through I and J. We call a conic, an ellipse, parabola or 
hyperbola according as it meets the line at infinity in 
imaginary, coincident, or real points. If the real points at 
infinity on a hyperbola form with I J a harmonic range, 
the conic is a rectangular hyperbola. 

The equation of the lines which join C with the inter- 
sections of the line at infinity ^ and the conic 0 is obtained 
by eliminating s between ^ and we get 

**( + tt»a* - 2acg ) + 2 jry (a6 w + c* A - ac/“ 6c^ ) 

+y*(c*v + 6*w -26c/)=0 (*) 

The conic will be an ellipse, parabola or hyperbola 
according as these lines are imaginary, coincident or real 
ue^t according as 

(o6w + c*A-<»c/- 6qg)* — (i4c* + wtf*-2<jcg)(c*v + 6*w •^26c/)^0 
or anj + 6*V + c’W+26cF+2acG+2a*H^ (m) 



TRrr.lN'RAR OO-OROINATKS 


TKe enuation (t) may be written a.*? 

+ 2vxy 0 

or a(cX+av)*^ + 2a6uxy + 6{c^ + 6v)y^*0. (m) 

The eonic will he an ellipse, parabola or hyperbola 
acoorflin« as 

a6v* — {cX + a yKcM* + 6 p)^0 

tffH»+6vA + cXM'^0 (ip) 

In particular, if the conic in a parabola. 

^ ^ -0 
X y 


Itouce 


conic. 


( X * 1* * point at infinity ori the 


y*' *i)- ya. be flu* points ni 

innnity on f. tlie equation (iVj) ia identical with 

iyiX^Xiy)(y2X^X2y)^() 

hence 

Jfj£^ • ViSt ^ XiVt^XiVi 

P q -2p 

From two more equations similar to i>btaiiic<I by 
cliininatinfr x and y in liirn^ we 

S yi»9 + yj*l . li£j + *aJrj _ * 1 ^ 2 + *2?? 

P q r -‘2X -*> -2p 

152.3. (a) Condition for a circle. Wrilinjf tlir 
equation P as 

The left hand aide must be identical with 
ayt^bxx’^exy 

if ^ is to be a circle. Hence the required condition is 

The condition can be written aa X^M'sv. 

(6) CondUion for a reeUngular hyperbola. The conic 
Will t>o a rectangular hyperbola if besides the condition (iv) 
itapointe at infinity Q(*,, „) are conjugate 

V, f. to any cjiole. Choosing for example the polar circle 
tho condition is * 

E« 008 A. Tir,-0 
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4{)S 


or pa cos A 4-^ 6 cos B+r c cos C“0 
If the circum-circle be chosen, the condition that P. Q 
may be conjugate is 

a ( y I sj + y «« I ) + 6 (s 1*2 •** *2^1 ) "^ cU j yz + ^ 

or tfX + 6*^ cv^O (vi«) 

The stiuleut can easily establish the identity of (vH) 
and (vin). 

Otherwise : — 


A rectangular hyperbola is a conic for which the circu- 
lar points u>, w' are a pair of conjugate pointe. 

The two points (*i. yi. «i). Ua* y*» con.iugate 

with respect to the conic ^ 

2h yz) “U 


But since the points (#i. yj. ^i). ^ 2 ) points 

UP. w' in this case, we have 

cos A) 


.. the condition becomes , , , ,, ,, 

tt+v + w-2«' cos A-2v' cos B-W cos C-O 
Ex- Find the condition that the two lines 

i,ar + miy+ «iS“0 

may include a right angle. 

1 46. The pdan to. r. to y, 2 ) of the points at infinity 
on Mx. V. x) - 0 are yiven by the equation nK?, M = 0* 

Let {x\ y\ s') he a point at infinity on y, s)-0. 
It. 

• .*1 . 

I n ^ 


Since {x\ y\ s') lies on 'Wx, y.s)*0, hence 4d5t 

The lines pass through the centre, as at the centre §— U. 

0 ^ c^— 0. Hence n, \)^0. 

147. Asymptotes. The pair of asymptotes of f is a 
degenerate conic which has double contact with 0 at points 
Inhere it is met by the line at infinity and which U) passes 
through the centre or («) breaks down into two st. lines. 
Conics having double contact with ^*0 where it is cut by 
the line at «> are of the form : — 

K** + vy*+ w«*+2/y* + 2gax+2^y • X{<rx+ty + c»)*^0. 
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TbiK will I'epresent & pair of st. lines if 
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h — \ah 

,!"• Aac 

=0 

1 

/i-Artd V“A6* 

1 

/-A6c 



1 

g-\ac /’’Me 

tt»— Ac* 


To simplify it, we write it .as 




\U • 

- AO* h • \ab 

g - Xae 

a 

t 

h- 

•Xab t»-A6* 

/-Xbc 

b 



•Artc /— Afec 

w-Xc* 

c 


0 0 

0 

1 


^0. 


t 

=0. 


» h 

R 

a 1*0. or 

H 

/i 

g 

<1 

* u h g 

0 

h V 

/ 

b 

k 

V 

/ 

6 

\ h V / 

0 

g / 

tp 

c 

g 

f 

tr 

c 

y9 t ^ 

0 

A<7 A6 

Ac 

1 

An 

Xb 

Ac 

0 

f 

Xa Xb Ac 

1 


SubstitntinB- th.! value of X, we get the equation 

^(a:, y, »)e+D»*-0. (,j 

147.1 The aaymptotea may also be defined as the 
locus ot a point whoso polar meets the curvo in one point 
on tho line at ». 

F*. ’ tV “ ’ asymptote, which 

pTes on thUifa^oni.'- the polar of P. 

• • +yiY' +«jZ^®0 

+ c»i«0, 

sinoe P lies at infinity. Hence 


Xl 


yi 


«i 


I. £, 


oY'-fcZ' tfZ'-cX' 6X'-(iY'‘ 

» yi — £i 

V n' V 
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Ajs P lies on V)=0. Thus tli *. locit< of tiio 

point ix', y\ z') wliich M’e the asymptotes is tfivou by the 
equation 

Ui) 

As al+bn+c\=^0 

ohcn^^a’l' - 6^'^* - c*'V, - c*V 

‘ 2 a 6 E'*«cV-tf'E*-dV. 

Hence ahc H%. »t. =o6c(«|* + + 

+ aA^^V - - c**4-) + - c V) 

+ cA(cV-a*E^- 6 Vj- 0 . 

Tints the equation of the nsypmtotes can be written as 


tfXE^ + 6M"?^ + ctA**0. ini) 

The equation can also he written hs 

+ +crE't“0. iiv) 


Cor. The equations (li). {iuU Uv) repi*esent the polars 
w. r. to ^ of tho points at infinity on 
<iX.t* + 6J*y*+«v»*-0 au<l apyz * bqix ^•crxy^O and as 
Ui),Uii\ Uv) are tlie K*iinc. thost* rliive conics Imv<‘ 
common points at infinity. 

Ex. Defining the asymptotes of a conic as the pair 
of tanjreuts from tlie centre, obtain the joint eqiiatioh of the 
asymptotes. 

148. Locus of the mi<i*poinU of a system of parallel 
chords. 

Let Ix+my + ««•() be one of the chords wliose mid- 
point is P and the point at infinity is Q. tf PQ meets tho 
conic in U and V, then (PQ. UV)“ - 1. Thus the locus of 
P is the polar of Q- Now tho co-ordinates of Q are 
{wc— tib, na - /c, - ma). Its polar is 

(mc” nb)\ + (« 0 “lclY + (lb - ma)Zi^0 

or 

14S.1. Equation of a pair of diameters. 

Let P, Q be the points at infinit.v on tlie diameters, and 
.suppose P'. Q' are respectively conjugate to P and Q. Th©}^ 
a unique conic K can be drawn through A. B. C, and P', Q , 
whose equation is of the form *,ys +feas* + *,xy-0. The 
Dolars of P'y Q' will be given by the equation 

U) 

Similarly a unique conic can be drawn through P', Q 
for which ^ ABC is self-conjugate. Its equation is of the 
form and the polars of r . Q' lo* r. to ^ 

are given by the equation 

+ ^8**^ + <}V 
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148.2. Equation of a pair of conjugate diameters. 

R and S be the points where a pair of conjugate 
<iiameters meet the line at infinity. The polar of R witli 
regard to 0 passes through S and the polar of S passes 
through R. Thus if K Q be the points at infinity oji 0 
n Hence erery conic through R and S has 

r. W as a pair of conjugate points. 

Suppose that the conic through R ai»cl S and having 
6 AH( as selt-conjugate a is 

^ ^ ^ + + ...fiir) 

If (x , y . * ). (at", y", :**) he the co-onlinales of P and 
Ihcu 

Kri<l tijr- e^puifjon of I fie polai-s of R and S is 

Thus t fie e<|iurion (v) repre<ent.s a pair of conjugate 
dianietcrK provided condition (it»l is satisfied. Siniilai lv 
the equations 

1 

X*,-p(**:+v*j=Of •<»’'> 

r.-pi<'Hcnt» a |mir of coiijiiiratf tliatnutors. 

Ex. Sbuiv llmt tl.e e.|aii(iou of a pair of coojuirate diniiirtors 
(nn be written ni either «t the following forma 


(v) 




Ivij) 




E’'=|J (viii) 

149. Axes of a central conic. 

Tho nxrs of a t-.-iit.-al conk- arc a pair ,.f p.-mcp.liriUHr 
conjugate dmmoters. * * iciiiunir 

The equations 

'lC + /2'|-+/,V = ** (,) 

tlP*l:<l+t,r =0 ' („•) 

rKpresentapairof coi.iujfute,lia.NelorK. TIics.- «.ill 

bc tlie axea.f ti.eirpoirita at infinity K ami iS form wi 
1. .1, a harmomc ratiKo ,f I a,„| j are conjugate J r 
oonm through B and S. Takiiie 

conic through R and S. and (V LVf fV'V' '1 u" 
•O-ordmatesof I and .1, thocondiiio.7ofinfeacVis“ 

fiXoATo +^iyoy/+/3«««,'-0 
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Thus the equation of the axes is 

52 V -0 Uv) 

P q r 

1 1 1 

Similarly the equation of the axes can be written tit the 
form 

gn «0 (v) 

X V 

cos A cos B cos C 

1 49. 1 • Axis of a parabola. 

Let the conic ^ be a parabola, then its point al infinity 

is ^ r- 1 Now all diameters of a parabola are 

parallel and meet at infinity on the parabola. Thun 

^ point on the axis. Suppose Q(*'. y\ z') 

is the point where chords perpendicular to the axis meet 
the line at infinity. Thus the axis of the parabola will be 
the polar of y'. s'). Also P and Q ai-e on perpendicular 
lines, therefore P, Q are conjugate %tf.r. to a circle. 

Thus the line 

*'X+/Y + «'Z-0 

will be the axis if 

<tx' + by* + = 0 

i / ' 

X * V X 

and a cos A.-j- +6 cos B *j^+c cos C “ 0 , 

these being the conditions that {x% y', z') lies on the line 

afc infinity and (*', y', *'), ( ^ conjugate w.r. 

to the polar circle. Hence the equation of the axis is 

X Y Z »0 ...{vi) 

a b c 

* i 

T* COS A cos B 008 C 
X r' V 
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4ia 


or 


Y 5 cos A + ^ >1 cos B + “ ^ cos C 


(> ...(vir) 


1 50. Director Circle. 

The pair of taugeutsS from a point {*,, v,. »i) to Uih coniu 
is given by the equation 

These would include a right angle if 

cos A 

The locus of the point U„ y,. a,) is the director 

oii'cle. 

- ‘in' cos A)*S^5* • cos A) («) 


Now the tangential eiiuarion nt two points frj. y;, e,)« 
yj. sj) is Thxi. ^Xi—0 or ii(<Viarj + ffiii(yjSj+y 2 ej)]= 0 . 

The joint equation of the prdars of these points is 
Saj5* or + + 

Thus the joint equation of the polarx of t)ie eiicnlHr 
poitits is 

cos A)*0. 


Meuco if tlie conic be a rectajigular liyperhola. the 
director circle is S(5** <-*os A1«0, which reproseuU a 
pair of imaginary’ st. lines through the centre of tl^c conic. 

Thus the director circle of a rectangular hyperbola may 
be n* garbled as a point circle represented by the centre of 
tlic hyperbola. 

Ul can be put in the form 

aoc 



whore 2/x —0 is the radical axis of the director circle and 
the circumcirclc Efly»*0. and is the coiulition for 

a parabola. 

If I lie conic is a pai*abola, ami the director circle 
roduccH to tbo st. line S/x— 0 and tholinc at «o. 2ux*0. 

Thus S/x«0 is the diix'ctrix of the parabola. 


151. Foci of a conic. 

Tho foci of a conic arc the poiiiLs of intorsection of the 
tangonta drawn to the conic from the circular poinU. 

Ivot us find the foci of the conic ♦=S'«x*+2«'y«)=f). 
Suppose that y'. s') arc tho co-ordinates of a focus 
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The pair of iiiii(r.>n(s from {x' »' ,'1 

given by '•* . y . a j to f.lie oonic in 

or 2 ~%‘’)+‘2yztu'^' -v\)]^ 0 . 

This must, satisfy the eomlitions for a circle. 

- • the foci are given by the equations 

Mb‘w*-,rv--2bcu'}^-{ b 

^ dz dy } 

-4 (c’w + fl^w-2c<ir') ^ - f c — 

\ dx dz ) 

-4 (a^v + 6^« -2«6w')^ -( a 

\ dy dx f 

The elimination of ^ will give the axes of the uuijiir. 
151.1. The equations driving the foci represout two 
hyperbola the condition for a reotaiiffijlar 


Now the conic throu^fh the intellection of two rec- 
tangular liyperbolas w itaelf a rectangular hyperbola or a 
pair of perpendicular st. lines. 

Thu^ it is inferred that the line joining any two foci i« 
perpendicular to the line joining the other two. 

Hence the four foci of a conic appear to form an ortho- 
centric set, u$. the vertices of a triangle end its orthocentre. 

151.2. lfS«0be a conic. andl-0,r»0 two lines 
all given in point co-ordinates, then we know that 

represents a conic pa.ssing through the four points of inter- 
section of the two lines with the conic. 

On the other hand, if 2*0 be a conic and iw' two 
points, all given in tangential co-ordinates, then 

will represent a conic touching the four tangents to- 2 
^through /. / . 

Tor in the system of line co-ordinates, a conic is to be 
considered as the envelope of a line, while in the system of 
point co-ordinates, it is the locns of a point 

* , Now 2w« cos A - 2nl cos B - 2 Im cos C *0 

is the tangential equation of the circular points w, 

Hence • .2+XK*0 

is a general conic touching the four tangents to S from 
w,vr. ® 
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But the tHiiveiits through w, w' H intersect in tho 
four foci of tlie conic £. 

/. the equation £ *'■ AK*0 represents a system of coiuch 
con focal with the conic S. 

151.3. Now for some proper choice of X. the' equation 

£+XK-0 can be made to hivak up into two linear factors. 
Atul this can be done in tlinn* ways so aa to represent tlie 
cl iree pairs of points (») two ivai foci (ji) two imaginary 
foci Uii) two circular points. the real foci he (.rj. *i)* 

yj. ztK Then for sonn* value of A 

£ 4* AK*(/xi *''«>•! + «iy2+«s2'. 

£sOtiie taugcutinl c(|nariou of the conic is identical 

with 

(/jfi *myi 4 N S|) (/.r/ «««)*" A l\*t) 
which ivpivseiits ilie geoiiiefrieul fact that 1 he f>roduc;t of 
the pcrpcnilimilars fi'om tin* two real foci upon any (angeni 
to tlic conic is constant. 

We also infer that the 1)1 ngential equation of a oonio 
is always capsihln of representation as )^Ui £/xi + AK«0 
wliere (,t|, y\, t,). Uj. «re tile two real foci of the conic, 

151.4. The tangential equation of a <‘onic inscrilicd 
ill file triangle of n'fereiice is of the form 

Aei« + v^ii*0. 

If (:ri* yi* *ih f-ti. yj- he the two foci of the iu-conic, 
Wi* have 

£A«or ^£/x,.£//i + eK. 
t .Vmi paring the coTfHciejits, we gel 

xi *2 yi ys? * *1 «j+0«o, 

xi Xz^yi y*i®»i **• 

If theeonie be a |>aral>ola. one of its n*a] foci (say) 

(a’i. yi. *d i«at CO, <fXi 4 * 6 |^i + c#i*0. 



X: yi *: 


which shows that the liniie foens lies on ilic circuuncirclo 

ayt *btx +cxy*0 

In general, if the locus of one of tlie foci he known, 
we can tiod the locus of the other focus as well. 
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Illustrative Examples 

(l) Tkf %t. UtiM Ix'^iny^ng^O meet* the tidet 5C» C 4 I, AB 
cf the triangle of reference in pointt L, A/. 2^ respectively. Show 
that the rirclei drawn on AL, BAf, CN as diamefert are 
co-axah 

The line which joins A to L is Riven by the equation 
wy + »/« = 0 obtained by putting x«0- Thus the co-ordinates of 
L ran be taken as and the cO'Ordinates of A are 

(1, 0. 0). 

T^et P(jr', y\ s') be a point on the circumference. The 
co-ordinates of PL, PA are 

[my' + ns', -s'm, - nx'], [O, s', -/] 
respectively. These lines are at right angles, 

-mx'z'-^nx'y '^(mx*y'^nx'£'icos A + yVwy' +ns') cos B 

•s*(«iy'+fls*J cos C=0. 

Thus the locns of (x', s') which is the circle 00 AL as 

diameter is given by the equation 
my^ cos B— «s* cos C+ys(« cos B- w cos C) + xx(n cos A — w) 

♦ xy(« ~ w cos A)*0 


(as + 6y+cs) ^ 


w> coe B ^ . n cot C ^ 
b c 


^ * lays + bzx + csy ) 
oc 


Similarly (be equation of tbe circles on 6 M, CK as diameters 


ax-b 


by + c* )( 


n COS C / cos A 

a — X 

c a 


<jw - cf 


(«ys + bzx + cxy) 


ax + 


hyA’CZ ^ 


cos A m cos B 

- * 7 — y 

a b 


(<*y* + 6 sx + csy) ... . (iii) 


Tbe radical axis of circles (t) and (tV) is 

be ' / w cos B _ n cos C \ 
cw ft«\ 6 -,^ c */ 


ao f n cos C f cos A ^ \ 

• v «»“•« \ c a } 

fon — cf){mccos B.y — nh cos C.x)^{cm^ bn)l»a cos C.s -Ic cos A.*) 
or (cot— 6 rt)/cco 8 A.x+{an~cl)mc cos B.y 

+ (W-«m)nc cos C.s*0 
or (cot - 5») / cos A.x + {an - c/)« cos B.y + 

(6f— am) n cos C.«»0 
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The radical axis of (w) and (iii) will l)€ found to be tbe seme, 

Thus the three circles are co-axal. 

Otherwise :”If AX. BY. CZ be any three st. lines drawn 
from the vertices of ^ ABC to the opposite sides, the circles on 
AX, BY, OZ as diameters have their radical centre at the ortho- 
centre. 

Now AL, BM. ON are three lines from the vertices of each 
of four triangles AB(., AlfN, Bf/N, OLM to its opposite sides. 
Thus the circles on A U BM, C.N as diameters have the ortho- 
ceotres of these triangles for tlieir railical centres i c., these 
^'ircles have more than one radical centre. Hence the)’ must be 
<:o*axal. 

It follows that the or thocenCres of four ^s formed by any 
four lines are collinear. 

Kurther it follows that since AL. B.M, CN are the diagonals 
ol a complete iiuadrilateral formed by the sides of ^ ABC and a 
given line, the mid-points of the diagonala of a complete giiadri- 
lateral are collinear. 

(2' Find Ih^ conditiou that ihf comic «j*’ **' + he a 

paruhota : and find the of iU direetrix, the co*or</tn< 7 fe 

ny$tein heintj tritineor^. Prone nho that the rent re of the 
rircum circle of a triangle f^tlf-conjn/jate for a parabola Hn on 
the directrix^ 

The lines wliich join C to the |H>ints of intersections of the 
conic with the line at inliuity are given by the equation 

ttx-+vy^*l^ ii'mQ 

or a:*(MC‘ + W') + 2ab xy te + y*(t»c"+te6^)*0 

The conic will be a (taraliola if these lines coincide, 

i,e.. if fco^Hvc’ + uj6*) 

M V U’ 

\iOi {xi,y\.Zi) be a jmint on tbe directrix, the equiition oi 
the pair of tangents from it to the (‘Onir is 

( u ar ,* + vy 1 • + tt s 1^) ( M X* + vy * + tcs*l * ( i#xxj + vy v i + wss,)- 

»(vy/ + a»S(')*^+v(«,ri^ + + to(MX|‘ + vyi^)s^ 

- 2vtt»yis,ys- 2wr#xisixs — 2Mvxjyixy«a 

These tangents are at right angles if the points 1 (x^. y„, z^f, 
d {x„\ y«^ z„') are conjugate w. r. to these lines regarded as 
a degenerate conic. The condition for perpendicularity is 

i^ + ton'lx^r/ - livu»yjSi(y**tf' +yA«)“0 

or Eii^lryi* + io*j*) + 2St>w yjSi cos A^O 
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Tims tbe locus of (xi. yj. «,) is the cooir 
xHuv + wr)^y*iuv + vn)’^z^(t4U> + v;v) + 2vwyz cos A 

+ 2iensx cos H + 2«o xy cos C « 0. 

If the ronlcisDot.1 t«rabofa, U gives the equation of the 
r I rector Cl rrle of the given conic. If it is a jwiraboit. rewrite 
toe equation as 

ItWff , 

^ kiflyt + bsx + cxy). 

Since the conic is a |»rabola.4 = 0 aDd the director circle de- 
generates into the line at infinity sod the directrix 


— (v + ic)x+ (ip (« 

a b e 


The clrcum*circle of the triangle is aye + bzx '^cxy“0 
and the co*ordinates of its centre are (cos A» cos B, cos The 
equation of the directrix can be written ss 



The polot (cos A. cos B. cos C) will lie on it, if 
I c cos B -h 6 cos C I 1 a cos 0 cos A ^ frcM A+<i cosB 
« be ' V as w 

vsoisbes, 

cr . 6 ^ . c* . , 
or — T — *c — viniahes. 
u V w 


Bill -2i+*!+-£L-o 

M O TP 


since the conic is a parabola. Hence the resnft. 

(3) An in-t<micloHc/>tt l/u tide» HC. CA. AUoftht tnanale 
of referenet ABC at pointt A, IS, C'. Jf A A,' BD\ CC 
mfd in F V\. zfi prove that the noimah at A\ If . C xeiU 


meet in a poirU promded that 


2 « 4 I 

Xj sin A 


yi*sifl*H sj* sin* C 


Xi cos A yx cos B a, cos C 

1 I 1 


0 


the spsietn of eo-ordinatee bein^ iniinearx. 

Ijet the equation of the conic be 

+ pV + V - 2owy* - 2tp«sx - 2ttpxy 0- 

The equations of the lines AA^ BB', CC' are 

oy-u?«*0. wg~nx^0, $tx^vy~0. 
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These lines oin'iously meet in n jHrfnt. If the point is tnkf-r. 
to be (xi, yj. 2 ,\ then ^ :-i. 

yj ' «i 

The co-ordinates of A'. B'. C' are* (M. y*. »,). Uj.O.oj^ 

\X\. yi, UJ. 

Let the normaj at A' he 

/jr+ niy + ns “0 
» 0 *i + «Si «0 

• / + iJi cos C + 1 ; roft B ^ 0 

since [/. VI, n], [1,^0. n] are at right ancles. Thus the etfuation 
uf the noniia) at A is 

*(yi cos B - 8, fo« (') ya, + ay, a r). 

Similarly the normals nt B'. are given l,y the eiiuhtionx 
X«| -eyUi C<W C-r, <*08 A) I 
- xifi +yAr, ♦ sUi cos A - y, von liJ «0. 

These lines meet in a |»oint iT 


y; cos B - zi cos C - s, 

Si VOS .t, COS A 


3 l 


yi 

.Ti 


0 


, < L » 1 . ^y» 

winch reduces to the given form. 

r> fritinear ti/vation to (tie elti/^xe (hvuJi 

U and C wjuch han ,mt foevn at the nvyttlar point A of 0,e 
(ruiOf/U of re/erewre AJK ‘ omt thf other /oenn in ISC w 

' 2 ^ **'* ‘ h 

^ The iM| nation of A is /-n mid of « |wint in )K‘ is 
mv *’vt - U. The tajiccKtiul equation of the conics which 
tc uch the liDea joinioc Hiew' iioints with the points I. J is 
2V/(«iy + «e ) 4- - 2vni co« A - 2/i/ cos J< - 2{m cos C 

■ ■ i« 

«v^ + 2/y/ + 2c8r * 2Axy= ». 

Its taogcntiul equutiun is 

-/‘V-gW - /;*«•■' + 2 (fi/. - + 2 /,/«/ + 2 /«/„,*a 

Now the curve 

' ■^+ iff* ** “'i""! ■*■ ‘f «'• " * 'ihf'tl+2^lm 

+ X[l +« *„ -i.«..<-oaA-2/;/eosB-2/,K.:osC]-<) 

touc^B tbe tanBeDto to the ffiven .-onic from I ,nd J U it Ib 
MD fwnl tvith the given conie. 'J hiB nill If of the form ‘ 
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if /’=//• */r***X. gh~ uf~\ cos A“0 

or /• - /- <*oa A = uf or « = 2f sid* ^ . 

2 

aod this ffivcs* the desired result. 

(5) Show titat thf. radius of the circle 

ayz ^bzx'¥cxy^ kx(ax ^by +c») 

U 1 - 24 cos a'+ 4^. tchere R is the radim of the circumcirSe 
of the triangle of reference : 

We note that the jxjwer of the centre u». r. to the circle i» 
ei^ual to the square of the radius with the sign changed. 

Suppose (xo. So) is the centre of the circle 
*20 (x. y, e)«2a4x--2tfy* + 2sx(c4-4)+2ry(64-c)»(>. 
The polar of fxoi yo- viz.. 

.T[2fl4 Xp+j»o(h4 - c| + s^(c4— M] +>[(64— c)xo-a*J 

+ sC(c4- 6)xo— 

is identical with <rx + 6y + c«*(> 

2a4x9 +ya(44 • c) ♦ Spfc4 — 4) • Air “0 it) 

(64 - clxp - <t»9 - A6 * I ' (»’l 

(c4— 6)xo "oy© -Ae*0 (»i) 

ao(i axo ^by^ +c«o (tv) 

Now 20(xo. yo* «e)-Xo[2fl*Xo + (6*-<5)yo + (c*-6)Sp] 

+ V<I(64 - c)xo - tfSpJ + So[(c* - 6 ).t, - ay^l 

— A(<*Xp f 6y&+csp) • 2 A X (v) 

Also from (t), (ii), (m)» O’v) 

2tf4 64 “C c4 • 6 Xfl I “0 


64-c 0 

c4-6 


“<T X6 
0 Xc 


a 

2ak 64-c 

b 

c4- 6 

a 

C 26 ^ 

X + 26 2rt6 64-c c4“6 

64-c 0 

-rt 

b 

64-c u -a 

c4 - 6 “a 


c 

c4-6 -a 0 

1 a b 

c 

0 

1 


or - 2a6c(<i coeA + hcosB + ccos C)X 

+2^(4* -24 cos A + l)(-2tf6c)-0 
X*=— 2^(4* — 24 cos A+ cos A* - R(4*— 24 cos A + ll* 

Hence - ^(^o* >V 

or P^-R*(l-34cos A + 4*). 
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(B) Find tkt equation of the director circle of the conic 
ux’ +“ vy* + *0, the syetem of co-ordinates being trilinears. 

The equftticn ot pair o( toogenU from Ui, yi» si) is 
+ +»a*>(«jr * + * vyyi 

or x^uivyi^-^wzfi +yv(MX|*+t<»*i*)+**to(ttari* + vy,*) 

— 2vwyi*iy« • 2tcustXitx~ 2Mvriyj»y*0 (t ) 

These ts agents will be perpendiouUr, if their points at 
infinity are conjugate w.r. to I and J. If the co-ordinates of I 
and J be ixo. yo» *o ^ W* »o') 

XcXo*^y<,y<i'-Scta ^ I. +>/*«=* -2 cos A etc. 

Thus the points [ and A will be conjugate u\r. to the 
tangents if 

+ 2wyi«i cos A+2wii«|X| cos lS*2uvxiy\ cos (''•U. 

Thus the locus of (x,. y\. S|) is the conic 

ri(v^ tt>)x^+ v(it' + »)y* + u»(u +v) s^ 

+ 2vwys cos A+2tt'Mtx cos B + 2«vxy cos (**0. 

(7) i>\n(i the foci on</ directrice* of the conic in Ex* 6. 

Suppose that the point (xi. St, S|) of E\. B is a focus, Che 
of tangents (i) satisfy the condition for a circle, hence 
<riux + wz i*)r + b ^{ r ^ vy ’ ^ v-e 26 c vwy i s i 

— rt*(ttXi^ + vyi*w + C*‘t»yi* + ^*1% +2 <tcwmx|S| 

• 6*( V y I* + tt» 8 » ♦ a^(«.T I* + ws ) *) V + 2 tf 6 1 < vx lyi . 

'iHius, the foci nre the intersections of the conics 

+ + vtt»(6y + cs)**vy*fd^w + c^«) + «w(rtT + cs)^^ 

»tt»a^6^w+aM + wv(6y + ox)‘. 

Directrices. 4'be imirs of directrices are the degenerate 
conics of the system generated by the given conic and the polar 
of I and A w. r. to the conic. 

Sow the polars of Kxo. y<» »«)• ‘fU/. W.*#') zre respectively 

{uxx„ + vyyp **' u>z9^)UixXq + t»y go' +»««<,') 

* • 2vtt»yt cos A • 2whzx cos H 

— 2uvxy cos C * 0- 

Thus the directrices are degenerate conics of the system 

2Ewys cos A +X(«»’ + vy* + U'S^) — 0 (1) 

The conic will degeoerate if 

w*+ Xu • "V cos (* — uw cos n |«0 

Iiv cos i‘ v'+Xo “VW cos A I 

^ i 

^-ttiecos H -irwcosA u»*+Xw | 
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or if i,+X -ucosC -»cosB * 

-vcosC v*\ — vcosA 

-wcosA ty+X i 

I 

or X- + X(« + v + tp)+(vt<i «iD- A + ur««n^ B + hv sId^ C)»0. 
If X be ehoseo to be a root of this equation, the equation (J) 
will represent a pair of lines. We thus get two pairs of 
directrices. 


(8) Find the eQuafion of the cfrcfe with rorfiw P and centre 
Pc> *fo) <ind prove thah the equation 

tfPl +hfa + c<iP-e(fa + «p + n1)(fl«+6^*c1)-0 
alwaif9 represents a circU and find ite centre and rAftu^. Show 
further that the equation wiU represent a circle 

if bho + cV — 2bcH * c*tt a^w - 2cav' * a*v + - 2^; bw' . 


U) Obviously the equation is 

- %) * 6(1 - %)i<i - « J +c(c( - c«,)(p 


46 * 

ahe 


P -U. 


Making it homogeneous by means of the relation 

sa + 6p+c"f-2^:i, 

we find that the equation can be put in the form 

fl3l + 6l«+c«0 + ff<» + «p+«1)(oa + 6g + i;1)-O. 

(») IfMM)»tt«* + v3* + w1* + 2f/3l + 2v'1« + 2wa3-0 
and (^01 fiot ”^ 0 ) be the co-ordinates of any point 0. then 

/(a,P,' 0 -/(^, + “<..PTo+Po.'i^ + 1 .) 

Applying this to the case under consideration 
/(u, 3, 1)=ap1 + hla + c«3 + U<t + mfi + «1)(4a + ^3 + cl) 
and putting ®©* Wf — m cos C - « cos B + cos A) 

C + «i“ M cos A +COS B) 

1e®B(-f cos B-w cos A + m4cos C) 

we get 

/(«, 3, 1)» fl(3 - Po)(1 - 10 ) 46(1 - X)l<t . a,) f c(u - aj(3 - W 
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If P(^, P, be 00 fche locus, /(*, aod we have 

OP U constant, i, e., the locus U a circle aad its radius 

** 2^ ^a6c/(ao. l^oi*^o) centre K. to). 

If P does oot lie oa the circle whose radius is P, we have 

/(“. *<) - ((« - OP*) =-■*,*' PT' 

obc a be 

where PT is the tangeot from P to the circle. 

In particular, the square of the t ingest frois A. to the circle 
o6c 

\ a 

Sioiilarly for taogeots from 13. C. 

If f|, be the tangents from A, 13, C to the circle, iU 
equation takes the form 

abc{o?H<^ + 

We now find («oi Po« *^e)* 


19 


"fa* - 


6c/. 


Any line la 


a-a, 


P- 




where r is the ai.etanre between the imiiits OK. P., 1.) and 
Pfs. P, *f) with the cooditiona 

rt\ + 6l*+cv-(i,-^,(atkv+6vX+cAH-)- - 1. 

TIip line cuts the locus A<«,P.f) = 0 iu points whose dis- 
tnnees from 0 are given hy 

it cute the locus in two points aod the distance between 
them is bisected at («^ P,. f o) for all values of X, M-, v, if 

<» 6 ; 
which determine P., "fo). 


But If 


then 




w v' =0 and the locus will be B pair of St. lines. 


in* V 


u 


M it %p 
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can be written as 


y(cc. p. •*) = (" “ + ®-‘{)(a«< + feP + c*r) 

+ ( 2bcu' " rc^ • ^ {2cav ' " twj* - mc‘) 

bc\ ca 

+ — ^ i2abw' “ va^ ^ ub^). 
ab 

Tbus the neceMAry and auftirient condUiooa thet/(®,|3,"f}»{) 
should be % circle are 

2hcu' - rc* - tp6** 2cav - W - u<* “ 2<idu»' - vn’ - ub', 

Exercises XL ill 


llixi, y. ai). Uet rs* *e)- of noD- 

collicear |H>iiiU, al^ow that Ibe co-ordioatea of the centre of 


natea of the points beinc actual. 

2. On the sides EC. CA, AB of a trianf^le ABC. points 
D, E, F sre taken such that BD : DC"CB • KA“ AK : F'B. 

Prove that the centroid of tbe irianele formed by AT), BE. 
CP coincides with that of the triangle ABC. 

3. If 0(x'i y'j aV be the point of intersection of AD. 
BE, CF, where D. E, F lie on the sides BC. CA, AB of tbe 
triangle of reference, prove that the equations to EF, FD. DE 
respectively are 




4. In Ex. 3, prove that the lines BC and EB\ CA and FD, 
AB and DE meet in three eollinear points which lie on. tbe line 



5. Prove that tbe straight lines tj*a' + 6*y + c^s®0 and 
X cos A + y cos B+a cos C — Oare )>ara]lel (trilinear system}. 


6. If tbe system of co-ordinates is trilioear, show that tbe 
line a(c 08 B • cos C) +y(cos C — cos A) + sfcos A — cos B) *0 
joins tbe in centre and tbe circum'centre of tbe triangle of 
reference. Prove also, that it is perpendicular to tbe tin it line 
* + y a “ 0. 

7. Show that tbe point at infinity on ibe straight line 


+ + is (me "“«b. «<*- /c, — m trilineara and 

(m-«. ^ f — m) in areals. 
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Show tba( tbd lise parallel to »(> and pa.<»ins 

through ^ , a ) is giveD by tha ei^aatioD 

X y g *0 ( trilinears). • a y * “0 

, , (srenls), 

X y s x' y g 

me - nb na -Ic lb~ ma uf tin- t l — m\ 

9, The vertioes of a triangle move along three fixed eon- 
<;urrent lines and two of its aides iwas eaeh through a fixed point. 
Show that the third aide passes through a fixed point collinear 
with the two given points. 

10. Show that if 6 is variable, the straight line 

X sin («40) + y ain fi3+0) + * ain passes through a 

fixed point. 

11. show that if 0 is variable, the line 

X sin (a •©) + y sin (B — d' •*'s sin (C • 
in trill near co* ordinates is parallel to a fixed direetion. 

12. The three external bisectors of the angles of a triangle 
meet the opposite sides in three points on a st. line, vvhieh is 
perpendirulnr to the line through the in-centre and the olrcum- 
centre (see Kx. fi.) 

18 . Ths eriuatloo of the line through the inid-poiots of the 
three diagonals of the i|oadrilateral formed by the lines 

/x±«jy±us-*0is +^ + Y*0 (Trilinears). 


U. The lines joining the vertices A. B. C of an equilateral 
triangle to a point ? meet the sides opposite A, IJ. 0 in A' B' O' 
respectively: prove that if BA' + CB' + AC'«A'C + B'a + C'B 
then P lies on one of the medians of the triangle. ’ 

16. Points f). E, F are taken on the sides of a triangle AB(* 
such that AD, BK and CF are <‘oncurreDt and L, M, \ are the 
middle points of KP, FD and DK respectively, show that AI 
HM and ON meet in a point. '* 

Ifi. If parallels to x — (\ y — 0 be drawn through the intersec 
eion on*r«y + n«- 0 nnd / * + -./3. + «'* = 0 , show that thecon- 
dition in tnlioears that the four lines will form 4 harmonic 
pencil is 


c*(f»n' + /'«) + 2abnH ‘=bc{nl' •^ca{mn* + m'n). 

17. Show that if hy* + cs^ + 2/yr + 2gsx + 2/i*y 

then {mn -m »)(gA - x/)* - n'l)(hf- bg) * (Im' - - ch). 

IS. Show that the equation in trilineara of the circular noiatH * 
st infinity can be written lo either of the forms 
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+ + 2C»0 ; 

a(an c«( 6 /- aw) + 6 (cm - 6 n)( 6 /-flm) + c(cm- 6 n)(fl« -c/)= 0 . 

19. that in the trill Dear system, the lioes 

U + A)^4fh+A)y+cs«0. (a+A)x + (i»-A)y+c **0 
are perpendicular for all values of A. 

20. If lx , y . z J, lx\ y \ s") are the points at infinity on 
two ortliot'onal lines in the trilinear system, then 

O') aV' sin 2A+yy' sin 2 R +sV' sin 20 - 0 . 

Ui) <r(ys" + yV) + MsV + sV) + cUy+;sV)*'<^. 

2 1. «liow that the'conditioaa that the conics ux'^ + vy^ + wz^^U 
Hnd u*« •^2hxy^O nmy be parabolas are respectively 

— **■'' — ~«0 and Ac*+ 2 wa 6 — 0 . 

u V tr 

22. Prove that the co-ordinates of the centre of the conic 

+ v/oy ♦ v/ ITS * 0 

tre ffiven liy 

X ^ t 

av* hu ' 


CM +<ite» 


bw*cv 

the co-ordinates beine trilinears. 

2H, Show that %/?;+ + 

1 1 


) 


0 


d 

-fx+»iy + n« /s-my + ns is + wy-ns 
represent the same conic. Explain the fact eeoinetrically. 

24. Show that ^ + — 4 .”. 

* y s 

v/ ^ \/— + ,^ •*• \/ ' +^^- 0 , represent the same 

conic. Explain the fact ireometrically. 

2b, A variable conic touches the sides of the triangle of 
reference and also the line /v + my + naaO. Prove that if the 
co-ordinate system is trilinear, the locos of the centre is the line 


ax 


+ +jJ4_ 6. 

' f m n f I n ' 


+„( 4 +^-^)=o. 

\ I m n / 


26. The conic a x* + hjr + ca* + 2/y* + 2gzx + 2hxy ~ 0 meets 
the sides of the triangle of reference in three point-pairs* and 
these on being Joined to the opposite angular points of 
the triangle determine three Une-pairs : prove that the six 
lines thus constructed touch the conic 

+cctm* + abn* - 2a/mn - 2bgnl - 2chlm * 0 . 



TIU LINEAR CO-ORDINATES 


427 


. l^rove that the centres of the circJes which touclj t\w 

Slides 0 / a triangle lie on any rectangular hyperbola r. to which 
the given triangle is self conjugate. 

28. If ^(i, ftt, ia the tangential e<tuation of a conic, 

show that the equation 

^(y*o - yo*. ZXo - xyt, - x^y ) « 0. 
represents the pair of Ungents from ixo, yo. «o) to the cooic 

29. A parabola circumscribes a tri.'tngle ABO and has its 
JocMjs at the orthO' centre, prove that 


A 

t*os 

2 

'^cos A 


+ 



t + 

V'cos H 


COS 


C 

•> 


'' cos C 


HO. J»rove that, in the tri I inear system, the norumlstothe conic 
/y«+W 2 A+«.ry -'0 at the three fioints of reference will meet in 
a rK>int if 




HI. If the equation » /a v/ my + v/ >is»0 in Irilineurs 
reiiresonts a parabola, the equation of its axis ia 


^'7 ^1 c* ^ ^ A* 

I \ ftr / m In* i* f n \ “ t*r 




S2, The directrix of the parabola which touches the sides 
of tha triangle of rfferenre aud also the line /.r t-my + n8*0 is 

the co-ordinate system being trllinear. 


HH. I'rove that the diro<*tor circle, in trihnears. ol the conic 
.T +4ya cos A*0 ia given by the equation 

Ar'+y*-f-x*-y«(8ec A-2COS AJ-tf sec A(y cos H + * coa (')—(». • 
H4. I'rove that the iTonics 


X tan ^ + hv y (ail ^ + c tan 4'«U, 

«v/jrcot + ^v/y cot 0 + c v'a cot 'J' *0, 
itre parabobia if 

a tan d A Ian > 4c tan •‘U 
a cot f? + 6 cot + c cot 'f' • U 

the co-ordiuates being trilinaars. Show also that a circle can be 
described through their six points of contact with the sides of the 
triangle of reference. 

86. Show that the locuH ol the centres ofrectaugulnrhyner- 
bolafl which nreumaeri be the triangle of reference is the nine 
point circle. 
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36. Show that the directrix of the parabola which touches 
the four lines (/, ±m, +«! has for its equation in trili nears 




37. Id the trill near systeoi of co-ordinates, prove that the 
co-ordinntes of the foci of the ellipse 


\/ T* " *0 are respectively proiiortioDal 

^ a y h Jl.. r 


to 



3H. Prove that the foci of parabolas inscribed ic the triant<ie 
of reference lie on the circa m- circle of the triangle. 

3D. Prove that the parabola whose focus is the vertex C of 
the triangle of reference ami whose directrix is the side AB has 
for its trilinear equation +2xy cos ein^C. 

40. Show that the equation hcxy“abyt'^{c^^a^]zx^O 
represents a rectangular hyperbola, end show that the equations 
of its asymptotes are 

c(ax - by—ct)±a{ax*by - c«)“0. 

41. If tbe triangle of reference is equilateral, show that 

y + s + 3x*0is a directrix of the conic y* + a* • (trllinears). 

[Hint . — Show that tbe pole (*1, I, 1) of the Hoe y + s + Sx 
^0 is e focus. I 



CHAPTER XIV 

SYSTEMS OF CONICS 
1 52. Pencil of conics. 

+ 6y + ±k*xy + + Ify + c' » 0 

ho two conics, wo have proved that the equation 

5>+-X4'*0 {U 

repfosontf? for diHorcnt values of X a single infinity of conics 
which go through the four points of intersection of 0 and 
'V* This system of conics wc call a pem U of conics, of which 
t and 4' are called tlie base conics. Through any fifth 
ppjnt there will pass one ami only one conic of the 
system. 

If we put down the comlition that tlie Urn* 

fx+«3y + n*«0 . • V 

may be a tangent to the conic (1). we obtain a quadratic in X. 
showing that thert fiint tiro cow/cx of thr sif$(ent whh'h touch 
an arhitrarif tine of the pianr. 

Th»' conic (1) will clegencnite Into a pair of lines it 


tf+Art' /» + X/i^ j? + Xg* 

i 

h + Xh' 6 + X6' /+X/' , 

g + Xg' /+X/' c + Xc* ' 

This is a cubic in X, showing timt tlm^e line-pairs 
belong to tho system. 

152.1. A prncil of coniiv drtenniiten on an arbitrary 
iin^aranurofpohihhrtonfiing to an involution, the double 

pointHofichicharethepointxichere the line (ourhcM the two 

memberM of the My/ttem. 

Take tlio given lino as tho jr-axis. The abscissae of 

tho points of Intorsoction of (1) with arc givon by the 


equation . - . . . /«, 

(ax^+2gx •♦•«) + X(a x*+2g'jr + c )*0 (2) 

ancl this defines an involution. The lino y*0 will toncli (I) 
if X is a root of the equation 

(g + Xg')**(a + X<»')(c + Xc ). 

If X be a root of this equation. (2) will be a perfect 
square, which proves tho theorem. 

The double points i.s., the points of contact are conjii- 
gate with respect to every conic of the system. 
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iiystdm. SliiDin&tion of ^ and gives 

S. A, 1 1=0 

Sj A. 1 


or S= 

Aj* A| 


S X I 
X|~X' q 

This expre^sses S iti terras of S, and K,. Thus hco arhi 
(rary conics of the system can be taken as the base conics. 

152.3. The conic (U will be a circle if 

+ and h + Xh'~() 

• • h it'’ (3) 

Now the asymptotes of f arc parallel to 
aj*r* + 2Aary + dy«*0. 
aod its axes arc therefore parallel to 

<»-6 * 

Similarly the axes of 4- are parallel to 

^ >yv 

a'-h' IT 

Thus(3)i8thecoiiditiontlui ihoaxoKofiS and mav 

be parallel. ^ 

Thus a circle U. iyen^ral ml « ...ember of the mstern. 
and tf %i %s a member of the system, the conics hare their arts^ 
parallel. 

152.4. One and only one rectangular hyperbola belonax 

AsJ.erftX*™’ “"^*** " '-'rtangul^r 

The conic (1) is a rectangular hyperbola if 

(« + W + A ( a ' + 6')*»0 

This relation is identically satisfied if 

hyperbolas, then every 
conic of (1) IS a rectangular hyperbola. 

If « + 6,a'+l.' do not vanish sinjultaneonslv. there is 
only one value of A. Hence, etc. 

«fy“Ptotesof the rectangular hyper- 
bola of the system be taken as the axes so that 
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the equation (1) then becomes 

+ 2hxy + by^ + “ 2fy + c + ‘2X(xj? - k^) * 0. 

If X* — A* the equation becomes 

ax’ + +2^* “^^fy + c + « 0 

a n<l this conic has its axes parallel to the co-ordinate axes 
i.e., the asymptotes of the rectanfrular hj'perbola of the 
system. 

ThuH one t'onic of the xystetu tchich haf< ita axe^ 

pamihi to astfmpfofes of the rtefnngular hyperbola of the 
syfitem, 

('onsequently. if we take 

tf.T* + + 2j* + 2/y + k. i^^xy - c\ 

the equation of the system is 

<j** + 2X*y+6y+2fi;r+2/y + *-2Ac*-'0 (4) 

This is the simplest equation of the system in revtangu~ 
tar co-ordinates. 

152,6. The equation (41 will represent a parabola if 

X^»a6. 

Tfnis tliore are two parabolas of the system, viz 
(» v/o ± y \/ 6)^ +2g» + 2/y + ft + 2c V 0. 

The axes of these parabolas arc parallel to x v'ri+yv/ft *0 
ami *\/<f — y v'fe^O inspect ively i.t,^ <Tx*-6y**0. T)»ese linos 
are horinoineally sepni*ated by the lines 

<T** + 2Xry + fty* “ 0 

which aiti parallel to the asymptotes of (41. Thus the axes 
of the parabolas bolonginj? to the system are parallel to a 
pair of eonju(?ate diameters of (4). 

153. Centre locus of the Pencil of conics. 

T)u‘ ecpiatnui of the sy^ttem of conics has been mlucod 
to tlie form 

o** + 2«* + 2/> + 2X(xy - r*) *0. 

The ro-ordinutes of the centre of the conic an* jfiven by 
the equations 

<fx+« + Xy*0 X* + 6y+y-0. 

The locus of the centre is thcrefon* 

ax-^g • 

6y +/ * 

or ax^ — by^+gx-^ fy^yb (5) 

The centre locus is therefore a conic. It is an ellipse or 
a hyperbola according as the base conic 

flx* + 6y*+2gx + 2/y + ft«0 
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is a hyperbola or an ellipse. The asymptotes ol‘ the conic 
are parallel to the axes of the two parabolas of the system, 
and to a pair of conju^te <l in meters of (4). 

Or thus. If ^=0. 4'*0are twe conics of the system, the 
ea nation of the pencil is 

^ 0+X4.»O. 


ox 


+ X 

3y 


The co*ordin«tes of the centre are ffiven by the 
equations 

dy 

Hence the loctis of the centre is the conic 

3^ -n 

dx ' iy ' 

1331. The oentre of the eentre-locux ts the point 


{ '^ \ and this is the mid*poiiit of the segment of 

the line that joins the centre(0, U I of the rectangpilar hyper- 
bola of the system and the oentre of the unique conic 
whose axes are parallel to the asymptotes of the rectangular 
hyperbola. 

153-2. The base points i. the points common to all 
conics of the system are the intersections of 


and xy<^ or*«ct. y-y , 

thus the parameters of the base-points arc the roots of the 
aquation 

a<ft* + 2gct^ + ki^ + 2/cf + 6<r -0. (6) 

Suppose that the roots of this equation are t,. /j. f*. 


No, 

Thus the centre of the centre-locus is the centre of 
mean position of the four base-points. 

153.3. The co-ordinates of the mid-point of the line 
joining (ft) and (/j) are [-y (fj + t,). +-1 j J gub- 


stituting in the left-hand side of (6) we see that 
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^ for ^ i S - — ^ and ^ j , 

Thus tho centre Locus passes through the six-nik] 
points of the lines which join the four base-points. 

153.4 The equations oF tliA iin^s ihsf join ti, tz 
ty /* are 

* + /j/«y ^1 ) 

The = + 

which assumes the form 

•>^ + + .. . (H) 

passes tlirougfi the intersection of the lines (7). 

Similarly the Him* 
which red MOOS to 

jr(^/3 + ?j#»)+ ^ (Ay +/)-*) (9) 

also passes ihrougli the intersection of flu* lijios (7). But. 
the linos (K) an<t (9) intersect on llic conic 

ax*g ^ y 
by* / X 

which is the c<juulion of iIm* centre-locus. Thus ihe three 
iine-)mirs of tlie system intei'sect on tliecentn^ hxrns. 

Th<^ result also follows from ilic consideration, titatthc 
linu-pairs arc conics of the system whose cciitn*s an* (heir 
inU^rsect.ions. 

The centre locus, thcrcfoiv, passe.s through thi* six 
inid-poiuts of tlic Hues that join the four base-points, and 
the three intersect ions of the three line pairs of flie system 
and the two points on the line at ^ conjugate w. r. to every 
conic of tiie system. Tin* cr ntrc-locus is thorofon* called 
tho eleven -point-conk. 

153,5. 7'/n' pntHtM Iff of tUt> of 

IktKxfnUiii fof'm a U'kangl*'. 
xthich is Ktlfconjuiiitir 
w. 1 . to e»:crv ro//ir' of 
thf, HtjMtem. 

1st method. 

U^t P„ P3, P,. P. L<* 

I he base-points. Take 
APzPiasthe a-axis and 
.AP;»P4 as the yaxis, so 
that t)ie oo-ordiriaies of 
Pi. p2* Pi* P4 •O'ty be 


6 
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Uke«as(^,0). (i,-.o), ( 0 .AJ, (o,J-J, Th. equa- 

tions of P1P4 ar<^ respectively 

a'x + by~ i-0, '* b'y^ l-O. 

Tlje equation of tile system of conics tlii*oug:h P( P^ 
P:», P* is 

(tfx + 6'y- l){rt'ar + 6y -D + Xary-O. 

The polar of A w. r. to the system is 
(aar + 6'y- l) + (fl'^ + fry- 1)«0 

which obviously passes through B, the intersect ion of P,P4, 
and PjP.s. Writing the equation of the polar as 

1) +(tf'* + 6'y* 0“0. 

it is also seen that it passes thi’ougli 0. Thus the polar 
is tlie lineBC. 

2nd method. 

Let BC cut P|Pg, PiP,. ill Q. R. Then 

(P.P,, QA)-- 1. (P|P*. RA)« • I. 

.’.the polar of A goes through ii, P i. t., BC is the 
polar of A. 

Similarly the polars of B and C are CA and AB. 

Hence A ABC is self •conjugate w. r. to eacli conic of 
the system. 

3rd method. 

liet etf j be the base*point«. Tiie equal ions of 
PjPi, PjP* are 

The p^ar V r. to (4) of the point A{*-V) the inter- 
section of PiPj, PsP^ IK 

*'(ojr + A3.+j)+/(A* + 6j. +/)+«* + /j,-2Xc* + 4«<) 

With the conditions 

X -c{#a+O«0. 

Thus the equation of the polar is 

ax-^g+Xy j 1 

6y+/+A4f 

gx +/y + k -2Xc* - c(r, + e j - p(,j + 

which reduces to 
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ABf) 

X tsiA *0 

y 1 I 

I 

rrm.smWing that /* are the rootx of (6). 

Writing this equation in the forms 

w« see that tlio polar passes through B and C and is theiN»- 
fore the line BC. 

153.6. lig a /fiitper chok r oftfir triaHfj/f' o/’ re/ere «<•<', 
Iht co^ordinatejf of four poinfM hr o nhtnr ron he r^f>re/<enUd 
hy (±1. ± 1. ± 1). 

l^er the diagona) triangle ABC* of llie quadrangle 
(See tig. art. 15.S.6) betaken ttstlie triangle of refer- 
*mee, and suppose P, is the unit point (]. 1. 1). The co- 
orrii nates of Pj. pj. P* can therefore be assmiierl to In* 

a I. j). 1). (1. 1. v) 

Sow A, Pa, P* are colli near. 

1 o <)|bO <»r g'v-l. 

• t P- I 

I I V ! 

Similarly vX** 1. XP’**1. Heiioe XV^**j or XP-v— - I 
the positive sign is ndccfi^h ss it gives t 4 

the four points eoiiicide. Ileiico 

\m -|.p.» -1. v»-l. 

Heru'e the eo-onliimtes of the poitil.s ajv (i 1. •**1, + j) 

Exercises XLIV. 

1. Show tliHt the of a pencil of conies can he 

written sfl 

2. If + he the equation of the line at infinity, 

when tbe diagonal triangle ia taken aa the triangle of reference 
abow that tbe equation of the centre lore a of the svafcem of rooie.« 
in Ks. 1. is 

+ ^.o. 

X y X 

H. Kkow that tbe equation of a conic through four given 
)>oiijt 0 is + + (trilineara) with the conditioh 

«/ + vg* + «»X*“0. 

The co-ordinatea of four points can be taken aa (1/, 
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154. Range of conics. 

Tlie tau{ 2 rerin:ii intiiatioii of a t'otiic conUiua five dis- 
posable coin UiiU-^. The equation can, therefore, be made 
to satisfy tiv<* iriven conditions, in particular, one and only 
one conic crin be made to touch five given lines. If how- 
ever. only hmr lines are given, four of the constants can be 
o'xpres'*-d in terms of the fifth. Thus there will be a single 
infinity of conics which touch four given lines. The 
system of conics so dctoroiined is called a Tangential 
Pencil or a Range of conics. 

154.1 , To find the egnathit of it range of conies, 

liet two of the lines be chosen as the co-ordinate axes, 
and suppose that the equations of the other two lino* 
are 

lx + Miy • 1 *0. fx + m'y— 1 *0. 

The equation of the conic which touches the co-or<linat^ 
axes is of the form 

iax*by-\y-2Xxy^0. 

The lines which join the origin witli tlie poiiita of 
intersection of this conic and the lino ijr + my-l^O are 
given by the equation 

{<ix*by“lx^ myY-“'iXxy^0 

or (a - + — /)(^ “>«)■* X] + (b — 

If the line he a tangent, these two liru»s will coincide : 
[(a-l){b-m)-\Y^{a-inb-m]^ 

or X*2(tj — /)(t - w). 
for X»0 gives the coincident lines 

— 1“0. 

Similarly the line I'x+m'y l"tt will touch the conic 

if 

X • 2(a - /^)(6 “ fft'). 


Thus the equation is 

•(a*+by-I)*-2X*y»a j 

provided X*2(tf-/Hb - m)~2{a“l')(b‘*m^) ) 

The equation may be written so as to contain 
parameter. For writing the condition in (10) aa 


( 10 ) 

one 


ff - / _ b • 


y^e get 


a“l 

l-ft 


6- 


•i, 


m 






and A»2(a-»(6-.rt)=--2 - 


^ I 4 



SYJ>TKttH or copies 
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point U> a 
fhfi (louUU) 
two roiiioH 


TKus the ei|Uatioii becomes 

Given U. y). there «r. two values oft. showmR U,..!. 

throuffh a point there pass two roincs of the system. 

We mav write the p«iiirttion 

11'-* ^ 

1 - M- '< - " ”'■> 5 '= 

the eduatiou can therefore i.e wntte.i as 
(L- 
or 

or X,I.‘+A 2 M'+X:,N*=I). 

, * +_L+ ' =<i. 

when* ^ ^ Xj 

Ex. 1. Show tliat the hwos of thf‘ oi 

fonicH i« a «t. liii<*« 

Ex 2 Hlu»\v Hml tho tanirenis rr<uit « 
range of coniea belong an nivolutMni ami 

liueHofthoinvolnlionarethctaiigonN To the 

which pHSK through the point. ^ 

154-2. The equtitioini 

of fo II r <1 rhit lut nf n tr» igh f 
linen ran he iTpt-t'nenfetl ki 
the eqH(ithin<. 

1I±V±\V»0 
irheee IT, V. W otr iinenr 

funrtionn of .r. if 2- 

(e may be put equal 

^ Uit PC^ Kill Its, SP 

ho four at. lines whosj* 

<liagonal trianglo is AB( . 

Suppose that the nquutioris 
of HC. CA. AB arc res- 
pectively 

‘ U-0. V-(h\V-*0. 


. I’4.V + W*(). 

Thus QU paase-s through the iii^rscction of FS.aud 
AB(W*0), its equation is therefore of the torm 
^ n+V+vW-o 
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Similarly the .N]uations of PQ. RS are of the forms 
XU+V+AV*0 
U+M'V + W^O. 

Now QR. SH. BO are concurrent. 

11* I *0 

1 1 V 

1 0 0 
I- 

Similarly wX*l, Xl*-1. 

or X/*v-±l. 

If the positive sign beuken, we get •. «. 

all the linw coincide. Hence X« - 1, #a = - i. v- - 1. Hencp* 
the equations of the lines can be written in the form 

u±v+w»a 

154.3. To detei'mine Ute ^uation of co/jiVa tchic/i touch 
the four iifwf U ± V ± W - 0. 

The equation of the conic which touches U + V± W -(X 
can be written in the form 

(<rU+6V + cWl*-X((U + V)»-WM-0. 

The lines which join C with the points of intersectaon 
of the conic and U - V - W *0 is 

l(4i+c)U+(6-c)V)*-x((U+v)*-(u-V)»]-a 
orftf + c)‘U*+2UV[(tf +c)(^-c)-2X] + (6-c)*V*«(X 

If the line U-V — W^Oisa tangent 
X*(a+c)(6-c). 

Similarly U - V + W®0 will be a tangent if 
X"{tf • c)(6 +c) 


whence 

2c(«—6)*0. 


Ita 
hence c 
oecomes 

the conic reduces to two coincident su 
“0» X^ab, Thus the equation of the 

lines, 

conic 


(aU + 6V)*-tf6rtP + V*+2UV- W*)=0, 


or 

a{a-b)V* + b(b-a)V**abW~0, 


or. 



or 

U-l)U*+(f-l W+W‘=0,*=f ; 

...(12) 

$ 

‘ ‘ or 

V a / b 

..X,TJ*+XaV*+X,W*«-0, . 


where 

XjXj + XiJ^i + ~0. ^ . 

'-.(13) 
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NoU. In order tbat the conic mty contain real poiots, one 
of the terms must be negative. 

154.4, If we write the equation of the conic 

irj tho form 

(M‘V + nW)(M'V-oW) + ATJ*«U 
we see that the lineU-0 is the polar of A. Similarly 

W«Oisthc polar of C. Thus 
ABO IS a self-polar triangle of every conic inscribed in the 
quadrilateral. 

We may deduce fin- resiili from Art 153.6. or from 

PS be the axes, and the equations of 
KS are respectively /x + «y - I •O. I'x + m'y - 1 -0, the 

<;o-ordinfttesof Q ami K an- respectively (-i. o) . o) 

and those of S and D are ( 0. , ( 0. *■-) . The 

' mf m / 

equation, of AB and AO* are respectively 

L«i'ar + ♦«>- 1 •() : M*/x+m'y - 1 “0. 

J^t these intei'sect in X{x\ /), The polar of A u» r to 
(11) is 

*\(L’ - + 2 U-l'nm-m')y'l] 

. , *i(L'-»jnu-i)j=« 

wherein, M are the values of L and M for x^x\y—y' 
and therefore vanish. Thus the equal ion induces U> 

*y'+yx'-U 

or + 

This obviously passes through P(a 0) and through K 
il fan be written in the form 

(/*+my l)“ U'x 1)*0. 

Thus the dhgofiu/ friaHg/r of fi quadriiaieralin 9€if 
^'•fn\jugaU w. r. to ecety conic itiiftrUf^U in th¥ quadrilaUral. 

154.5. Take the iriangle fonned by tho diagonals of 
the quadrilateral as the triangle of reference. The equa- 
tions of the four lines will be of tin* form /a± w(^ ± «“f *0. 
(tnlinears). The conic 

«a* +t;^* + +2«'P't + + 2w'«/3 -0 

will touch the line [h m, n] if 

VP + YnP + W«* + 2U'«« +2V'ni +2W'/« -0. 

If the conic touches all the four lines, then 
U'-V'«W'«0 

• • tt *w « 0 . 
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Thus the equation of the range is 
with the condition i'lu + mVf + «^/«>*=0. 

155. Centre Locus of a Range of conics.. 

Let the shies of the diagonal triangle be 
UsajA: + fe,y + ci^O, + +Cj*0, W«ai*+ftjv+ei«0, 

then the equation of the range of conics which touches 
a±V±\V-0 is 

XjU'+AsVHAaW^^O (14) 


where 



The centre of the conic is given by the equations 

ojAjU +47 iAjjV +<i5A3W *0, I 

6,AiU+6,A,V + 6jA3W»0. ) 

Denote the co*factors of the small letter by the oorres' 
potidifig capital letters in the determinant 



*1 

Cl 

at 

b. 

Ct 


bi 

Ci 


Prom (16), o,Vw“c,uV”c,UV ' 
substituting in we get the equation of the locus. 


P-+ V.+ w 
c, ^ c, c, 


u. 


(16) 


which is a at Line 

Otherwise 


Taking the equation tin trilinears) ^of the I'ange in. 
the form tt«*+vP*+tt»1*=0 with the condition 
?/m + ffiVv+rt^w *0, 

we know the centre is given by . Hence the 

a b c 


centre locus is the st. line^ , 

ode 

The centre locus passes through the mid«poiuts of the 
diagonals of the quadrilateral formed by the four tangents, 
since each diagonal can be regarded as a limiting form of 
an ellipse touching the sides of the qaadrilateral whose 
minor axis tends to zero, and the centre of this ellipse is 
oltiosately the mid'point of the, diagonal. Thus the mid' 
points of the diagonals of a quadril^epal are colli near. 
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155.1. The following proof is taken from SejTCt'< 
t-Jcometrie de Direction. 

We may observe that the line 

* cos « + y sin ** v' <j* cos^«+6* sin^ « is a tangent to tin* 


•llinse 


6- 


1. where « is the angle which the nor- 


ma) Ht the point makes with the axis of the conic ; and 
tin* clistance of the centre froip (lie tangent is 




a* cos 


sin^. 


I-et the equations of the four lines be 

arX'*‘bry—pf“i\ d, 4 

and suppose rimt the axes of length *2a, 26 of an ellipse niv 
l>aru)lel to 

«;r+ 0 y-O, +( 3 - «]. 

and its rentre is y). then the ilistance of tlioeontn' 
from the langeiif ai* + 6iy is given by eitluo' of tliu 
oxiHH'ssions 


rtj* + 6,y-/.,. or v/rtV,« + 6»^)* + 6^(a»<*' + 6,^')*. 

1 Icjice 

ri^»(a|jt+6|y-^,)*— a*(ai« + 6iP)* + 6^ai«' + 6,(3')* 

and tlin*o similar ndations. To find the locus, it is nec^s- 
>Hry to eliminate (lie aix quantities 

a*<i^ 6^'*, b^>i'fi\ 

Write the ivlations as 

a,V«^ + 6V^) + 2a|6,flp(a- + 6-) + 6,VP' + 6-p*-)-r.^-li 

+ +2rt,,6:ap(a* + 6*l+6.*(a«P* + 6^P’*)-r,*-() 

witli two more similar relations. The elimination of 
ap(a^+6^). a^*+6*P'’ gives the iocus 


Ti*' 


XV 

IV -0 ( 17 ) 



03 ^ 





64“ 

rt,6, 

iS.jbi 

aj6g 

a 464 


Thu locus which appears to be of (he s<*c*oml <logit*o is 
nially a st. line, for it is easy to see that the co-efficients of 
.r*. xy, y vanish. 

Hence the locus of the centres of conics inscribed in the 
cpiad ri lateral UiU^UjU 4^0 is a s(. line represented by (he 
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eouaHon 

XiT',' + AjlV + + X,U4*«=(» (IK) 

rendered llnojir In x and y by suitable choice of X|, X?, 
X s* X<i. 

Xote. ii will be noticed that the pol^r of any vertex of 
the qua fb I lateral tr.r. to the sy stem of conics SXiU|^“0 passes 
throu<ili the opposite vertex. Thus the opposite vertices are 
conjugate points w.r, to all eoDics of the system 2XibV“f^' 

Illustrative Examples. 

i 1) Find thf locus ofth* poles of a fixed line w. r. to rec- 
fanf/tilor hyt>erbolas to which a given triangle is self^conjugofe. 

l*et I1®«,x + 6o^+c,-0* V»tfir + 6«y + C3-<h 

the sides of the trie ni^le and 

fx^my^n^Oho the equation of the line. The equation of the 
conice u'.r. to which UVW-0 form a self-conjugate triangle is 

Xii:*+x,Y*+x,\v'^*o. 

This will be a rectangular hyperbola if 

X,(a,* + h,*)+X^at^+^>2*) + Xj;rt/+l»3*)-^>« 

If {»', y) be the pole of /ar + f«y + n"0» then the polnr of 

y) i» 

x(X,«,U'+XartjV'+Xjaj\V'^+y(X,6d'' + XahjV' + Xj63W; 

+ XiCir' + X3C2V'+XaCi\V «0 

where U'. V'* W' are the valuea of U» V, \V for x^x',y—y. 
This is identical with /x+my + »«•(!. 

. X.e,U^d>Aqg>V^-*-XHgtW^ ^y^XtbiV'*X,(Tt^y' 

I “ m 

_ Xici\J ' *XtcA'' ‘^X.Cx'X' 
n 

Hence 

Xia^J' ^X^iV +Xpix\V' -XI »0 

XjhiU' +Xrf*jV' + Xj6jW' - X«- 0 

X|C,U'+X,C2V' +X-,C3W'-Xn «0 

X i(<» 1* + ♦ Xt (««* + O + ^ + V) *® 0. 

Thus the locus of {x't y'i is 

I <*1 <^2 < 7 i 


C| Ct Cj 

U Y 'W 
which isa circum conic of the triangle UVW«0. 


tfi 

n 

0 


-0 
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Second Proof. Let the co* ordinates be trilioears. The 
eijoation of a conic to which the triangle of reference Is '^elf* 
vonjugaie is 

iia' + vy* + u»«^ = t\ -M) 

This will he a rectangiilcr hyperbola if the circular points 
1 (jfc* y> ao). ‘H*/, y'o'' are con jugate ^to it, i.e. 

uX(,x<,' + vy,^y/ + wt^z^ ^0 

or w + v + u'*0. (<*) 

Let the given line he /.r + my + «* *<J and (jt', y', «') its 
l*ole, then Mjrjr' + vyy^ + u*«*'*0 and + + are 

identical, hence 

/ ' / 

HX _ vy ^ u'* 

I in n 

Suhstitnting in (ti) for it, v, w» we have 

+ ” +-? =a 

X y z 

Thus the locus of y . s') is the circutn'coaie 


j + « + «. = o. 

X y » 

C or. 7 V*e /ocn s of ih e ce ntrtt of tUene rtf to n<j ir lo r h fffitt - 
fiohta in f/re firotm-cireU, 

(3) prove tfint the tqunHon of Pie fumilt/ of conies 
in the reetanffle formttl hu the lines ar*±rt, y±6*0»« 

^ ^ 1 + Prove that (he loens of the foci 

tr b ao 

ia — • h*, ami that if two of the conics intersect on thi* 

tatter /ocmj, tkeu so tU right angles. 

(I'eiiihroke f*. t*.. U.A.. 1901. St. ('atlierine, 11l2l0. 


Let the tangential equation of the conic be 

pl^ + + rn^ + 2/inn + 2gnl + 2hlm — 0. 

As the llnea jf±a*0, yt^*0 for which, the values of 

/, i«, n for the four lines are (1,0. a), (J, 0,-a), (0, 1, 6), (0, 1,-6) 
touch the coni(s 

^ + rrt* + 2fitf ••0, p*ro^ — 2ga-Oy 

0 + r6> + 2/h*0. q + rb' - 2/^*0. 

.*• fi®0, ^*0, p^—ra^. q~ ~rb^. 

Thus the tangential equation of the conic is 

(I + 6*mi' *• u* “ 2 kltn s 0 wh ere A “ — * . 

r 

Thus the conic is the envelope of Ix^my^n^O with the 
1-onclition nV + - n* - 2Afw •O. To find the equation. 
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we have 

n /“ + — (/.T + • ^klm * 0 

or iHa * — .T • / + 2im{xy + A ) + m\b^ — y *) * 1 •. 

Thus the envelope is the curve 

or ^.T- + y + 2bxy^a’b^ - a V - 6V + 

x- .y^ j, 2k , ^ ^ 

+ *^-1 + -,n-0 


or 


or 


a 


h* rt‘6‘ 

.V* 


a^b 


J3 


2\xy 




r,et (a. P) be a focus, then y-P ±i(jr - «)*0 are Undents, 
and therefore / * ±i, «*!, n= — satisfy the equation 
tfV + 6W-«*-2*/w«0 

aad -<i* + 6* + 2 Ai”(P“i®)*“ 0 , 

or - o’ + h* - 2il- - - 2 iap + a*- 0, 
and -rt’+6’+2i*-^+2ia^+«’-0, 
whence -6’, «P + 4*0. 

Thus the locus of the foci is driven by rt“- 6’. 

L«t two members of the system which correspond to 
X«Xj, X"Xj intersect at Ui, yi) on *’-y‘**rt*- 6’, then 

ar,’-y,*-a*-6* 
and X|, X 2 fche roots of 

The tanjcents at (arj. yi) to the two conics are 

JL{li.+ h^U2.{hl} +.? l \+ .0 

a \ a b ) b \ a b ) " ^* 

a \ a b I b\ a b T ' 

These tangents intersect at right angles if 

and this condition will be found to be satisfied in virtue of the 
values of Ai+Xj, and XiXj. 

The last result may be proved geometrical )>*. 

Let P be a point on 

• c •T^® J being the circular points at 

infinity) are tangents to a member of the family. The tangents 
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from P to tbe conics of the system form an involution, « Inch 
the double lines are the tangents PT. PT' to L and 1. winch 
P8^8 through P. The lines PT. PT'. PI. PJ form a hsntnonir 
pencil, therefore PT, PT' are at right angles. 

Exercises XLV. 

1. If ABC be taken as the triangle of reference, show tiiat 
the equations of the lines PQ. QR. RS. SP can be put in tbe form 

Ix ± niy ± MS ® 0. 

2. Show that the equation of the conic which touches tbe 
four lines of Rx. I, can l>e written in the form 

**• + yi + ^ + btfi^ + c«^=0. 

ft b c 

!*. Show that the co-ordinates of the four lines of hs. I 
can also he put in the form (I. i I, ± 0. and the equation of 
the conic touched by these lines can be written a^^ 

+ — -0, fl + 6 + c-(^ 
a h c 

4. If (pt 0> r) l>e tlie <'O ordinHtes of the line nt infinity in 
the system of co^orclinates chosen in fCt. show tliut the equation 
of the centre locus is 

' +-* - 0 . 

p <r r 

h. Show that the locus of tbe poles of a given st. line with 
respect to range of conics ia a st. line. 

it. Show that if the conic + + 1 > be a pninbohi, 

it will touch the four lines + 

7. Show (hat two and only two rectangular hyi^erbolas can 
be drawn to touch four gi>‘ei] lines. 

K Show' that tin* director circles of all cooics inscribed in 
the same ciuadrilateral ore coaxal. 

156. ConfocM I conics. ]/*t I niul J bo the circular 
fioliits at infinity ami L a conic in the plane. Tlic tangents 
from 1 Hiul .1 intersect in two pairs of points F, F/ S. S' 
wliicli an* ('ullcd tin* foci of S. The system of conics wliich 
tiaicb the four tangents from I a ml J to £ have the same 
set of foci F. F'. S. S' and an* said to form a coiifocal 
system of which £ Is a inoinbcr. It follows thul tho/o is 
one conic of the system which touches a given lire. 

1S6.1. Kffttatioii of rt of confovah. 

liCt the nation of £ be 
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Since all eonu "* hnve common foci, they have common 
axes and common ccnrir. Thus the equation of the system 
isoftheiorm 

'IWal f.K.i an. (± q) whicl. mast be same as 

(± 0 ), 

i.e.. >2. ^2.^2 . 

'rhns the equation of the confoo«l.s is 




If ci>6, tlien the conic 

tf*+X 6*+A 

U) is a circle of infinite radius, 

(iV) is an ellipse for all values of X>0 and X> - b\ 
liii) is the line y*0 when X* 

(iv) is an hyperbola when X< — 6* end> -n* 

(v) is the line x“0 when A» -a*, 

(vO is an imaginary ellipse when X< - 
156.2. 7*h4 wcefsart/ and sufficient condilion that a 
pair of caniugate Htus le. r. to a conic /« also conjugate w. r. 
to o ron focal conic U that it shout d he at right angles. 

Let + /^ar + «jy+nj*0 l>c conjugate 

w. r. to 


. *• aH\l^ + b^m\ i. 

If this pair of lines be also conjugate v. r. tu the con- 
focal (19) 

o^/jia + b^mytHi^ mm - XUdi + «jW2) - 0 

which is the condition that the lines should beat rieht 
angles. ® 

156.3. nrough apoint there pas>c f,ro conics of the 
xgstem, one ellipse and one hgperhola and theu intersect at 
right angles, 

(19)^'’ 

/(A)sX*+ A!*,* + y,^ - o» - b‘) + la‘b’ - aW - b^y?) -0 
Now rt-«»)= + ~. /(6*J=*,V-o*) . 

/(oo)=+co, a*>6* 
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Thus th^re is one root of /(X) which is less than h’. for 
which the conic (19) is an ellipse, and one root of /(X)— o 
lies between fe* an«l for which the conic (19) is a hypor- 
hola. 

I^t L. r' bo the conics which pass thmugrli P. am) 
suppose that PT, PT* are the tanirents at P to S anJ S . 
Now PS. PS' are equally inclined to PT. PT. Thus PT. PT 
arc bisectors of £SPR' and are therefore at rljrht angles. 

Otherwise. PT. PT are both conjugate to £ and S', 
ami are therefore at right angles. 

156.4. Tangential equation of the confocal system. 

The tangential equation of the fonfocal system (19) is 
oflsilvsoen to 

<iV+6W-«*-X(/* + w^)-(). 

It follows that which represent, < tlm points 
I and J belonging to tlic system. For X"6^ o^. the conic 
degenerates info the pairs of foci. Thus the pairs of points 
T. .1 : S. S': F. F'. are <legeneratc conics of the system. 

Ex. 1. Show that the equation 

al^*-btn**cn*^2fmn +2gMl wi*) 

n*|irc«ents a confocaliSyslem. Fiiul the point equal ion. 

Ex. 2. Show that 

(/xi+fnyi+n*i)(/x2 + mjv «*«)■• X(/*+ 
ivpresents a system of ^conics with (xi. yj, Si). (xj, yj. S:) 
foci. 


156 5. The locus of the pole of a given line w. r. to 
tlu* conics of the confocal system is a st. line, which is 
n normal to a conic of the system. 

Let (*', y') 1)0 a pole of lx + my + «*0 w. r. to 

a*-X 6*-X 


The polar of (x*. y') i« 




(a*-X)/ (6*-X)w 

I 


1 

ft 


or 

/ M n 

Thus the locus of (x'. y') is the liuu 



m 
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which li pcrpemlicnlar to jx^-my + n^O. Now there is 
V**' which touches Ix + my+tfO. 

I he pole of tins hnc u» r. to is the point of contact which 
hes on the Imp (2(1) Thus (20J is a normal to 2. If we call 
the line (*20) I x-^my + n ^O. then 






winch K symmetneal w, r. to /. /' 5 m' ; Hence 

fhe taiifffiuh at /' to the confocaU S. 2' that pass through P 
han' fhe property that each h fhf loi^us of ih poles of the 
other ir, r, to the confocals of the system. 

1 56-6. Prom any point T fanaenis TP, TP' ; TQ, T(4' 
oiH (tr/ifm to tico ron focal conics 2> t\ 3hotc that fhe lines 

Pii' ar? equally inclined to the tangent at P. 

Let the line QQ^ meet the 
tangent PT aiul the normal 
X^L at P in points M and L. 

The poles of the line 
w. r. to the confocal conics 
lie on PL. The pole of QQ' ' 
w. r- to S' is the point T 
which lies on PT. Thus the 
polo of PT w. r. to S' lies on 
PL and QQ' and is therefore 
the point L. 

Thus (ML,QQ‘) = — 1 and since 
. PM, PL 
bisect the angle QPQ'. 

Cor. 1. Since (S, S') form a degenerate member of the 

for the conic on which P. P' lie we take the come 

(S. S ). We thus get : the tangents from a point to a conic 
subtend equal angles at a focus. 

the tanqents to S' from a pomt T on a confocal E are eouallf/ 
inclined to the tangent af T to S. » 

Cor. 3. There is one member of the sv^t<*m 
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156.7. Ttco or ft CO kypevbolcia of a con foe at 

system do not intersect in real points. 

Let - V 

a Aj 6 Ai 

6* -A, 

A|<C6*, bo two ellipse's of the systejn. 

At their points of intej'sectioii we have 

^ + y* ... 

(tf’-AiKrt-'-A.) (6*-A»)(6"-A:)‘ ^ • 

aiul jjo itaI values of * ami yean satisfy thi.< equation- Tlie 
theorem for two liyperholas ean 1«* pi-ove«| similarly. 

156.8. Definition. Two poijits P^x, y). Pi(xj. yi) on 
two eon locals 

9 A 9 • 

?.-+ -1. + f -1 

rt 6 ' < 1 ,- 6 |- 

are Miiil to corrcspoiitl If 

V . .Vi^ 

a <f| h f/| 

l.i't (<? cos 6 sill 9) bo u poin' OJi ilu' ellipse 

-*L+ ^ -1 

J , 4 . 


tilt'll the oorre^pomliiii; point on 

< f. =1 

<*i be 

i«« (tfi erts 9. sin 9), Tims ihe (vnrw/w/?(i^V/ points fiarn 
t'/ftini t'ccrnfric angles. 

A very e«mveni'mt im»thoil of writing: the equations 
of eoni'ociil ellipse's ami livperbolas is 

^ j 

“T^ ellipses (21) 

sf r 

Mn'4' byperholas (22) 

1569. A hyperbola iniersetU Ux con focal ellipses; in 
Hcries of correspitnding points. 

The liyperbola (22) 

intersects the ellipses t»f 
I lie system in points whose 
co-ordinates are / / 

eosli cos { ( i / / \ \ \ 

|.et v!/ be kept constant I \ y 
ami ^ variable, so that the \ \ \ / J j 

point giiven by (2H) lies on \ / 

a unique hyperlwla P of X 
the system. This cuts the 

ellipses o, a,, a-.. .. . .in 
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points Pi- P2 tor the variable values of 9^. Since 


“cos'f. - “«in 

e cosh ^ c Sinn ^ 


ami 4' is fixcil. it follows that PjPiPj are corresponding 

poiiitK Similarly Q,, Q: are a series of correaponding 

points. 

Tf now ^ be kept coustaiit. ami 'k variable, we got the 
intersections s.g.. P,. Qi of the ellipse « with the hyper- 

bolas P. Pj. etc., and as 


, *co$h constant, 
c cos y 


— * sink ^ - constant, 
c sni V 

the series of points Ph Qi are correspomling points 

Similarly the series of points Pj. Qa ' P3. Qj 

consist of corresponding points 


157. Confocal Parabolas. Two parabolas arc con- 
focal when the v have the same focus and tho same' axis. 
The equation of the parabola whose focws in the origin aiul 

or 4X{* + X) ('24) 

or ^•4X(x+X*)« 

As X varies, the equation represents a system of para- 
bolas all having a common focus at the origin and common 
a xis, rig the x*axis . The ta n ge rtt i a I eq uat io!i of t lie sy 9 le ni 

(25) 


When X“*®®. the conic reduces to the circular points^ 
(or from (24) the line at inhaity joining I and J taken 
twice). If X— 0. the equation (25) represents the finite 
focus (0. 0. 1) and the infinite focus (1. 0, 0). while equatioii 
(24) represents the line which joins them taken 

twice. 


Tf X>0 the vertex of the parabola is to the left of the 
focus and if X<0, the vertex is to the right of the focus. 
Thus there are ttco gysfems of confocal paraholm, one haring 
vertices to (he left and the other to the right of the focus. 

157.1. Through a point there pass tiro confocaJ para- 
Mast belonging to different systems i.e., havmg their co?/- 
cavities in opposite direeiions and they inte%^eci at Hght 
angles* 
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If the perebola given by (24) 
paj^ses throujrh P(*,. j?x) ha%'e 

4X"-4Ax,7yi^-0. (26) 

This equation j^ives two values 
of A of contrary, signs. If A|, Aj be 
the roots of this equation, the ’tan- 
gents to tile two parabolas wliich 
correspond to A*A,, A^A^ have the 
equations 

yyi-2Aj(jr + a,) + 4A,^ 
yy , « 2A2(a H-xj ) + 4Aj^ 

These lines will be at right angles if 
yj*+4A|Av*0 

and this relation holds in virtue of (26/ 

I I The two points U.yi.U'.V) oil the two para- 

jolas y 4px, x (the axes of reference not necessarily 
poin?s\f^ ^ cm-x-es) ai'c culled corresponding 

y y' 

P P* ' p /»' * 

The corresponding points have the same pujanuoer wlien 
tlio rro-ordmates of a point on ^'•ipx arc oxpivsscd in the 
iorm ipi . .pt) or (t--p , 2/rf) when the equation of tlie nura- 
bola JK expressed ni the form y*—4pHx’^p^}. 

niustrative Examples. 

(1) I^rptndicuhr UwytuU art draun frow a pohit. ene t<j 

TirrU ** ii,ou‘ that th< jwta/ //<•« on a 

The hoes 

X cos a +y aio «*{(a^^ A)roa-« + (6*-X)»iD^«)^ 

X sin a-y cos « * {(a*-**) sin^ a + (t« - /i) cost a) ^ 
uro |isrpf ndiciilar tsngcots to the ronfocsis 

X^ y* ^ 2 

a*-X**’d^-A* «*“>*** 

'fo Jind thi. locus of tWir point ol intersection, «e souare and 
uud. The required locus is ' 

which is a circle. 

(2) The diUance Uiureu luopmuli. owe «w turh of the l„o 

"" corre>po„d. 

Let a, b : o'. 6' be the Bcnii axts of the conics i;, i' of tl,e 
conlocal system, so .bat o'-6--<,--6^ .Sup,:;;, tl.at J e 

eccentric angles of P snd Q are a end P. ' ' 
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Then PQ^" (« cos a - a' cos P/* + (o sin o-^a' sin J3)^ 
and PjC}|^='(fi' cos « — rt cos P)* + (tf' sin « •<? sin 

'• PQ^ -PiQi**{fl 2 -tf'% 08 ^ tt -cos’g + sin^a- sin’ P)-0. ‘ 
Hence PQ-PjQi. 

(H) Show that the poiart of a point PUj, j/i) w. r. to a syt^tem 
of con focal conics is q parabola which touches the axes. Find 
the focus and directrix of the parabola* 

The polar of (* 1 , yj) w. r. to the svstem of conics 


is 

or 


JL*U+ 

ci’-A 6*-A ^ 

A^ + A(af A, + >yj - o * - 6*) + {a'tf - b^xxi -a^yy \ ) “O* 
The envelope of Ibis is the conic 

U*, -► yyi - o*- 6^)*»4(rt*6^ - b^xx\ - oVyj). 
This can be written in the form 


(xAj — yy I — rt* + b*)* + 4 t jar^ary * 0 

which clearly shows that the conic is s parabola which touches the 
lines ary =0. The equation of the parnboJa can be written as 

+v/T^+v'a«_^-0. 


As ary ^0 are tanj^ents to the parabola, and perpendicular 
tangents of a parabola intersect on the directrix, the origin lies 
on the directrix. Again, the pulars of P v. r. to S. 2^ which pass 
through r are the tangents to 2,2^ at P, and since these tangents 
are at right angles, P also lies 00 the directrix. Thus the equation 
of the directrix is 


The tangential equation of the parabola is 


/ tn n 

If (5. 'Jibe a focus, the Isotropic lines ±iU- {) + ty — 
will touch the parabola. 

E*+iT* 


whence S 


5^ 

xi(a*-&^) -,,(aS- 52 ) 

t ^ rm — 


xi’+y 


+yi' 


Note. The equation 0 / conics w'hich pass through the four 
foci is (t»*“h^>+2Axy — 0 where A is a parameter. It 

will be seen that the points (xt, yi), (g, n) are conjugate points 
with regard to this system of conics. 
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Exorcises XLVI. 


1 From the property SP + S'i^^ constants show th;it only 

one ellipse having given foci cad be dmo'D through a given 
point. 

2. Show that the locus of the pole of the line /,r + iiiy"l 
u\ r. to the con focal parabolas jr = 4X(x + X) is the st. line 

mil “ fy + m'l^O. 

5. lU of i'vo lines, the first is the locus of the poi^ 
serontl, then the second is the locus of the pole of the first. 

4. The difference between the s^iuares of the central per- 
pendiculars on two parallel tangents to two con focal conics is 
constant. 

6. Tl\ TQ are tangents one to each of the two confocnls 
whose* centre is C : show that ‘if the tangents are at right angles 
to one Another, CT bisects PQ. 


r>. If the two confocal ellipses 


6* 


U 


<|-+X 6* + X 


be cut by the st. line X cos a*’yH\nC, ^p, and if And T' be 
poles of this line w, r. to the ellipses, prove that TT - X 

7. If OT, OT' are the tangenU from the fixed point O(x'.y') 

toone of the confocals -^ 2 ' ^ “1. having the foci 

S. S^ ahotv that ( 1 ) the conic OTt'Ssi' passes through a fourth 
lixed point. liV) the circles such as OTT are coiixal, iut) the 

envelope of PK is the |»arabolA. 

+v'yy' + 

P, r' being the points where the circle OTT' cuts the correspond- 
ing confoi’sl again. 

Similar Figures 


158. C l>o n c«r%'e which is gcticratcil l»y a 
Mid KUppOM* 0 is a point in the plane of the curve. On the 
radiuH vector OP take a point 0 >aich that 0P**.00 
(where k \h conKlaiil). then as V traces out tho curve 0. \i 
will trace a cury*e C' which is suul to l>c similar an<l siiui* 
larly situated to C or homothetic to C. 

Tlie ratio k is called tlie ratio of similitude. A pair of 

points as P, Q are called corresponding points, and tlie lines 
PP'. QQ' joining two points of one figure*, and two corres- 
ponding points of tho second figure arc called corres- 
ponding lines. 
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It may be pointed out that tlie line joining two points 
in the figure C is parallel to the line joining the correspond* 
ing points in the figure C' which is homothetic with it, 
and these lines are in a constant ratio. 

If now the two figures C, C' be homothetic with 0 as 
the homothetic centre, and C* be rotated about 0 througli 
any angle, we get anew figure C, which is idii'ectfi/ similar 
to C, though not homothetic to C. Such figures have the 
property that if P. P' are two points of C and Q, Q' the 
corresponding points of Cj, theji iPO(^*P'OQ', and 

0P,0^ 

OQ 0(1" 

Let C, C' be two curves generated by the points P ami 
ii respectively, and suppose that fliere exists a point 0. 
such that ^POQ has always the same bisector and OP : Oy 
is constant, such curves are called trf't'ifit'lf/ simihr figuven. 


(hat 


158-1. Ths and iuffkunt Cfindition that 1uy> 

f iff arts F and F homothsfic i* that cf>rresi>oniliny to a point 
C in the plane of the first figure, it i$ possible io find a poinl C' 
in (he plane of the second figure sueh that to a point P of F, 
there corresponds a point P' of F with (he condt^’oM 
C'P**ACP, CP B C^P' ivhere k is constant. 

I^t 0 be the homothetic centre, and 
suppose that C and are two fixed 
points of the figures F ami F\ If P and 
P' are two other corresponding points 
of the two figures we have 

OC'«ife.OC, OP'-*.OP. 

The triangles OCP. OC'P' are evi- 
dently similar. 

. rpnr'p* 

.. OPIlOi'. Qp-* 

i.e. C'P' = *,CP. 

To prove the converse, let CC\ PP’ 
meet in 0, then from the similarity of 
triangles OC'P', OCP, 

0C'-40C, OP'=i,OP. 

158.2. Condition that two conics may be homothetic. 

Let F^axlf + 2kxy *2ix+ 2/y + c=^ fofii 

and F'“®'?*+^''^*+2*'S*t+2g'g+2/'?+c'«0 

be two homothetic conics withOtO.O) as the homothetic 
centre, then clearly 

l^kx.n^ky. (2gj 
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wliere (|. »?). (x. y) are pairs of cnn'espouding point'. Tfil< 
transformation will carrj* the fijture F' to F. 

The transform of is 

r!V+‘i/,'*3>+6V+ -r («'-r+/y)+ 'fr=0- fc’') 

k k 

We have inci«lently pwecl that the t I'd ns form of a 
conic is aconie. If the conics (2li) and f'i7j are hoinothellc. 
the equations ('iO) and {'M are identical. 

h' — Xh. b'~Xb. g'=*kXg./^kXf. c' — k’Xc. 
Tims the two conics will be lioinolhetic if 


a “ 6' ‘ 

The ivlutim) shows that if two conics are liomotlietio. 
their uK^'mptotes are parallel. Conversely, if two conics 
havetlicir asymptotes parallel, they ar<* homothetic. for 
tlielast three equations are sulheient to determine k umi 
X '£h\xs two cenie* ore howotbelic. if tJiey fnfe( the fhi4 of 
infini/f/ in eommoii points. 

Now the centn* of the conic* (*27) is g:iven hy the 
equations 

<1 5 *►//**» 

or + + 

. I ^ n I 

*• hT-bV 

^ . I 

X'Vt/-bg)k XHgh-ofik 

. w_ /i/- bg 

" ' rT6-/d* 

siuiilnriy V — 

co-ordinates of the centre of tl». conic 
r2(>). 1 hns in ftvo homothetir conice. fhei$’ centres ore eorres- 

pomlinff points. 

Since homothelie conics have tlieirasympfotes paiBlIel. 
and the axes of a conic Insect the anjrle between t).e 
nsymptotes. It follows that /Ac necessary and sufficient re»- 
iiUwn that two conics may he homothetic is that their axes sJwuU 
ite paraUel. 

158.3. Condition of similarity of two conics. 

I^t the conics 


+ 2;ixy + 6y- + +2/y +c*() 

o 'x* + 2A 'xy + fey -e 
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similar. Then a rotation of conic (30) will make it 
honxothelic with {'1% Let the eanation of the conic in the 
new position be 

+ 6ij^+'2^i» + 2/iy+ci*0 (31) 

a'-^b'-a) +6i, 

ami a ^ h ~ b 

rt + 6 ** X(rt I + 6i)* X(<*^ +6^) 
a rt'***6* 

i.e., the asympotes include equal angles. The condition U 
also sufficient, for then the asymptotes include equal 
angles, thus a rotation of one of the conics will make their 
asymptotes parallel, i «. the two conics will be homothetio 
Since the eccentricity of a conic depends on the ratio 
{ab-h^)/(<i'*‘by, the condition may be expressetl as 
follows 

Tht nece$$ari/ and suffUient condition that tfoo conics 
mav be timilar is th(4 the ttoo eeeeniricitiet of one conic sltoiild 
he equal to the two ecceiUridties of the other. 

Since —r =1 it follows that if two conica with 

r? 

axes 2<7, 26 : *2o'. 26' are similar, then -^*-r 7 « Thus the 

O 0 

necessary arsd sufficient condition that two conics $. S', may be 
similar is that the ratio of the major axis of Sfo that of iS he 
equal to the ratio of the minor oris of S to that of S . 

It follows that the centres of two similar conics aro 
corresponding points. 

Cor. i. All parabolas are similar conics. 

2. All rectangular hyperbolas are similar conics. 
Illustrative Examples. 

(1) the equation of the coair \dhick » concentric and 

homothetic with fix, y)^0 toith k as the ratio of similitude, 

Let A*. y)«ax* + 26 xy+ 6 j^ + 3gx + 2/y»-c^0 be the givep 
conic. Shift the origin to the centre* the equation with the usual 
notation becomes 

+ 63^4 — ^ * 0 . 
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The equation of the conic coo centric with /{x, y)*o with k 
as tbo ratio of similitude is 

ax^ + 2hxy’^by'+ ®U. 

M L 

Trsnsformio^ back to the old origin, we get the equation 

/(x. y)+ ‘— "- = 0. 

12) If tioo nimUar foucttUrU toaeh one amthtr. 

xhow that the angle Iteiween their major aiee is 

ta -3-. _ 

u'here b anti a\ b* are the xetni^axes of the ronkt. 

Let B he tlie angle wbieli the major axis of the ellipse with 
axes o'. 6' makes with the major axis of the other ellij>se. If we 
rotate this ellipse through d, so that the axes of the two ellipses 
coincide (major axia with the major axis), the ecpiatioos of the two 
ellipses can l>e taken aa 


6'^ 


^ ^ b , 
b‘ “*• 


N'nw route the sei!oo<1 ellipse throuKh Q. the er|iintion 
necomca 

ix ooa e-j . (^gi„ cos ©)' 

j/coii^ ^ . sin^ 9\ /I I 1 

6“/ 2«:3reose.in j,,) 

^ . cos* 9\ 

«— +— j-i=o. 

} n 

Slope it toaehe* the ellipse +-^= I, its equstio.i is of 

t)je form 
-2 


l + f,- l+x('“““t-?'’i"^-| + I 


= 0 


or (l+Aco«i-a)+ (l+Xsin* a)+ 2Xxyi2LfL*i2 •' 

® <r6 

-(1+X)=0. 
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Hence 


coe'O , sin^d^l + A cW « 


./2 


«'• 6'* d 


L.f 2 


'U + X) 


8in^ 0 l^X sin^q 

6*(1+A) 


* fi/ * - J \^XcMa8in« 

. ». . . > %r cos* ^ , sin* 

•• “J 

+ =2^A U) 

pco s* ^ . sin* ^ i irsi n*^ . coa*^ 1 T 

l a‘* “^"a’d+AjL V* 6" 'ft'd+AlJ 

-co«*e9in’e(^--^] 


.(B) 


<*>■ ^TJ- ‘ * rfx 


-2**cot^9 + (-^ + ^),ia*& 


Substituting in (B), 

/eos"0 , 6* sin* ^ 1 \/cos* 0 . a* sio*^ 1 ^ 

la" 4V» P'A i'*- “PPS li) 

'*0^6'^ cos^8sin^9 

or (<i* cos* 0 + 6* sin* 0 -fl^*)(6* cos* 0 + a* sin* 0 — 

or © + «n‘ e)»-(a*6'’ + a'*6 "cm ”©* ^ ^ 

-(6V*+o««'») sin^ e + 
or (a^ft'^+a'*^*) cos*0 + (6*6^+a*a'*) sin* 0 

••(aV* + o*6*)*(a'*6'*+tf*6*)(co8* 0 + 8ia* 0) 

I. e. (a'*' 6*)(«*-6'*) sin* g 


tan* 0 




Tb© resoh now follows from tb© fact 

fl' 6' 

Exorcises XLVll 

I. If two conics S“0. S'=0 tAn<«h «* ^ * n at 

oflh9 9r9temS+AS'-0l«;ch.t P *“ 

*'’ •" “t the pencil 

^+Ai^ -0 passthrough a fixed point. 
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b. Tbe locus tbe poles ol a fixed line w.r* to the pencil 
of conics S-I-XS'^O is a conic. 


4. Show that tbe locus of the poles of a given st. line w. r. 
to conics which pass through the angular points of a given square 
is a rectangular hyperbola. 

5. Kind tbe three values of for each of which the cartesian 
equation 

U-lKs+y + 4)^ + (X-2)(ar-4y + 2)* + (X-3)U-y-ll)* = 0 
represents a pair of straight Hoes. Hence or otherwise show that 
the three pairs of common chords of tbe two conics 

{« + y + 4ri'l3x-4y + 2)*‘^{»-y-ll)*'»0 
{x + y ♦4)***’2(bx — 4y +2J’ + 3(x~y - 
have lor their respective equations 

2(x + y + 4J* + lfix - 4y + 2)^*0 ;(ar + y + 4)* — U“y“ll)"*U; 

(3x-4y + 2)^ + 2U-y- U)-*0. 

(C. U.. B.A. & B.Sc. Hons.. 1S27). 

ih Show that tbe locus of tbe centres of all conics which 
l>afs through tbe points (0, OK (0. 1 ),(*-). }). (-2.0) is tbe 
conii' 2;r^ -2y*+4a:y +5y-2=0. 

7. Prove that the locus of centres of all conics which pass 
through the centres of the )nscril>ed and escribed circles of h 
triangle is tbe circumcircle of the triangle. 

8. If the centre locus of a pencil of conics is a rectangular 
hyperhola. show that the system contains a circle. 

*K The common se I f*ron jugate triangle of the conics 
cix* + by* — 1, xy '•'gx + /y • 0 

has lor its vertices the points (xj, yj. (xr^. y^)* prove 

that 


ticeK 


cl .6 

[//int . — The i>olar8 of (xi, y|) w.r. to the two conics are iden- 
^ byt ^ _ I 


yi +« 


•*^1 +/ i*i +/yi ‘ 


Thus the vertices of 


the triangle lie on tbe conica 

rtgx* + a/xy + y +g ® *>. b/y^ + bgxy + ar+/® 0. 

These conics liave comiiwn asymptotic directions, and there- 
fore intersect in three finite points which are the vertices of the 
triangle.] 

10. Prove that the locus uf the centrea of conics touching 
the four straight lines 

y^mx» y~m'x, y-Xix-^a), y“X*{x^a) 
is the straight line 

(2r -/i)[iii«/(X + X') - XX'(#H +«*)]*2y(«iw* - XX'). 
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11. Prove that ei.e ,K.les ot the line ,vbose equation is 
/A+my + l-O Jf. r. to the conics of a confocal system 
^ • y* 

o^ + A 62 + ;^-! lie on a line g. Prove further that, Up 

passes through a lixed point («, $). q touches the parabola 

(a Pa^bola is also the envelope of the polars of 

V®, !><> u.r. to the cooics of tbeconfocil djateni. 

12^ tb« locus of the feet of the normals draw'n from 

ft n\ed point (ft, ft) to each of the system of confocal conics given 
by the equation 


rt*+X ft^ + X 


is tbe cubic curve 


* j. y 




y-ft ar-ft hykx 


18. Show that tbe locus of the foci of parabolas, to which the 
triangle of reference is self-polar, is the nioe-poiot circle. 

U. Prove that the tangents at (/, g) bo tbe conics that pass 
through it and are confocal with the el]i|ise b 

ftre given by tbe equation 

15. If <?|, 6] ; tfjf. bs be the semi^axes of the conics of 

the confocal system I, which pass through a 

fixed point {x^, yo)> ^bow that 

(i) 

(>i) Xc + + 6j* * at + Ot^. 

- ft*)( V + y«^) ~bi %* « - bi^) + 

b2%i^-bf]. 

Hence x»+y9^-at^*bij For 

16. Show that tbe locus of tbe centres of all rectangular 
hyperbolas inscribed in the triangle of reference is the self- 
conjugate circle. 

17. If P denote the angle between the tangents to the 


X* 

ellipse 


+ -^ -1*0 


^2 x-ufrom the point, tbe coofocals through 
which have the prima ry aemi -axea a,, show that 

[ai o)-(o 2 V 
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Henc« d«duc« that the locus of a point surh that the taii<^«‘iit* 


from it to the ellipse 


— •! niav oootain an angle 2o U 

t o' 


given by Oj* cos^® sio^tf where rti, are the primurv 
aeniiaxes of the confocaU through the point. 

18. Show that the locus of the centres of the rectangular 
1iyporho)as» with respect to which the triangle of reference is 
self'Conjugate, is the drcumcircle. 

19. Show that if be the angle which the tangents from T 


V 

to the ellipse - + 

a* 0 

confocnl through P, then 


1 make with the tnugent at P to tlie 


am V 


Vv;.' 


x.-x, 


where A), are the parameters of the confot'ul etlijiae and 
hyperbola through P. 

2(b Show that the locus of the foci of all (*onic8 touching 
the four lines ± ± “0 is » cubic. 

2 1 . Pro ve that the t wo co nice ax* + 2 k xy + 6y* • I (» u il 
<T'.v* + 2/i'.ry + hV“ 1 can l)e (daced so as to be con focal il 

22. Show that the drcumcircle of a triangle self* con jugate 
for A conic is orthogonal to the director circle of the conic. 

2S. The general equation of a conic roofocAl with 
ax^ + 2hxy + by^ • 1 

i. U^ + y^)(jb-/,*)+i(flx> + 2/..ry + Vj- . 

24^ A line cuts two given conics in V. P\ and so 

that the range (PQP'tj')— * 1 ; show that envelope of thv 
line is a conic which touches iJie eight tangents to the given 
vocies at their four ] joints of intersection. 

25. Prove that the general equation of n con focal with the 
conic H is XU0 *t’X^ *0. where is the equation of the 
orthoptic circle in its normal form and ^ is tlie discriimuant 
of P. 

2(>. Show that tJie general equation of conica wliose foed 
are Che given points {a, f>), * 6) 

«a - a* — X)t>^- 6*-X)=Uy 

27. A pair of tangents to any confocal of the conic 
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pass respectively tlir.-*ugh the fixed poiots (0» Ci\ and (O, ct\ show 
that the intersection oi the tangents lies on ttie circle 
- a* +6*1 (c, + C:e) » 2 y(cic^ — a* + 6^). 

*2ti. If A, M' are the values of the parameters for the parabolas 
of the conforal system y-*4A(>: + X) which pass through P, prove 
that the angle 0 bet sveen the tangents from P to the parabola 
y**4M-r + *) is given by - (X -*)(#* - 4 ). 

Show that the tangent to the inner of the two concentric 
boiiiothetic ellipses cuts the other in points W'bose eccentric angles 
have a constant difference. 

30. Show that the tangent to the inner of the two concentric 
and boiiiothetic ellipses and terminated by the outer is bisected at 
the point of contact. 

31. Pairs of tangents are draw'n to the conic 

^ If 

so as to be always peraDel to conjugate diameters of the conic 

ox*+2AAry + dy*» I, 

show that the locus of their intersection is a conic which is 
homothetic with the latter conk. 

Msicellaneous Exercises XLVIll 


1. A system of conics is drawn liaving four point contact 
with the conic 

oar* +2Aary + + $/y “ 0 

at the origin* prove that the orthoptic circle of these conics form 
a co*axai system whose limiting points are 


(0, 0) uDd 


-hf 

7+F 


fl/ 


2. When one of the base points of a pencil of conics is at 
infinity, so that there Is one parabola in the system and the centre 
locus is a parabola, show that the former parabola is double the 
sise of the latter. 


d. A conic touches ths sides of a parallelogram, show that 
the foci lie on a rectangular hyperbola through the corners. 

4. Show that ^ the general equation of conics having the 
jioints (o, 6). (a^ as their foci may be written as 

- 6*) -a*6p + 

2P(U-<j)U-<i')+(y-6)(y — 

or ^ ’ 

+ 2(»((» - fl)(i - a') + {y- b){y - 6')] -1 = 0. 

5. Prove that the two families of 'concentric conics which 
have their centre at the point [a, b) and touch the axes of t and y 
respectively at theongin are represented bv the equations 

iay-bx)^’’A(y‘-2by), (ay- hi)'=B(»*-2a*) 
res^ctively, A and B having arbitrary value,. Prove also that 
if A + B — y the pairs of conies are confocal. 
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.U. Tbe eoni<' 

*- ■>■- r_. —1 

n*+A<i'= 6‘+X6“ 1+X 

is for k)) vnlu«s of X inscribed in ^be sniiic quadrilateral. 

7, Prove tliat tbe locua of the centres of all conics wlucli 
have a double contact with a given conic, the chorda of contact 
being in fixed directions, ia the diameter of tbe given conic wbicli 
is conjugate to the given direction. 

8, Tbe conic aimilar and similarly aitiiated to the genenil 
conic 2w** + 22/y«=0 and circumacribing the triangle of refer- 
ence ia 

<r ( VC* + wi* - 2bc /)yt * M wa’ + irc" -2rtcg)54* 

+ cUb* + ro*- 2hrt6)xj'*0. 

the system of co-ordinates being trilinear. 

Oeduce that the general equation may reprc«*eiil a circle. 

9, If 8*0 be the equation of any conic in trilinear co- 
ordinates. prove that the equation of the similar a ml Hiinilarly 
aitusted conic through three given |>ointa (j*r. Zr) '■ r « 1, 2, d 
ia 


, s 

t 

X 

y 

a 

Si 


yi 

Si 


Xi 

yt 

a* 

isj 

Xi 

ji 



^vber« Sr denotea the value of 8 for 4** /r, S/s 

10. If S*0, S**0be two 'conics and U. V, ii pmIv of tlieir 
chorda of iotenrection, such that S-S'*l)V, then 

k*i;*-24fR+S0+V**O 

repreaeoU a conic having double contact with K nod S*. 

[Hint. The equation can be w*ritten in either of tlie forms 
(*n + V)*-4* 8*0. (AU-V)»-44S'*n]. 

1 1. Tbe general equation of a conic, having double contact 
*ith H*0. and S + Ii* + M*-0 ieS-fbeos a + M ain 

12. If A conic lias a double contact with two others which 
have the aatne focus and directrix, the eborde of contact luiss 
through the focus, and are perpendicular to each other. 

18. The equation of a conic having double contact with 

AV + By*C. AV+B^y*-Dia 

^ I** j(Ax C08 194- By aiD^j • 
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14. Show that the eQiietioD of conic envelopes 
represented by the situation 

* 0 , 




6 + A c + A 


U A A A 

where A is the variable parameter. Find the centre loo us of the 
Rvsteni and prove that it is jjiven iyy S ^(6-c)*0, if 

P 

px ffy-*" rg — 0 is the line at infinity 


15. If the conic + + — 0 in areal c«>* ordinates 

touches at a finite point the conic similnr and similarly situated. 
I >ut which passes throng b the angular points of the triangle of 
reference, show that M + v*^tuvO, and that the conics are hyper* 
i>olas. (Pembroke, 1902) 


U\. If 


l, 

Hit 


h 

mz 

tti 

h 

Hti 



the three lines 


h 


etc., touch a conic inscribed in the triansle of reference. Prove 
further that the three lines form a triangle inscribed in a conic 
in which the triangle of reference is inscribed. (Pembroke« 192H) 


17. Prove that, by a suitalde choice of homogeneous co- 
ordinates, (js, y, s}p the equation of any conic passing through 
four fixed points can be taken as 


Prove also that, if any point 1* of the conic is joined to the 
four fixed points, the cross-ratio of these four lines Las one of 
the values ** A/P*, where A, are any two of the co- efficients. 


18. If ? are the given eccentric angles of the p<Mnt9 P. Q 
on n variable ellipse of a given confocal family, and if tbe tangents 
at P and Q meet in T, prove that tbe locus of P is a confocal 
hyperbola, and that tbe locus of T is also a hyperbola. 

(Downing, 1939) 

19. The foci of a confocal family divide tbe segment A B 
harmonically. Show ibat there is one member of tbe confocal 
family touching tbe four common tao gents of the two circles 
with centres A and B, and radii a and b respectively, a and b 
being arbitrary. (Kings etc., 193<0' 

20. Sbow that the co>ordi nates of tbe centre of tbe rectangu- 
lar hyperbola passing through four fixed points, referred to 
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tbe commoD seUVoDjiig&te tmnsle of all the conics throu^ii the 
four points are given by 

ff 0 c 

where (it '1, <\) is any one of tbe four points and the system of 
co-ordinates is tri linear. 

21. Show that the ec|UBtion of tbe conic (in tri I inear system 
of co-ordinates) which touches the sides of tbe triangle of reference 
and is confocsl with the conic H ayz^O is 

A H 

\'*sin v''ysin ^ + v/s sin — *U. 

22. Through four (Mints there can in genera) be described 
two conics of given eccentricity, but if only one can be described, 
It is either a rectangular hyi»erl>ola, or its eccentricity e sutisbea 
the equation 

e* tan^tt + 4s’ - 4 • 0, 

wiicre a is the angle between the axes of tiie t»'o imrabjlas 
through tbe lour (Mints. 

2H. At a (Mint (t', y') of « rectangular hyiMrbola .r — 
is drawn the (Mrabola of four- point contact. IVove that the 
o<|Urttion of Its directriv is 2.r** + 2>y'— + 

24. Show that the arcnl co-ordinates of the centre of the 
rectangular hyperbola of a system of four*point conics, referred 
to their seif coniugnte triangle are given by 

(6»s'*-cV^)*-(tV»-A'0y-(aV--6V-)* 
where (.v'. y\ s') arc the ro-ordi nates of the (Mints in the area) 
system. 

20, Show that ctr* + y*) + '2xy v' (« - c)(6 - c) - s^ * 0 has 
double contact with both of the conics 

rtX* + Ay*- a*«y, Ax^ + rry^*- 
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ANSWERS 

Exercise* I. (P»ge 8) 


10, 2,4. 

Examples 11. (Page 20) 

1- (») 13. {,i.)55. 2. {,-) v'lS. (.V) 

8 * -IS. 9. (,-) 31, (,,) 25. 10. (b. ::|j. 

15. |2r,rjC08®'~®= 


> 


r,*r. 


: HSl +©,) 


Ifi. (>■) W ^-»2>’+(3-|-y.)*-(*,-,,)*+(y.-,,)S 

Examples III. (p,ge 85) 

1. '4 2 . > . 3 . f??. 39n 

4 : 2 1.3' 36 ■ 

■>■ 5. 

*+>> + 1=0. 8. ^✓S-x.x-o. 9. 

10. UtAB-,,. ik:- 5, ZBAI) = a. .AB. 9-V AD S-a 

^ •! 6 AID a ' 1 AW 


^ ® tftO 


{ Bl) 


« ^ 6 coe a 

10. If 

‘h« airec aegle, .Jj ‘jj* «nd 9 

«quAtiont Of ihe lipe, Je ’ ^ ^ 

.....bt"""" •'''■■ tbii..., .i„.. 



AX. VIATICAL PI.AXK UKOUKTRY 


4n>. 


4. 

7. 

1. 


2 . 

3. 

4 . 


3 





13. 

2 . 

3. 


Examples IV. (Page 46) 

V * + 4y=J. 5. /, + /.+/3=(>, 6. (10,4), (6.0). 

6 . 


Examples V. (Pa^e 53) 

U) 3x + ll3»-49*0 llx-3y + l-U. 

(li) 11,4* 23y - ^ 23,-lly + l*o. 

Ufi) -v/2(x-2y+l)^,-3y + 3. 
v'3 (x-2y+l)-r,-3y + .H. 

In each case the second bisector bisecU the aD^Ie in 
which the origin lies. The first bisector in («) and second 
in («) and (<iV) bisect the angles which contain ( 2 , 2 ). 

(i) 7 x- 9 y -37 — 0 , (m) x- 2 y + l* 0 . 

ii) 9 a + 7 y«] 2 . (ii) 4 x+ 62 y*f 2 o» 0 , Uif) x + 3 y + 3 *U 

(j) acute, (ti) obtuse. 5 . (r) inside, (rV) outside oppo- 
site to C, (lit) outside opposite to B. (iv) in the angle 


vertically opposite to B. 6 . (/) (f>) 

\34 2/ 

(«V.) (fj. OV) (-11. -4H). 7. (2. 1). 



Miscellaneous Examples VI. (Page 54) 
6x+l2y-29. 5. 19x + 3y + 2H-0. 13x-23y-58, 
4*=j' + 8. 6. n9o\ 7. {a.d). 13. 

Examples VII. (p»,te 70) 

«) t«D'' i. (ii) un-' (sin e). 7. (f) -2 ; (.V) 

« OC 

(ilV)>*3. (iv) -5, ^ : (t») -1,-1, -1. 8. y*0, 

4x+3y-0. 12. (i) 

(«) (65 -aa)^'P4ibh 'ba'h){hb' -i-akl-O. 


, tf/*-2/ifc+5g*=0. 14. 
Examples VI 11. (Page 80) 


X*-3J^=0. 
X^- 3 Y *=0 or 3 X’ - Y^-O. 4 


X*-Y*-0. 







5. 

7. 

8 . 


(i)*j=16; (») --^+'^=1: (»'■) 

2 «. 

Miscellaneous Examples IX. (PeRe ^l) 


18. 


1 . 

9. 

12 . 

18. 


2riv'(i2 + «»)(/!*- ab) n^^'j:*-ab ^ 

am' - 2hhn * bl^ ' am* - 2lflfn + 61’* 

Examples XI. (Page 100) 

3y+^.0. 3. (x-4)*+(y-i>);-lOO. 

,• 54 . 2-iOr- |0y+26*0. r + y* + <i* + 6>'+J»-«0. 
3^-4yB:20. 4x + 3y*H5. 13. (-.H, 2). 14. ( I. • I 

ExamplesXtl. (Page 111) 


1 . 

1 . 

3. 

1 . 

7. 

10. 

1 I. 


14. 


15. 


17. 

18 


(2.-1). 2. (l.2),(-2. -1). 

Examples XIV. (Page I IT) 

+ 12*0; ( - 2. 0), (5. - l). 2. \ i*ml T. 

— 4c(c-x). 

Examples XV. (Page UCO 

(fl^ + 6*)(x^ + y^) 2c(<Jx + 6y ) — 0. 

, V ^-17 31 \ /Tlili 

(- 1. 1), ( 1 . <) ; i 26 * 20 / V 25 * 20 / 

i5, + Hy-Hl-0. y-J. 72af + I54y + 

( 1 ) -‘ix+yv'O + S? VO-0. x±2(y- Uv'2"<i, 

(ir) x-l.3.r + 4y»5, y-2. 4x-3y*r>. 


x* + y= + 2X{tix + 6y + c)*0 where X is « variable |»aia- 
meter. The line oF centres ishx-oy^O, rndieslaxis is 
ax*f6y*^e*0. Ijimitiog points are ( 0 , 0], 

/ -2rtc -_ 26 c \ 

\ o« + 6» ’ <i»+6* / ' 

2x(a4’6) - y(«i +6) + a*+ 6? +3fl6*0. 
liiiniting Ttexat^ are J * ( ^ ) • “{ j 


where X is a root of the equntioa 

X*tf "( + »«*) + 2X0 (/g + 1*1/ - ) 4 * g* + /- - fl c * 

27. rt + 64-c-O. 

Examples XVII. (Page 174) • 

8. 20y-- 12*y^2yx^ + 4x + 8y-4«0. 
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1 . 

1 . 

2 . 



4 . 

12, 


13 . 


3 . 

37 . 

2 . 

5 . 


y' = 4ax. 


Examples XVIll. (Page 175) 


2 . 





Exercises XIX. (Page 178) 

(i) real ellipse, (it) hyperbola, (tit) hyperbola, 

(iv) real at. lines, (vl parabola, (ot) parabola. 

(i) a pair of rt. lines if A* ±1. ellipse if 0 <X<1, parabola 
if A*n and hyperbola if A<(J or A>1 ; 

(ii) pair of lines if A=±-j^, parabola if A«±]. ellipse if 

“ I <X<1, hyperbola if X< - 1 or X>1 ; 

(lit) pair of st. lines if X^O, parabola for X* i 1, hyperbola 
for-l<X<l; ellipse for X< - 1 or X> 1 ; 

(tv) rt. lines if X* * d. parabola if X« — 1 , 2, ellipse for 

— 1 <X <2 and hyperbola if X < - 1 or > 2 5 

(v) st. lines if X«l, parabola for X^^l, ellipse if 

- 1<X<1. and hyperbola if X<“ 1 or X >1 ; 

(vi) St. lines if X— 1 ; parabola if X*0; ellipse if 
0<X<1 and hyperbola ifX<0or X>1. 

X^O imaginary lines, parallel lines X— -1, real lines for 
X*2. 

If — 1<X<0, imaginary ellipse ; 0<X<1 real ellipse. 
If X*l, parabola. 

If X< — 1 or X >1 hyperbola excepting for X®2. 

4{x-2fl)’-27jy. 6. fl(y+/)*“(x+g)(gx+/y +c). 

(1» 1). 


Exercises XX. ^Page 199) 


Ii +-V-1. 

jr y* 

Miscellaneous Exercises XXI. (Page 221) 

By (y-4) + Ax(s-X)»[By(*-X)-Ax(y-*)]xtsn a, 

where is the given angle. 


MiMcUaneous Exercise# XXVIll. (Page 246) 
4,=x. 3. 4 5,= +4y_ 

If (a, P) ^ the c<K)rdiiiate. of either focus 8-3= + . 
a--P=±,a, * + ,= +«. x-y^±ia. 
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Exercises XXXVII. (Paife 339) 

3. If S deaotes the left haod side of each equatioij. the 
eqaatiOD of the asymptotes is S + where 

(rV)*=-4, (,V0*-.4. 

4. With the notatioo of Ex. 3 aliove. the equatioas of H.h 
coo jugate hyperbolae isH* 2k-{K 

5. The equatiooa of the lines are 
s+y*0. 7*-y+8-o. 

(rl A\ (-25 n\ 

' 4 • 4 r I 24 ' 24/' 

= ^ i'i- t)- + 

8. (-v'3, \/8). (v'S.-x'S). 

9. * + I-. 

O 0 0 

H 

II. .><, + 4y-r,-0.^ 12. f2»+y-3)» (i-2y + 2)» 

5 80 ^ 4.-> ‘ 

45 ■*" K(i 

14. 2r^ + 4j^ + 33r-3af — 2y-0. 

15. ^ + 2Ty-y» + 2x + 4, + i-0; »^+ 2xj. -,« + 2, + 4y + 1 =0, 

10. ( ix + Hy + 5 )f6ar + - 8) + 24 » 0. 

Eierdsei XXXVIH (Page .H441 

1. If 2r ie the length of either axw, 

then (,y, . 

I 

2. (i» 4v/2, (iV) 1. 

^erei»e» XXXIX. (j-.g. .^3) 

(') (U.0), ^ _ — j. 21 (*’ + jp>) + 5(ji + 3,[y + _,jg_Q 

(») (0.-2).(l,- + + 

(<Vi) (1.-2). (-1.0 ** + ^+,+4*0 

( fi- s)' ('b' ^)'**+y-2* + ji + 2 = 0 
(v) (- 1.” 3), (2, 3) **+j)*- j.4.j,»2g„y 
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ivi) (f. J) *+2j, + |=0. 

2. 3{a:' + y’) + 2j: + 2y-2“0 

A. ^y(aA- + py'-l)«AW-l)* 

Miscellaneous Exercises XL. (Page 35o) 

7. (2, — 3X 5x — 34: + 7*0. 8. x-y + 1 — 0, *-y — 1®0. 

■ 9. 36.-36> + 77 = U, 

(T’|)’(-2r’ ^5-)- >'■ 

12. (1.-2). 2*+y-(). i-23P=5. i\/2. 

13. i^2. (*+2}.)*-{2*-y + 3)’=9. 

14. lU* + 6jp«31. i>*-10y”3. 

15. KUipse. [yl3+i/3). j(2±v/3)| . 

16. Directrix3*+2y + 4=0. (-|| • 3x + 2ji=8, Jv^,3, 

17. 7y*-24*y+20jr-(). 

18. (o6-7i*)(.** + y)*(a* + *3’)’' + (/i.v + 6y)’. 

20. 3X*-Y*=JH6-c)1 \/^ . 

if 

21. 2xy=l. mi^ + y'l-llixy-Bfjr + yl + l-y. 

22. Centre (-| , 3 -) .foci j ® ± v'2. ~±j^2 j . 
25 . (2o^-X)(x*+y*) -*26x-2ay“0. 

31. y'-J(A-y)- 32. 2x*-2x5»+y*«L 

337**- 162Ay + 8ly*» 144, 

36. + (* + 3y)**7x + 20y, 

47 

2^ — 2ya;l, a:+2y — 39. 8x^ + 5|/*-4x>+24x - 24y *»0. 

43. x+4-0, y + 3=0. 

49. (o'/ + + W + 6'al=0. 

Examples XLVII. (Page 458) 

5. X-1.2. 3. 

31. o** + 2A*» + 6y* = -^ +J-. 
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